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ABsTRACT: YADA (Yet Another DsGE Application) is a Matlab program for Bayesian estimation and
evaluation of Dynamic Stochastic General Equilibrium and vector autoregressive models. This pa-
per provides the mathematical details for the various functions used by the software. First, some
rather famous examples of DSGE models are presented and all these models are included as ex-
amples in the YADA distribution. YADA supports a number of different algorithms for solving
log-linearized DSGE models. The fastest algorithm is the so called Anderson-Moore algorithm
(AiM), but the approaches of Klein and Sims are also covered and have the benefit of being nu-
merically more robust in certain situations. The AiM parser is used to translate the DSGE model
equations into a structural form that the solution algorithms can make use of. Alternatively, pars-
ing of dynare model files is supported and where dynare performs the log-linearization using
the AiM option. The output is thereafter handled by YADA to produce files that can be used for
solving the DSGE model with the routines supported by YADA. The solution of the DSGE model is
expressed as a VAR(1) system that represents the state equations of the state-space representation.
Thereafter, the different prior distributions that are supported, the state-space representation and
the Kalman filter used to evaluate the log-likelihood are presented. Furthermore, it discusses how
the posterior mode is computed, including how the original model parameters can be transformed
internally to facilitate the posterior mode estimation. Next, the paper provides some details on
the algorithms used for sampling from the posterior distribution: single block and multiple fixed
or random block random walk Metropolis and slice sampling algorithms, as well as sequential
Monte Carlo. In order to conduct inference based on the draws from the posterior sampler, tools
for evaluating convergence are considered next. We are here concerned both with simple graph-
ical tools, as well as formal tools for single and parallel chains. Different methods for estimating
the marginal likelihood are considered thereafter. Such estimates may be used to evaluate pos-
terior probabilities for different DSGE models. Various tools for evaluating an estimated DSGE
model are provided, including impulse response functions, forecast error variance decomposi-
tions, historical forecast error and observed variable decompositions. Forecasting issues, such as
the unconditional and conditional predictive distributions, are examined in the following section.
The paper thereafter considers frequency domain analysis, such as a decomposition of the popu-
lation spectrum into shares explained by the underlying structural shocks. Estimation of a VAR
model with a prior on the steady state parameters is also discussed. The main concerns are: prior
hyperparameters, posterior mode estimation, posterior sampling via the Gibbs sampler, and mar-
ginal likelihood calculation (when the full prior is proper), before the topic of forecasting with
Bayesian VARSs is considered. Next, the paper turns to the important topic of misspecification and
goodness-of-fit analysis, where the DSGE-VAR framework is considered in some detail. The expec-
tations formation is thereafter examined and the alternative of adaptive learning is considered as
a replacement for rational expectation. Finally, the paper provides information about the various
types of input that YADA requires and how these inputs should be prepared.
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In physical science the first essential step in the direction of learning any subject
is to find principles of numerical reckoning and practicable methods for measur-
ing some quality connected with it. I often say that when you can measure what
you are speaking about, and express it in numbers, you know something about
it; but when you cannot measure it, when you cannot express it in numbers,
your knowledge is of a meagre and unsatisfactory kind; it may be the beginning
of knowledge, but you have scarcely in your thoughts advanced to the state of
Science, whatever the matter may be.

William Thomson, 1st Baron Kelvin, May 3, 1883 (Thomson, 1891, p. 73).

1. INTRODUCTION

The use of Bayesian methods is among some econometricians and statisticians highly contro-
versial. A dogmatic frequentist may argue that using subjective information through a prior
“pollutes” the information content of the data by deliberately introducing small sample biases.
Provided that the data can be regarded as objective information, the choice of model or set
of models to use in an empirical study is however subjective and, hence, the use of subjective
information is difficult to avoid; for entertaining discussions about the pros and cons of the
Bayesian and frequentist approaches to statistical analysis, see Efron (1986), Poirier (1988)
with discussions, and Little (2006).

Several arguments for using a Bayesian approach are listed in the introduction of Ferndndez-
Villaverde and Rubio-Ramirez (2004). The first and perhaps most important argument listed
there concerns misspecification. Namely, that Bayesian inference relies on the insight that (all)
models are false. The subjective information that comes from the prior may therefore to a
certain extent “correct” for the effects that misspecification of a model has on the information
content in the data.! For some recent ideas about model validation in a Bayesian setting, see
Geweke (2007).

YADA is a Matlab program for Bayesian estimation of and inference in Dynamic Stochastic
General Equilibrium (DSGE) and Vector Autoregressive (VAR) models. DSGE models are micro-
founded optimization-based models that have become very popular in macroeconomics over the
past 25 years. The most recent generation of DSGE models is not just attractive from a theoret-
ical perspective, but is also showing great promise in areas such as forecasting and quantitative
policy analysis; see, e.g., Adolfson, Laséen, Lindé, and Villani (2007b), Christiano, Eichenbaum,
and Evans (2005), Smets and Wouters (2003, 2005, 2007), and An and Schorfheide (2007).
For a historical overview, the reader may, e.g., consult Gali and Gertler (2007) and Mankiw
(2006).

The software is developed in connection with the New Area-Wide Model (NAWM) project
at the ECB; cf. Christoffel, Coenen, and Warne (2008). Detailed descriptions about how the
software has been coded and how functionality can be added to it are given in the document
Extending YADA which is included in the YADA distribution; cf. Warne (2025).

YADA takes advantage of code made available to the NAWM project by colleagues at both
central bank institutions and the academic world. In particular, it relies to some extent on the
code written by the group of researchers at Sveriges Riksbank that have developed the Riksbank
DSGE model (Ramses). This group includes Malin Adolfson, Stefan Las?en, Jesper Lind?, and
Mattias Villani.

A Matlab version of the Anderson-Moore algorithm for solving linear rational expectations
models (AiM) and writing them in state-space form is used by YADA; see, e.g., Anderson and
Moore (1985), Anderson (1999, 2008, 2010), or Zagaglia (2005). Since only linearized DSGE
models can be parsed with and solved through AiM, models based on higher order approxima-
tions are not supported; see Fernandez-Villaverde and Rubio-Ramirez (2005). However, Dynare
can be used to log-linearize a DSGE model from within YADA, while the model solvers supported

! See also Fernéndez-Villaverde (2010) for further discussions on the advantages and disadvantages of Bayesian
inference.
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by YADA can thereafter be used. In addition to the AiM algorithm, the QZ-decomposition (gen-
eralized Schur form) based algorithms of Klein (2000) and Sims (2002) are also supported,
with the gensys algorithm of Sims being the default model solver since version 3.40 of YADA.
Although the Klein algorithm based model solver in YADA does not directly use his solab code,
I have most definitely taken a peek into it.”

Moreover, YADA includes csminwel and gensys, developed by Christopher Sims, for numeri-
cal optimization and solving linear rational expectations models, respectively, as well as code
from Stixbox by Anders Holtsberg, from the Lightspeed Toolbox by Tom Minka, from Dynare by
Michel Juillard and Stephane Adjemian, from the Kernel Density Estimation Toolbox by Christian
Beardah, and kde2d for bivariate kernel density estimation by Zdravko Botev.’

In contrast with other software that can estimate DSGE models, YADA has a Graphical User
Inference (GUI) from which all actions and settings are controlled. The current document does
not give much information about the GUI. Instead it primarily focuses on the mathematical
details of the functions needed to calculate, for instance, the log-likelihood function. The in-
stances when this documents refers to the GUI are always linked to functions that need certain
data from the GUI. The help file in the YADA distribution covers the GUI functionality.

This document is structured as follows. In the next section, we present a range of log-
linearized DSGE models from the literature, including small-scale and medium-scale models.
When we have established the general form of these models, Section 3 provides an overview of
the matrix representation of linear rational expectations models and how these can be analysed
with the Anderson-Moore algorithm. In addition, the Klein (2000) and Sims (2002) algorithms
for solving a DSGE model are discussed, focusing on how the AiM form can be rewritten into
a form compatible with the these algorithms. It should be mentioned at this stage that it is
not necessary to log-linearize a model analytically before using it with YADA. Instead, (log-
)linearization with dynare is supported, where the model is written into a dynare model file
and this file is thereafter parsed with YADA’s dynare parser function.

Once we know how to solve the models, the issue of estimation can be addressed. The
starting point for Bayesian estimation is Bayes theorem, giving the relationship between and
the notation for the prior density, the conditional and the marginal density of the data, as well
as the posterior density. We then present the density functions that can be used in YADA for
the prior distribution of the DSGE model parameters. Parametric definitions of the densities are
provided and some of their properties are stated. This leads us into the actual calculation of the
likelihood function via the Kalman filter in Section 5. In addition, this Section is concerned with
smooth estimation of unobserved variables, such as the structural shocks, the computation of
weights on the observed variables for estimates of unobservables, simulation smoothing, square
root filtering for handling numerical issues, how to deal with missing observations, univariate
filtering for speed concerns, and diffuse initialization.

Since some of the parameters can have bounded support, e.g., that a standard deviation
of a shock only takes positive values, the optimization problem for posterior mode estimation
typically involves inequality restrictions. Having to take such restrictions into account may slow
down the optimization time considerably. A natural way to avoid this issue is to transform
the original parameters for estimation such that the domain of the transformed parameters is

2 Paul Klein’s homepage can be found through the link: http://www.paulklein.se/. A copy of solab for Matlab,
Gauss, and Fortran can be obtained from there.

3 The Stixbox toolbox is can be downloaded from https://forge.scilab.org/index.php/p/stixbox/; the mat-
lab code for csminwel and gensys can be downloaded from http://sims.princeton.edu/yftp/optimize/ and
http://sims.princeton.edu/yftp/gensys/ respectively; the Lightspeed Toolbox can be retrieved from Tom
Minka’s github website at https://github.com/tminka/lightspeed; the Dynare code and installer/package are
located at https://www.dynare.org/; the kernel density estimation toolbox for matlab can be downdloaded from
https://intarch.ac.uk/journal/issuel/beardah/kdeia8.html; and finally kde2d can be downloaded from
https://www.mathworks.com/matlabcentral/fileexchange/17204-kernel-density-estimation. In addition,
YADA supports an older version of AiM (the binary AiM parser is dated April 8, 1999) for matlab systems that do
not support the java-based parser in the more recent versions of AiM. These are available for download from the
website of the Federal Reserve at https://www.federalreserve.gov/econres/ama-index.htm.
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the real line. In this way we shift from a constrained optimization problem to an unconstrained
one. The specific transformations that YADA can apply are discussed in Section 6, and how these
transformations affect the estimation of the posterior mode is thereafter covered in Section 7.

Once the posterior mode and the inverse Hessian at the mode have been calculated, we can
construct draws from the posterior distribution using a Markov Chain Monte Carlo (MCMC)
sampler, such as the random walk Metropolis algorithm. In fact, it may be argued that the
parameter transformations discussed in Section 6 are more important for posterior sampling
than for posterior mode estimation. Specifically, when a Gaussian proposal density is used
for the random walk Metropolis algorithm, the proposal draws have the real line as support
and, hence, all draws for the transformed parameters are valid candidates. In contrast, when
drawing from a Gaussian proposal density for the original parameters it is highly likely that
many draws need to be discarded directly since the bounds may often be violated. Moreover,
we often have reason to expect the Gaussian proposal density to be a better approximation of
the posterior density for parameters that are unbounded than for parameters whose domain
is bounded. As a consequence, YADA always performs posterior sampling for the transformed
parameters, while the user can select between the original and the transformed parameters
for posterior mode estimation. Posterior sampling with the random walk Metropolis algorithm
using either a normal or a Student-t proposal density as well as the slice sampler is discussed in
Section 8. Furthermore, blocking RWM algorithms based on a normal or a Student-t proposal
density are also covered there. The importance sampler, used by for instance DeJong, Ingram,
and Whiteman (2000), is not directly supported by YADA as an algorithm by itself. Instead,
YADA supports sequential Monte Carlo (SMC), which is closely related to importance sampling,
but where the user does not select an importance density and instead employs a so called
tempering schedule to generate such a density. One of the SMC algorithms in YADA is based on
likelihood tempering and due to Herbst and Schorfheide (2014, 2016), while the other focuses
on data tempering and is also based on Durham and Geweke (2014).

Given a sample of draws from the posterior distribution it is important to address the question
if the posterior sampler has converged or not. In Section 9 we deal with simple but effective
graphical tools as well as formal statistical tools for assessing convergence in a single Markov
chain and in parallel chains. When we are satisfied that our posterior sampler has converged, we
may turn to other issues regarding Bayesian inference. In Section 10 we examine the problem
of computing the marginal likelihood of the DSGE model. This object can be used for cross
DSGE model comparisons as long as the same data is covered, but also for comparisons with
alternative models, such as Bayesian VARs and DSGE-VARs.

In Section 11 we turn to various tools for analysing the properties of a DSGE model. These
tools include impulse response functions, forecast error variance decompositions, conditional
correlations, correlation decompositions, observed variable decompositions, and ways of ad-
dressing identification concerns. Thereafter, out-of-sample forecasting issues are discussed in
Section 12. Both unconditional and conditional forecasting are considered as well as a means
for checking if the conditional forecasts are subject to the famous Lucas (1976) critique or not.
The following topic concerns frequency domain properties of the DSGE model and of the VAR
model and this is covered in Section 13. For example, the population spectrum of the DSGE
model can be decomposed at each frequency into the shares explained by the underlying eco-
nomic shocks. Furthermore, Fisher’s information matrix can be computed via the frequency
domain using only values for the parameters of the model as input. Provided that we regard
identification as a concern which is directly related to the rank of this matrix, identification
may therefore be studied in some detail at a very early stage of the analysis, i.e., without the
necessity of having access to parameter estimates based on data.

The next topic is Bayesian VARs. In particular, YADA supports VAR models for forecasting
purposes. The types of prior that may be used, computation of posterior mode, posterior sam-
pling with the Gibbs sampler, the computation of the marginal likelihood, and forecasting with
such models are all given some attention in Section 14. One specific feature of the Bayesian
VAR models that YADA support is that the steady state parameters are modelled explicitly.
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Next, an important aspect of Bayesian analysis is that it does not rely on the assumption that
the model is correctly specified. The so called DSGE-VAR approach, advocated in a series of
articles by Del Negro and Schorfheide (2004, 2006, 2009) and Del Negro, Schorfheide, Smets,
and Wouters (2007), has been suggested as a tool for measuring the degree of misspecification
of a DSGE model by approximating it by a VAR; see also An and Schorfheide (2007). This
approach may be also be used as a measure of fit of the DSGE model, and can be used to
compute the posterior distribution of the DSGE model parameters when viewed through the
lens of the VAR. The setup of DSGE-VARs and their estimation are discussed in some detail in
Section 15, while Section 16 turns to the prior and posterior analyses that can be performed
through a DSGE-VAR.

Finally, the issue of setting up the DSGE model, VAR, and DSGE-VAR input for YADA is dis-
cussed in Section 18. This involves writing the model equations in an AiM model file, specifying
a prior for the parameters to estimate, having appropriate parameter functions for parameters
that are either calibrated or which are functions of the estimated parameters, the construction
of the file for the measurement equations that link the model variables to the observed and the
exogenous variables, and finally the file that reads observed data into YADA. Since this paper
concerns the implementation of various mathematical issues in a computer program, most sec-
tions end with a part that discusses some details of the main functions that are made use of by
YADA.
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2. DSGE MoDELS

Before we turn our attention to issues related to the estimation of DSGE models it is only natural
to first have a look at a few examples and how DSGE models can be solved. In this Section I will
therefore provide a bird’s eye view of some well know DSGE models, which happen to share the
unfortunate fate of being directly supported by YADA. That is, the YADA distribution contains
all the necessary files for estimating them. The problem of solving DSGE models is discussed
thereafter in Section 3.

A natural point of entry is the benchmark monetary policy analysis model studied in An and
Schorfheide (2007). This model is only briefly presented as a close to the simplest possible
example of a DSGE model. In addition, a non-linear version of their model is also presented
and which is included as an example model in YADA for using dynare to (log-)linearize the
non-linear equations. An open economy version of this model from Lubik and Schorfheide
(2007a) is thereafter considered. We thereafter turn to the model by Andrés, Lopez-Salido,
and Vallés (2006) which includes money and where the data is taken from the Classical Gold
Standard era and which has been estimated by Fagan, Lothian, and McNelis (2013). Next, the
well-known Smets and Wouters (2007) model is examined in more detail. We first consider the
American Economic Review (AER) version of the model, and thereafter the version suggested
by, e.g., Del Negro et al. (2007), where detrending is applied with a stochastic rather than a de-
terministic trend. In addition, we include a small-scale version of the latter model, described by
Del Negro and Schorfheide (2013). Moreover, we consider an extension of the stochastic trend
version of the Smets and Wouters model which allows for financial frictions, as in Del Negro
and Schorfheide (2013), and an extension of the former which allows for unemployment, as in
Gali, Smets, and Wouters (2012) for the US and in Smets, Warne, and Wouters (2014) for the
euro area.

All the models mentioned above include a monetary policy reaction function, correctly sug-
gesting that the main policy focus within the DSGE model literature is on monetary policy. Fiscal
policy is, however, also an issue that has been addressed using log-linearized DSGE model and
we therefore consider an interesting example of a model with fiscal polciy rules. The model
presented by Leeper, Plante, and Traum (2010) is has government spending, transfer as well as
three tax rules and thus covers a wide range of fiscsal policies. This model is also discussed by
Herbst and Schorfheide (2016) in their book about Bayesian estimation of DSGE models. The
problem of solving a DSGE model will thereafter be addressed in Section 3.

2.1. The An and Schortheide Model

The model economy consists of a final goods producing firm, a continuum of intermediate
goods producing firms,a representative household, and a monetary and a fiscal authority. As
pointed out by An and Schorfheide (2007), this model has become a benchmark specification for
monetary policy analysis; for a detailed derivation see, e.g., King (2000) or Woodford (2003).

Let X; = In(x;/ x) denote the natural logarithm of some variable x; relative to its steady state
value x. The log-linearized version of the An and Schorfheide (2007) model we shall consider
has 6 equations describing the behavior of (detrended) output (y;), (detrended) consumption
(ct), (detrended) government spending (g;), (detrended) technology (2:), inflation x;, and a
short term nominal interest rate R;. The equations are given by

A A 1,4 . .

Ct = EtCri1 — ; (Rt — Etfler1 — Ee2e41 ),

#ie = PEAe+1 + K(yt - gt):

Ve=26&+ &, 2.1)
Ry = prRe—1 + (1 — pR)yn#te + (1 — pr)yn (e — &) + OrNR e

8 = pc8t-1 + 66NGt»
2t = pz&i-1 + 07Nzt
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The shocks n;+ ~ iidN(0, 1) for i = R, G, Z, and are called the monetary policy or interest rate
shock, the government spending shock, and the technology shock.

The first equation is the log-linearized consumption Euler equation, where 7 is the inverse
of the intertemporal elasticity of substitution. The second equation is the log-linearized price
Phillips curve, with 8 being the discount factors and k a function of the inverse of the elasticity
of demand (v), steady-state inflation (;r), and the degree of price stickiness (¢) according to
(1-v)

v
The third equation is the log-linearized aggregate resource constraint, while the fourth is the
monetary policy rule with y; — & being equal to the output gap. This output gap measure
is a flexible price measure, i.e., based on ¢ = 0, with potential output thus being equal to
government spending. Accordingly, the output gap is equal to consumption in this version of
the model. The final two equations in (2.1) are AR(1) processes for the exogenous government
spending and technology variables.

The steady state for this model is given by r = y/B, R=rx*, r =x*, y = g(1 —v)'/7, and
c = (1 —v)!/T. The parameter x* is the steady-state inflation target of the central bank, while
y is the steady-state growth rate.

The measurement equation linking the data on quarter-to-quarter per capita GDP growth
(Ay), annualized quarter-to-quarter inflation rates (ir;), and annualized nominal interest rates
(R¢) to the model variables are given by:

Aye =Y +100(Fe — Fe-1 + 2¢),
7 =1 + 4007, (2.2)
Ry =7 + 1 4+ 4y 4 400R,.

Additional parameter definitions are:

1 y@ oy

= y=1l4++—, T=14— 2.3
g s Y 100" " 400 3

400
where only the 8 parameter is of real interest since it appears in (2.1). In view of the expression
for k, it follows that the v and ¢ parameters cannot be identified in the log-linearized version
of the model. The parameters to estimate for this model are therefore given by

0 = [Tk w1 w2 pr po pz TP 1P YD 6 06 6] (2.4)
When simulating data with the model, the value of 6 was given by:
0= [2.00 0.15 1.50 1.00 0.60 0.95 0.65 0.40 4.00 0.50 0.002 0.008 0.0045}.

These values are identical to those reported by An and Schorfheide (2007, Table 2) for their
data generating process.

K =

2.1.1. A Non-Linear Variant of the An and Schorfheide Model

The first three rows of the log-linearized model in equation (2.1) can be obtained from the
following equations:

1= ﬁEt [eXP—Téﬁl+T6t+ﬁ—ﬁc+1—ﬁ'ﬁ+1] ,

3 3 1 a1
- (122

t ¢ &+ - (2.5)
ﬁEt [(eXpm“ -1 ) eXp_TCf+1 +ch+yt+1_}/t+7[t+1] ,
&~y s T(A—-v .
exp“ " = exp™¥ - % (exp™ —1)",

These equations contain two additional parameters relative to the log-linearized version, v and
g. When (log-)linearizing the equations in (2.5) with dynare these parameters need to take
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on some values in the dynare model file, although they have no influence on the parameters
of the log-linearized form. In the YADA example files for this particular variant of the model,
v = 0.1 and g = 1/0.85 following the values selected for the prior mean in An and Schorfheide
(2007, Section 6.3). Since equations (2.5) already contain the log-linearized variables, there is
no need to tell dynare to log-linearize them, but simply to linearize.

2.2. A Small Open Economy DSGE Model: The Lubik and Schorfheide Example

As an extension of the closed economy An and Schorfheide model example, YADA also comes
with a small open economy DSGE model which has been investigated by, e.g., Lubik and
Schorfheide (2007a) and Lees, Matheson, and Smith (2011) using actual data. The YADA
example is based on data simulated with the DSGE model.

The model is a simplification of Gali and Monacelli (2005) and, like its closed economy
counterpart, consists of a forward-looking IS-equation and a Phillips curve. Monetary policy
is also given by a Taylor-type interest rate rule, where the exchange rate is introduced via the
definition of consumer prices and under the assumption of PPP. In log-linearized form the model
can be expressed as
1-71

T

V¢ = EcJier1 — @(Re — Ecftesr ) — Eefen — @@EAGe + a(l — @) EAYiqs

K
= PEifteiq + afE:AGrs1 — aAGe + — (Ve — Xt ),
t = PEtTte1 PE:AGe+1 qt " (}’t t) (2.6)
R = prRi—1 + (1 — pRr) [ll’zrﬁ't + Wy Ve + WAeAét] + ORNRt»
Aét = ﬁ't — (]. - a)Ath - ﬁ:,
where = 1/(1+ (r™ /400)), ¢ = T+ a(2 — a)(1 — 1), T is the intertemporal elasticity of
substitution, and 0 < a < 1 is the import share. The closed economy version of the model is
obtained when a = 0.
Variables denoted with an asterisk superscript are foreign, the nominal exchange rate is given
by é, terms-of-trade (defined as the relative price of exports in terms of imports) by g, while
potential output in the absence of nominal rigidities, X¢, is determined by the equation:

Xe=—a(2 - a)l%rjlt*,
To close the model, the remaining 4 variables are assumed to be exogenous and determined by:
Age = poAdi-1 + 0QNQ,t;
Vi =py-Yi_q tOyny s,
2 = pr Ry + O s
2t = pzi-1 + 02Nzt

wheren;; ~ N(0,1) fori = R,Q,Y",x*, Z. When the model is taken literally, the terms-of-trade
variable is endogenously determined by the equation:

PAGe = AY; — AYe.
However, Lubik and Schorfheide note that such a specification leads to numerical problems
when estimating the posterior mode and to implausible parameters estimates and low likelihood

values when a mode is located.
The measurement equations for this model are:

2.7)

Ayt = Y(Q) + Ayt + ﬁt,

I = Jl'(A) + Jll\'t,

Rt‘ — ][(A) + r(A) + 4Y(Q) + ﬁt; (28)
Aet = Aét,
Agr = Ag;.
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The model therefore has a total of 19 unknown parameters, collected into
0 =[wr Wy Yae pr @ 'Y x T pg pz
Py* P @ Y(Q) 06Q Oz OR Oy: Gx*}-
When simulating data using this model, the value for 6 was given by:
6 =[1.30 0.23 0.14 0.69 0.11 0.51 0.32 0.31 0.31 0.42
0.97 0.46 1.95 0.55 1.25 0.84 0.36 1.29 2.00].

With the exception of the parameters that reflect the steady-state values of the observables,
the values are equal to the benchmark estimates for Canada in Lubik and Schorfheide (2007a,
Table 3).

2.3. A Model with Money Demand and Money Supply: Fagan, Lothian and McNelis

The DSGE model considered by Fagan et al. (2013) is a variant of the model suggested by
Andrés et al. (2006), which in turn has predecessors such as Rotemberg and Woodford (1997),
McCallum and Nelson (1999), and Ireland (2004), and this version assumes linear separability
between money and consumption in preferences. The incorporation of money makes it possible
to analyse monetary regimes where interest rates are determined through the interplay between
supply and demand, instead of from a policy rule where the Central Bank sets the short-term
nominal interest rate. The study by Fagan et al. (2013) focuses on the Gold Standard era and
assumes that base money supply is exogenous, but as in Andrés et al. (2006) this assumption
may be replaced with having a standard Taylor type of policy rule for determining the interest
rate.

Based on the notation from Fagan, Lothian, and McNelis (2013), the log-linearized Euler
equation for real GDP is given by

9, = _$ y L POt bt dap o 1 (¢
$1+ Po” ¢ + ¢2 1+ P2
_ b g (1= Phoa)(1 = pa)
$1+ ¢2 (1-ph)(d1+¢2)

where @, is an exogenous aggregate demand shock. Real money demand is determined by

R 3 A b2, Pbr 1
My =P = =5 V- 1+ 5t 5 ——E Y1 — mrt

Tt — Etﬁ'tﬂ)
(2.9)

1—pBhpy . 6-1. (2.10)

+ a + é,
(1-pn)s =~ &
where é; is an exogenous liquidity preference (money demand) shock.
Real marginal costs are related to output and exogenous shocks in the log-linearized form

mee = — 131+ (X + P2)Fe — Bor1EeFes1 — (1 + x) 3¢
Bh(1-pa) . (2.11)
- 4,
(1-pn)

where %; is an exogenous technology (productivity) shock. Next, the log-linearized Phillips
curve is

#te = YrERes1 + YpRe—1 + AMcy, (2.12)
and therefore contains both a forward looking and a backward looking part, while X is the
sensitivity of inflation to marginal costs. The real marginal costs function and the log-linearized
Phillips curve characterize the supply side of the economy.
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Andrés et al. (2006) show that many of the parameters in the log-linearized structural form
of the model are functions of the underlying deep structural parameters. Specifically,

A= (1-0,)(1-p6,)(1 - w)e,

;= 1—«a
[T+a(e—1)] [0, +w(1-06,[1-p1)]"
_pta
T 1-a’

where 1 — « is the elasticity of labor with respect to output, and ¢ is the labor supply elasticity.
Each firm resets its price with probability 1 — 6, each period, while a fraction 6, keep their price
unchanged; Calvo (1983) mechanism. The ratio ¢/(1 — ¢) is equal to the steady-state price
markup. The parameter w measures the fraction of firms that set prices in a backward-looking
way using a simple rule of thumb, while 1—w is the fraction of firms that set prices in a forward-
looking manner; see Gali and Gertler (1999). The parameter h represents the importance of
habit persistence in the utility function, while f is the discount factor and r is the steady-state
interest rate. The parameter 6 reflects the exponential weight on real money balances in the
temporal utility function and serves a similar purpose as ¢ has for consumption. Specifically, if
6 = 1 (6 = 1) then the log of real money balances (log of current consumption over lagged,
habit adjusted consumption) appears in the utility function. The ¢ parameter is interpreted by
Fagan et al. (2013) as the constant relative risk aversion. Additionally,

3 (0—1)h
'™ 1-pn
B o+ (6 —1)ph% - ph
¢ = 1= ph ,
Y vu(l-6,1-p)
w
Yo

S0, +w(1-6,[1-p1)

Notice that 6 = 1 implies that ¢»; = 0, while ¢ = 1. Furthermore, y; is increasing in 6,, while
Yp is increasing in w. It may also be noted that if w = O such that all firms set prices based on
profit maximization, then inflation becomes a purely foreward-looking variable.

The monetary regime over the Gold standard is modelled as an exogenous process for nom-
inal base money growth by Fagan, Lothian, and McNelis (2013), as suggested by, e.g., Cagan
(1965).4 Specifically,

Arh, = pmArht—l + OmMmyt» (2.13)
where 1, is an iid N (0, 1) money supply shock. Real money balances obeys the identity
M — pr = -1 — Pe—1 + Arfre — T (2.14)

Finally, the aggregate demand, liquidity preference, and technology shocks also follow AR(1)
processes with iid N(0, 1) innovations, according to
&t = pa&t—l + Oalla,t,

8 = pebr—1 + Gellet» (2.15)

Zt = Py%r-1 t+ OzMz,t-

4 Alternatively, Andrés, Lopez-Salido, and Vallés (2006) consider a Taylor type of monetary policy rule, but with the
twist that it includes money growth. Specifically,

Pt = prf‘tfl + (1 - pr) (pnﬁt + pyyt + pmArﬁt) + OrNrts
where 1, is an iid N (0, 1) interest rate shock, and p,, is the weight on nominal money growth.
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The measurement equations for this model are:
Ye=JYet+ &y,

re =y,
— (2.16)
Anh = Aﬁﬂ,

where ¢, ; is an iid N (0, 62) measurement error. The observed variables are given by HP-filtered
real GDP, the demeaned short-term interest rate (commercial paper rate), the demeaned first
difference of the log of the GDP deflator, and the demeaned first difference of the log of base
money.

Two of the parameters of the model are calibrated and given by f = 0.988, and r = 1 /8. The
remaining 16 parameters are estimated and given the vector:

9=[h0x)\9pw5papepzpmoaoeozomoy}.

The model still has three unidentified deep structural parameters, namely: «, ¢, and ¢. They
are not explicitly needed to solve the log-linearized version of the model, but if we are willing
to fix one of them, say a = 1/ 3, then the other two can be solved from the equations for ¢ and
X-

2.4. A Medium-Sized Closed Economy DSGE Model: Smets and Wouters

A well known example of a medium-sized DSGE model is Smets and Wouters (2007), where the
authors study shocks and frictions in US business cycles. Like the two examples discussed above,
the Smets and Wouters model is also provided as an example with the YADA distribution. The
equations of the model are presented below, while a detailed discussion of the model is found in
Smets and Wouters (2007); see also Smets and Wouters (2003, 2005). It should be emphasized
that since the model uses a flexible-price based output gap measure in the monetary policy rule,
the discussion will first consider the sticky price and wage system, followed by the flexible price
and wage system. The equations for the 7 exogenous variables are introduced thereafter, while
the steady-state of the system closes the theoretical part of the empirical model. Finally, the
model variables are linked to the observed variables via the measurement equations.

2.4.1. The Sticky Price and Wage Equations

The log-linearized aggregate resource constraint of this closed economy model is given by

Ve =yl + iyl + 2y 2 + €5, (2.17)
where ¥, is (detrended) real GDP. It is absorbed by real private consumption (¢;), real private
investments (i;), the capital utilization rate (2;), and exogenous spending (sf). The parameter
cy is the steady-state consumption-output ratio and i, is the steady-state investment-output
ratio, where

cy =1—-1,— gy,
and g, is the steady-state exogenous spending-output ratio. The steady-state investment-output
ratio is determined by
iy=(y+6-1)ky,
where k,, is the steady-state capital-output ratio, y is the steady-state growth rate, and 6 is the
depreciation rate of capital. Finally,
Zy = rkky,

where ¥ is the steady-state rental rate of capital. The steady-state parameters are shown in
Section 2.4.4, but it is noteworthy already at this stage that z, = «, the share of capital in

production.
The dynamics of consumption follows from the consumption Euler equation and is equal to

¢ =c16-1 + (1 —c1) EeCri1 +C2 (it - Etit+1) - CS(TA‘t - Etﬁ'tﬂ) + 5?, (2.18)
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where lAt is hours worked, 7 is the policy controlled nominal interest rate, and e? is proportional
to the exogenous risk premium, i.e., a wedge between the interest rate controlled by the central
bank and the return on assets held by households. It should be noted that in contrast to Smets
and Wouters (2007), but identical to Smets and Wouters (2005) and Lindé, Smets, and Wouters
(2016), we have moved the risk premium variable outside the expression for the ex ante real
interest rate. This means that €2 = —c3€?, where €” is the risk premium variable in Smets and
Wouters (2007). Building on the work by Krishnamurthy and Vissing-Jorgensen (2012), Fisher
(2015) shows that this shock can be given a structural interpretation, namely, as a shock to
the demand for safe and liquid assets or, alternatively, as a liquidity preference shock. I have
chosen to consider the expression in (2.18) since it is also used in the dynare code that can be
downloaded from the American Economic Review web site in connection with the 2007 article.’
The parameters of the consumption Euler equation are:

_ My oo =DM/ 1-0/Y)

1+0/ 7 e (1+0/) e (1+0/))
where X measures external habit formation, o, is the inverse of the elasticity of intertemporal
substitution for constant labor, while w"l /¢ is the steady-state hourly real wage bill to consump-
tion ratio. If 6. = 1 (log-utility) and A = 0 (no external habit) then the above equation reduces

to the familiar purely forward looking consumption Euler equation.
The log-linearized investment Euler equation is given by

e =i1ie—1 + (1 — 1) Eglps + i2g; + Sé, (2.19)

C1

where ¢, is the real value of the existing capital stock, while ¢! is an exogenous investment-
specific technology variable. The parameters of (2.19) are given by

1 . 1

= —, 1o = ,
L+ pylme 2 (14 pyle) y2o
where f is the discount factor used by households, and ¢ is the steady-state elasticity of the
capital adjustment cost function.
The dynamic equation for the value of the capital stock is

G = @EeGess + (1= qu) Eeffyy — (Fe = Eeten) + c5' e, (2.20)
where 7 is the rental rate of capital. The parameter q; is here given by
1-6
=pfy %1 —-06) = ——o:.
@ =prd ) rk+1-6
Turning to the supply-side of the economy, the log-linearized aggregate production function
can be expressed as

i1

Ve =¢p [al?,f + Q-+ s?] , (2.21)

where sz is capital services used in production, and ¢ an exogenous total factor productivity
variable. As mentioned above, the parameter « reflects the share of capital in production, while
¢p is equal to one plus the steady-state share of fixed costs in production.

The capital services variable is used to reflect that newly installed capital only becomes effec-
tive with a one period lag. This means that

ks =keq + 24, (2.22)

where k; is the installed capital. The degree of capital utilization is determined from cost
minimization of the households that provide capital services and is therefore a positive function
of the rental rate of capital. Specifically,

2 = 21fF, (2.23)

5 The links to the code and the data as well as the Appendix of Smets and Wouters (2007) can be found next to the
electronic version of the paper.
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where

and p is a positive function of the elasticity of the capital adjustment cost function and nor-
malized to be between 0 and 1. The larger y is the costlier it is to change the utilization of
capital.

The log-linearized equation that specifies the development of installed capital is

ke = kyke1 + (1 — k1) 1e + ko€l (2.24)
The two parameters are given by
1-6 -
ki = —Y , ko= (y+6—1)(1 + Byt "C)y(p.

From the monopolistically competitive goods market, the price markup (ﬂf ) is equal to minus
the real marginal cost (jif) under cost minimization by firms. That is,

,ﬁf=(x(f<ts—it)—vf/t+£f, (225)
where the real wage is given by w;. Similarly, the real marginal cost is

[ = afk + (1 — o) Wy — €9, (2.26)
where (2.26) is obtained by substituting for the optimally determined capital-labor ratio in
equation (2.28).

Due to price stickiness, as in Calvo (1983), and partial indexation to lagged inflation of those
prices that cannot be reoptimized, prices adjust only sluggishly to their desired markups. Profit
maximization by price-setting firms yields the log-linearized price Phillips curve

R = mReo1 + Mo ERerr — w3} + €8

. . e D (2.27)
= M 7t—1 + T BTy + T3l + &,

where ef is an exogenous price markup process. The parameters of the Phillips curve are given

by
Lp Py _ (1-¢p) (1= Py >¢p)

1+ pyt-oa,’ T Pytoery’ " (1+Byl=oetp) & ((dp — Dep +1)
The degree of indexation to past inflation is determined by the parameter 1, {, measures the
degree of price stickiness such that 1 — ¢, is the probability that a firm can reoptimize its price,
and ¢, is the curvature of the Kimball (1995) goods market aggregator.

Cost minimization of firms also implies that the rental rate of capital is related to the capital-
labor ratio and the real wage according to.

= — (ke = 1) + . (2.28)

a1

In the monopolistically competitive labor market the wage markup is equal to the difference
between the real wage and the marginal rate of substitution between labor and consumption

=W — (Gllt + m [@t - %ét—l] ) , (2.29)
where o is the elasticity of labor supply with respect to the real wage.

Due to wage stickiness and partial wage indexation, real wages respond gradually to the
desired wage markup

We = wiwe—1 + (1 — wq) [Etwt+l + Etﬁ-’H—l] — Wolty + wadte—1 — wafly’ + ¢, (2.30)
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where ¢ is an exogenous wage markup process. The parameters of the wage equation are

S S _ 1A
YT 14 pyloee TP 14 pyle

Wam W (1 —¢w) (1 _ﬁYl_GC€W)
Tyl T (14 By ) gy (dw— 1) ew + 1)

The degree of wage indexation to past inflation is given by the parameter 1,,, while ¢,, is the
degree of wage stickiness. The steady-state labor market markup is equal to ¢, — 1 and ¢, is
the curvature of the Kimball labor market aggregator.

The sticky price and wage part of the model is closed by adding the monetary policy reaction
function

fe = pieoy + (1-p) [rﬂﬁt +ry (yt - y{)] +ray [A}“/t - Ay{] e, (2.31)

where j/{ is potential output measured as the level of output that would prevail under flexible
prices and wages in the absence of the two exogenous markup processes, whereas & is an
exogenous monetary policy shock process.

2.4.2. The Flexible Price and Wage Equations

The flexible price equations are obtained by assuming that the two exogenous markup processes
are zero, while ¢,, = ¢, = 0, and 1,, = 1, = 0. As a consequence, inflation is always equal to
the steady-state inflation rate while real wages are equal to the marginal rate of substitution
between labor and consumption as well as to the marginal product of labor. All other aspects
of the economy are unaffected. Letting the superscript f denote the flexible price and wage
economy versions of the variables we find that

y{ = cyéf + iyf{ + zyﬁf + ef,

¢ = clcf +(1-c1) EtctJr1 + ¢ (ZA{ — EtlA{H) — cyﬁf + e?,
f=itl  + (A —i) B +iag] + €
q{ = Q1Et‘i{+1 (1- Q1)Efrt+]; - r{ +c3lel,
y{ = ¢, [afcs’f +(1-a l{ + ef] ,
=k + 8, (2.32)
of Akf

zt—zrt ,

i/ = kl L+ A=k + ke,

sf—af‘ff+(1—a)wt,

Ak,
L (P
f _af 1 o AAf
w, = ol +—1—(l/y) [ th 1]
A f

where 7 is the real interest rate of the flexible price and wage system.

2.4.3. The Exogenous Variables

There are seven exogenous processes in the Smets and Wouters (2007) model. These are gen-
erally modelled as AR(1) process with the exception of the exogenous spending process (where
the process depends on both the exogenous spending shock nf and the total factor productivity
shock n{') and the exogenous price and wage markup processes, which are treated as ARMA(1,1)
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processes. This means that

g
&

= pg“:f_l + ngtg + pgaaan?:
el = ppel_, + opn?,
& = piel_, +oim},
&f = paci_ + 0anf, (2.33)

p_ D p_ p
& = Pp&_q T 0pMy — HpOplly_15

el = pwelq town! — pwown 4,
& = pré_q o
The shocks r[g ,j=A1ab,g,i,p,r,w}, are N(0, 1), where n? is a preference shock (proportional

to a risk premium shock), n! is an investment-specific technology shock, n’ is a price markup
shock, n; is a monetary policy or interest rate shock, and n}” is a wage markup shock.

2.4.4. The Steady-State Equations

It remains to provide expressions for the steady-state values of the capital-output ratio, the
rental rate of capital, and the hourly real wage bill to consumption ratio which relate them
to the parameters of the model. The steady-state exogenous spending to output ratio g, is a
calibrated parameter and set to 0.18 by Smets and Wouters (2007). From the expressions for
the gq; parameter it follows that

1
rk=——+6-1.
Py~e
The capital-output ratio is derived in a stepwise manner in the model appendix to Smets and
Wouters (2007). The steady-state relations there are

1/(1-a) -
[0l a—wrk k_g [
| ST U
where k, = k/y. From these relationships it is straightforward, albeit tedious, to show that

zy =1Fk, = a.
The steady-state relation between real wages and hourly real wages is

w = ¢p,wh,
so that the steady-state hourly real wage bill to consumption ratio is given by

W_hl_ (1 - )k, l-a

c pwacy B duwcy’

where the last equality follows from the relationship of z, = rkk, = a.

2.4.5. The Measurement Equations

The Smets and Wouters (2007) model is consistent with a balanced steady-state growth path
driven by deterministic labor augmenting technological progress. The observed variables are
given by quarterly data of the log of real GDP per capita (y;), the log of real consumption per
capita (c;), the log of real investment per capita (i;), the log of hours per capita (I;), the log of
quarterly GDP deflator inflation (ir;), the log of real wages (w;), and the federal funds rate (r).
With all observed variables except hours, inflation, and the federal funds rate being measured
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in first differences, the measurement equations are given by

Ay Y Ve— e
Acy Y ¢ — C—1
At Y I — -1
Awe| = |7 [+ [We —Weq |- (2.34)
I [ L,
Tt T Tt
| e ] | 47 | 47

Since all observed variables except the federal funds rate (which is already reported in percent)
are multiplied by 100, it follows that the steady-state values on the right hand side are given by

§=100(y—1), #=100(r—1), f=um(ﬁ;%—1),

where x is steady-state inflation. The federal funds rate is measured in quarterly terms in Smets
and Wouters (2007) through division by 4, and is therefore multiplied by 4 in (2.34) to restore
it to annual terms.® At the same time, the model variable #; is measured in quarterly terms.

Apart from the steady-state exogenous spending-output ratio only four additional parameters
are calibrated. These are 6 = 0.025, ¢,, = 1.5, and ¢, = ¢, = 10. The remaining 19 structural
and 17 shock process parameters are estimated. The prior distributions of the parameters are
given in Smets and Wouters (2007, Table 1) and are also provided in the YADA example of their
model.

2.5. Smets and Wouters Model with Stochastic Detrending

Smets and Wouters (2007) assume that the underlying trend for output, private consumption,
etc. is given by y* and is therefore deterministic. Del Negro and Schorfheide (2013) consider
a detrending approach which allows for a stochastic trend which may even have a unit root.
Specifically and as in Smets and Wouters (2007), the total factor productivity (TFP) process
around a liner deterministic trend is given by
&f = pagf | + oany,
where n¢, as in Section 2.4.3, is an iid standard normal innovation. Define the trend variable
as follows:
P, = exp(?t +(1-— a)_lsf).

Notice that the deterministic part of the trend is now given by exp(yt) rather than by y?, i.e. we
have that y = exp(¥). If pq = 1, then the log of the trend follows a random walk with drift ¥,
while |p,| < 1 means that the TFP process is stationary so that the natural logarithm of ®; is
staionary around a linear deterministic trend.

Del Negro and Schorfheide (2013) suggest detrending the non-stationary variables with @
and as a consequence a number of the equations in Section 2.4 need to take this into account.
To this end, they define the variable

T = ln(q)t/q)t—l) -y
1
=1l (2.35)
1
"1 a [(pa — 1), +0an] .
The T; variable is serially correlated when the TFP process is stationary, and white noise when
the TFP process has a unit root.

6 For the YADA example of the Smets and Wouters model, the data on the federal funds rate has been redefined into
annual terms.
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The log-linearized aggregate resource constraint of this closed economy model is now given
by

1
l-«
where 1(p,; < 1) is an indicator function which is unity if p, < 1 and zero otherwise; cf. equation
(2.17). The steady-state ratios in (2.36) are the same as those in the original Smets and Wouters
model.

The consumption Euler equation is now

}A/t = Cyét + l.yll‘\t + Zyﬁt - I](pa < 1) 8? + Ezg, (236)

&e=c (ét—l - ft) + (1 —c1) E¢ [Ee41 + Tev1] + 2 (lAt - EtlAH—l) —C3 (f”t: - Etf‘%t+1) + 8?, (2.37)
where the parameters ¢;, i = 1, 2, 3, are given below equation (2.18).
Similarly, the investment Euler equation is
=1 (Ii\t—l - -f-t) + (1 —11) E; [2t+1 + ft+1] + 124; + Si, (2.38)

where i; and iy are specified below equation (2.19). The value of the capital stock evolves
according to the equation (2.20), with the parameter g; unchanged.
The aggregate production function is now expressed as

o A A 1
3o = gp |k + (1= k] + 1000 < D(tp — 1), (2.39)
while capital services is given by
ki = ke + 20— 1, (2.40)

and the degree of capital utilization is given by equation (2.23).
The equation determining the evolution of installed capital is given by

ke =k (ke = 2) + A = k) e+ Kot (2.41)

while k; and k; are defined below equation (2.24).
The price markup is like in Section 2.4 equal to minus the real marginal cost under cost
minimization. For the alternate detrending method we have that the price markup is

AP = o (ks 1) - o, (2.42)
while the real marginal cost is
[¢ = afk + (1 — o) wy. (2.43)
Notice that the TFP shock is missing from both these equations. Setting (2.42) equal to minus
(2.43) and solving for the rental rate on capital we find that equation (2.28) holds.
The price Phillips curve is unaffected by the change in detrending method and is given by

equation (2.27), with the parameters x;, i = 1,2,3, also being unchanged. The real wage
markup is now given by

1 A
——— |6 — = (-1 — T , 2.44
=y &y e tﬂ) (249
i.e., the real wage minus the households’ marginal rate of substitution between consumption
and labor, while real wages are now determined by

Y =Wy — (olz}+

We = wq (Wt—l - ft) + (1 —w1) E; [Wt+1 + Te1 + ﬁ-’H—l] — Wolly + wadt—1 — wafty’ + &, (2.45)

The w; (i = 1,2, 3,4) parameters are given by the expressions below equation (2.30). Finally,
the monetary policy reaction function is given by (2.31).
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The equations of the flexible price and wage economy
j/{ = cyé{ + iyf{ + zyQ{ —0(pa < D(1 - a)_lcf +ef,
lf

Af
l:+1) — c3f; +éb,

é{ = cl(éf -%)+Q —cl)Et[ &+ ] o (l

1{ —11(1f —‘rt)+(1—11)Et[t+1 +ft+1} +i2qt +£};,

qt = q1tht+1 (1 - Ch)Eﬂ”HJ; r{ + ¢ 15?,
= ¢y [aki + (1= I | +10pa < Dy - D(1 - ) e,

kit =k 2l -4, (2.46)
ﬁ{ = zlrf’f,
K =tk —2)+ Q- k)i + kel
0 —af”ff+(1 —a)wt,
A (kf’f —z“{) + ],

W = aff + 1 of N
= oyl — | — =&, —T)],
[ _()\/Y) |:t Y(t—l t)
where 7 f is the real interest rate of the flexible price and wage economy.
The steady state values of the model as shown in Section 2.4.4 remain valid. The measure-
ment equations change slightly due to the different detrending method. Specifically, we now
obtain

Ay Y Ve—Ve-1+ T

Act Y G — 61+ 1T

At Y e — -1 + T

Awe | =¥ |+ | W — W1 + 5|5 (2.47)
A [ L,

Tt T Tt
Tt | 47 | 47,

where ¥, 77, and 7 are shown below equation (2. 34)

2.5.1. A Small-Scale Version of the Smets and Wouters Model

Del Negro and Schorfheide (2013) presents a smal-scale version of the Smets and Wouters
model in Section 2.5 by removing a number of features, such as capital accumulation (with

= 0). After setting X\ = 0 and eliminating the ” shock, the consumption Euler equation
simplifies to

o R R oc—1¢; A 1., .

& = E¢ [6ra1 + Tr1] + — (lt - Etlt+1) - G—(T‘t — Etfie+1 ), (2.48)
C C

Notice that hours appears in this formulation when o. # 1 and this is based on a unit steady-

state wage.”

It is also assumed that there is no wage stickiness in the small-scale model. Consequently,
the marginal cost is equal to the real wage, and the latter is equal to the marginal rate of
substitution between consumption and leisure. In the absence of fixed costs (¢, = 1) the

aggregate production function implies that output equals hours, y; = [, with the results that
/:\L(t: = ét + Gl_)/\/t- (249)

7 This term is missing in equation (22) of Del Negro and Schorfheide (2013). The unit steady-state wage follows
from ¢, = 1 and ¢, = 1 when a = 0.
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With zero price markup shocks, the price Phillips curve is otherwise given by equation (2.27),
noting that the denominator of i3 simplifies since ¢, = 1. That is,

# = l—pﬁ- 1+ ﬂ
CT 1+ Byloa, T 1+ pylooa,

(1-¢p) (1= py=gp) ..
’ (1+ Bytoep) &p e

Compared with equation (24) in Del Negro and Schorfheide (2013) we here use the term fy =%
rather than just 8, which would only appear if o, = 1.

The monetary policy rule is slightly altered by Del Negro and Schorfheide (2013), where the
central bank only reacts to inflation and output growth, while the monetary policy shock is iid.
It is also assumed below that the central bank only reacts to inflation and output growth, but
the original assumption that monetary policy shocks follow an AR(1) process is retainted. That
is,

Etdte 11

(2.50)

f't = pTat_l + (1 - p) [rxﬁ} + Iy (Ayt + f't)] + 8:. (251)
The aggregate resource constraint now simplifies to
Ve =6+ €, (2.52)

which involves a slight redefinition of the government spending shock since the TFP shock term
is missing; cf. equation (2.36). All shocks in this model follow AR(1) processes, including &f
which determines ?;, and the government spending shock .

Finally, the measurement equations are given by

Ayt Y Ve—Je1+ 1
T =\ + ﬁ-t . (2.53)
I't 4r 47/;1-

The steady-state parameters are equal to those shown below equation (2.34).

2.6. The Smets and Wouters Model with Financial Frictions

Del Negro and Schorfheide (2013) and Del Negro, Giannoni, and Schorfheide (2015) introduce
financial frictions into their variant of the Smets and Wouters models based on the financial
accelerator approach of Bernanke, Gertler, and Gilchrist (1999); see also Christiano, Motto,
and Rostagno (2003, 2010) and De Graeve (2008). This amounts to replacing the value of the
capital stock equation in (2.20) with

A A A A A 15
Eff, —f= g‘sp,b(qt + kt — nt) —cy & t g, (2.54)
and
== (1—q )fF+qde— 4 (2.55)
e — T qi)re T q149c — qe-1, .
where 7/ is the gross return on capital for entrepreneurs, fi; is entrepreneurial equity (net

worth), and ¢/ captures mean-preserving changes in the cross-sectional dispersion of ability
across entrepreners, a spread shock. The parametes q; is here given by

. 1-9¢
rk+1-6
where r* is generally not equal to f~1y%+68—1 since the spread between gross returns on capital

for entrepreneurs and the nominal interest rate need not zero. The spread shock is assumed to
follows the AR(1) process

q1

€ = Pe€;_q + Cen; - (2.56)
The parameters (spp is the steady-state elasticity of the spread with respect to leverage. It
may be noted that if {5, = 0. = 0, then the financial frictions are completely shut down and
equations (2.54) and (2.55) yield the original value of the capital stock equation (2.20).
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The log-linearized net worth of entrepreneurs equation is given by

ﬁt + Cn,rft = Cn,e (TA”f - -"%t:) - Cn,r(f”t—l - -"%t:) + Cn,q (Qt—l + iét—l) + Cn,nﬁt—l -~ (2-57)
where Cne, Cnrs> Cng> Cnn, and Cng, are the steady-state elasticities of net worth with respect
to the return on capital for entrepreneurs, the nominal interest rate, the cost of capital, net
worth, and the volatility of the spread shock. Furthermore, {, . is the steady-state elasticity
with respect to the TFP shock based trend variable T and (¢, is the steady-state elasticity of
the spread with respect to the spread shock.

It is typically assumed for the flexible price and wage economy that there are no financial

frictions; see, e.g., De Graeve (2008). Accordingly, net worth is zero, the gross real return on

capital of entrepreneurs is equal to the real rate P{ , while the value of the capital stock evolves

according to

. A Kof o -
Q{ = QIEtQ{H + (1 - Q1)EH}+§ - r{ + 6318?.

Since the steady-state real rental rate on capital in the flexible price and wage economy without
financial frictions is equal to the real interest rate, an option regarding the q; parameter in this
equation is to set it equal to g1,y = Sy~ (1 — ). Formally, this appears to be the correct choice
since the steady-state of the flexible price and wage and frictionless economy differs from the
steady-state of the economic with sticky prices and wages and financial frictions. However, if
the steady-state spread of the former economy, r¢/r, is close to unity, then ¢; and gy, s will be
approximately equal.

2.6.1. Augmented Measurement Equations

The set of measurement equations is augmented in Del Negro and Schorfheide (2013) by
Se = 45+ 4E, [Fe,, —Fe], (2.58)

where 5 is equal to the natural logarithm of the steady-state spread measured in quarterly

terms and in percent, § = 100In(r®/r) , while the spread variable, s;, is measured as the

annualized Moody’s seasoned Baa corporate bond yield spread over the 10-year treasury note

yield at constant maturity by Del Negro and Schorfheide (2013) and Del Negro et al. (2015).

The parameter s is linked to the steady-state values of the model variable variables according to
e e

r? = (1+s/100)74, L =ptyx % =rk+1-5.

!

If there are no financial frictions, then r® = r, with the consequence that the steady-state
real interest rate is equal to the steady-state real rental rate on capital plus one minus the
depreciation rate of capital, i.e., the Smets and Wouters steady-state value; see Section 2.4.4.
Del Negro and Schorfheide (2013) estimate s, (spp, pe, and o, while the parameters F and
k€ are calibrated. The latter two parameters will appear in the next Section on the steady-state,
but it is useful to know that they represent the steady-state default probability and survival
rate of entrepreneurs, respectively, with F determined such that in annual terms the default
probability is 0.03 (0.0075 in quarterly terms) and k¢ = 0.99. These values are also used by
Del Negro et al. (2015) as well as in the DSGE model of the Federal Reserve Bank of New York;
see Del Negro, Eusepi, Giannoni, Sbordone, Tambalotti, Cocci, Hasegawa, and Linder (2013).

2.6.2. The Steady-State in the Smets and Wouters Model with Financial Frictions
2.6.2.1. Preliminaries: The Log-Normal Distribution

To determine the relationship between the elasticities in equations (2.54) and (2.57) and the
steady-state of the model with financial frictions it is important to first sort out some details
concerning an ideosyncratic shock which affects entrepreneurs’ capital. The distribution of
the shock in time t is known before it is realized and this distribution is the same for all en-
trepreneurs, while the shock is iid across entrepreneurs and over time. In steady state, the
natural logarithm of the shock, denoted by Inw, is normal with mean m,, and variance ¢2,
where it is assumed that the expected value of w is unity. Since its distribution is log-normal
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(cf. Section 4.2.6) with p, = exp(my, + (1/2)62) = 1, it follows that m,, = —(1/2)c2. The
probability density function (pdf) of w is consequently

plw) = Zw_l exp (—;?(lnaﬂr (1/2)05)2) ,

2o w

while the cumulative distribution function (cdf) is
Inw+ (1/2)c?
F(w):q)(nw (/)O-w)’

Ow
where ®(g) is the cdf of the normal distribution. For values of w below a threshold, @, the
enrepreneur defaults on its debt.®
The expected value of w conditional on it being greater than @ is given by

(1/2)c? —ln(D)

@ Ow

- _ 2
=1_q>(lnw (1/2)%)’

Ow

E[wlw > (D] = JOO wp(w)dw = ® (

where the last equality follows from ®(z) = 1 — ®(—2), i.e. that the normal distribution is
symmetric. We then find that

oo

G(w) = jow wp(w)dw = Jo
_ e (lnd)—(l/Z)of,).

Ow

o0

wp(w)dw — J wp(w)dw

w

Furthermore, let

F(cD) = J wp(w)dw + @Joop(w)dw
0 @
- 2
=@ [1 - ( lnw+§1/2)6‘“ )] +G(@).
Defining
o o+ 1/2)c?
2¥ = o ,
we obtain
G@)=2(@Y~-0,), T(@)=a[1-2(zY)]+2:"-0.). (2.59)

Let ¢(2) be the standard normal pdf such that 0®(2) / 9z = ¢(2); cf. Section 4.2.6. From the
expression for this density it follows that

qu(z) 0z¥ 1
W _ = W W / = = — _—
b -a)=ap(=), #(:)= B =-s(s) -
Making use of these two results it can be shown that
(o) = — Lg(zv (o) = _ B (g
G (w) = %qb(z ), G (w) = (I)Gf, (z ), (2.60)
where G/ (@) = 0G(@) /0@ and G” (@) = 9*G(w) /dD?. In addition,
r'(@)-6(o) 1
(A — -1 _ w i\ — w
I'(w) = = 1-2(z¢), (@) &_J%¢>(z ), (2.61)

8 The entrepreneurs are assumed to be gender free in this economy and supposedly multiply by splitting into two
after having too much curry.
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where I''(@) = oI'(@) /0@ and I (@) = d*T(w) /dw?. We will also have use for the following
derivatives

w
Go, (@) = —i—qb(z‘*’ —64), T (@) =—¢(2” —0u), (2.62)
where G, (@) = 0G(w) /0o, and Ty, (@) = II'(w) / 0o, and we have made use of
050 | 5
do, Cu

Finally, it can be shown that

c;w(@)=—@[1—zw(zw—%)], r;w(@)=(f—1)¢(zw), 2.63)

w 0w

where G/, (@) = 0*G(®@) /0wdo,, and T}, (@) = 0°T (@) / Ao,

2.6.2.2. Steady-State Elasticities

The steady-state default probability, F, is assumed to be calibrated at 0.03 (0.0075) in annual
(quarterly) terms by Del Negro and Schorfheide (2013). This means that

F(w) =F, (2.64)

or
o e+ @1/2)?

OCw
where ®~1() is the inverted normal. With F being known it follows that 2 is known and that
@ may be treated as a function of ¢,,. That is,

@(0y) = exp(2“o, — (1/2)032). (2.66)
Del Negro and Schorfheide (2013) suggest that we may solve for the steady-state value of ¢,

from
e/ Ca n/k
1-(¢ho/Cs0)1— (n/k)

where (p ; and ¢, are elasticities to be defined below, the parameter (5, is estimated, while
the steady-state ratio

= o1 (F), (2.65)

Csp,b = (2.67)

6)=1- [r(@) - we(@) 5, (268)
and
pe(@) = Lo lr/r) (2.69)

(¢(@)/r(@)[1 ~1(@)] +6(@)
It may be noted that (n/k) /[1— (n/k)] is equal to the inverse of steady-state leverage (where
leverage is denoted by g in the Technical Appendix to Del Negro and Schorfheide, 2013), while
€ is related to the steady-state bankruptcy costs.’ Furthermore, the ratio r¢/r is determined
from the estimate of s; see below equation (2.58).
In the Technical Appendix to Del Negro and Schorfheide (2013) it is shown that
wop(n/k)|IMw)6 (o) -G" (o)l (@
- AEEO- GO o
- 312 - - w)—prelw
Mw)—peG(w 1-Tw)+T"w re/r
() - 6’ (@)] (@) +1r/( )r,(@)_#eG,(@) (re/7)

while

) (2.71)

9 The bank monitors the entrepreneurs and extracts a fraction (1 — u¢) of its revenues given that the bank assumes
the draw of w is below the threshold @. The remaining fraction p® may therefore be regarded as the bankruptcy
costs.
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while n/k and p€ are given by (2.68) and (2.69), respectively. Plugging the expression for (3, 5,
Cz@, U¢, and n/k into equation (2.67) and making use of (2.66) it is possible to solve for o,
numerically using nonlinear methods, such as with the fzero function in Matlab.
The elasticities of the net worth equation can now be computed from the parameters of the
model. The spread elasticity with respect to the spread shock is
(Cb,d}/gz,w)gz,% - Cb,cuJ

Sp,Cy — 5 (2.72)
bor 1-(¢bo/C20)

where
0w [A(@) + B(a)]

Cb,ou, = C ((D) 5

(2.73)

with
i 1= 11%(Ge, (@) /T4, (@) i
= -1 (o ¢ )
A(@) 1= 1 (6 @)/ T'(@) T, (@)(r¢ /1)
(0)Gy, (@)]
]2

(/)@ (@)1, (@) -1
(@) - w6 (@)
(o)

(@) - peG' (o)

o]
]

)

Clw)=[1-T(0)](r*/e) +

[1=(n/k)],

while
0y [To, (@) — 1°Go, (@)]
r(0) - 16()
Turning to the remaining elasticities of the net worth equation, it is shown in the Technical
Appendix of Del Negro and Schorfheide (2013) that

(2.74)

Cz,ow =

ne = Ke;—;(n/k)‘l(l ~146(@)[1 = (6.0 /¢:0)] ), (275)
where
oG (@)
CG,w - G((D) .
Next,
Cnr = (Ke/ﬁ)(n/k)_l(l = (n/k) +peG(@)(re/r)[1- (¢oa/Cx0)] ) (2.76)

e

) o(n/k
Cn,q=Ke;—Y(Tl/k) ! ll—ueG((D) (1+ oo(n/k)

Gz [1— (n/Kk)]

)] —(/B)(n/K)", @77

e e re e - CG,(D
Can = (x¢/B) +x pll G(w)gw[1 PP (2.78)
(2.79)
Furthermore,
Cne =2, (2.80)

where v is steady-state entrepreneurs’ equity. From the Technical Appendix of Del Negro and
Schorfheide (2013) we find that

V= , (2.81)
Ke
we k®\n «k°®|r¢ errmY



where we is the steady-state net worth transfer received by new entrepreneurs. Combining
equations (2.80)—(2.82) it can be shown that

Cne = (/) + (x¢/B)(n/k)" r?e(1 - pGW@)) - 11. (2.83)
Finally, .
G, = KEueG(a));—Y(n/k)‘l (860, = (607 820)8z0] (2.84)
where
0wGo, (cD)
G, = W

In case we instead add the BGG-type of financial frictions'® to the variant of the Smets and
Wouters model in Section 2.4, the variable 7; simply drops out of the net worth equation (2.57).
The equation for the spread between expected gross return on capital for entrepreneurs and the
short-term nominal interest rate (2.54) and the equation for the real gross return on capital for
entrepreneurs (2.55) remain unchanged.

2.7. The Smets and Wouters Model with Unemployment

The Gali, Smets, and Wouters (2012, GSW) model is an extension of the standard Smets and
Wouters model which explixitly provides a mechanism for explaining unemployment. This is
accomplished by modelling the labor supply decisions on the extensive margin (whether to work
or not) rather than on the intensive margin (how many hours to work). As a consequence, the
unemployment rate is added as an observable variable, while labor supply shocks are allowed
for. This allows the authors to overcome the lack of identification of wage markup and labor
supply shocks raised by Chari, Kehoe, and McGrattan (2009) in their critique of new Keynesian
models. From a technical perspective the GSW model is also based on the assumption of log-
utility, i.e. the parameter o, is assumed to be unity.

Smets, Warne, and Wouters (2014) present a variant of the GSW model aimed for the euro
area and this version is presented below. The log-linearized aggregate resource constraint is
given by equation (2.17). The consumption Euler equation may be expressed as

jlt = Etit+1 + (,at — Eftey1 — 6?), (2.85)
where 1, is the log-linearized marginal utility of consumption, given by
. 1 X
A =————"—|C— —Ct-1], 2.86
t 1_(>L/Y)|:t Yt1:| (2.86)

while ef is a risk premium shock. Making use of (2.85) and (2.86), the consumption Euler
equation can be written in the more familiar form
& = 161 + (1= c1)Eelrsr — c3(fe — Ecdtrsr — €0), (2.87)
where c; and c3 are given by the expressions below equation (2.18), while ¢, = 0 since o, = 1.
Notice that the risk premium shock in equation (2.87) satisfies ei’ =cg5 15? in equation (2.18).1!
The investment Euler equation is given by equation (2.19), where i, = 1/(1 + ) and iy =
1/((1 + P)y%¢) since o. = 1. The value of the capital stock equation can be expressed in terms
of the risk premium shock rather than the intertemporal substitution preference shock and is
therefore written as

4 = 1EeGer1 + (1 — qu )EcrX | — (fe — Eefterr — €0). (2.88)

10 BGG refers to Bernanke, Gertler, and Gilchrist (1999).

11 Notice that the sign of €” in (2.87) differs from the sign of the risk premium shock in the consumption equation
(2) of Smets and Wouters (2007).
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The aggregate production function is given by equation (2.21), while the capital service
variable is determined by (2.22), capital utilization by (2.23), and installed capital by (2.24),
where ko = (y + 6 — 1)1 + Bye.

Similarly, the average price markup and the real marginal cost variables are given by equation
(2.25) and (2.26), respectively, while the rental rate of capital is determined by equation (2.28).

The log-linearized price Phillips curve is expressed as

R = MR + MoEfe — w3 (0 — 7)), (2.89)

where the expressions for i; below equation (2.27) hold, taking into account that o, = 1, and
where the natural price markup shock [} = 100eF.

In the GSW model, the wage Phillips curve in equation (2.30) is replaced with the following
expression for nominal wage inflation

We = W1 + 7 = ﬁ(EtWHl — W + Etﬁ-’tﬂ) — Prwdte + 11
C(1-gw) (- pew) [ — g (2.90)
Ew(1+ ewor) o

where i is the average wage markup and fi;"" is the natural wage markup. Notice that this
equation can be rewritten as

We = wiwe1 + (1 —wy) [EtWHl + Etﬁ'tﬂ] — Wolty + Wadty—1 — W4(lAl‘t/V - IAJ?’W), (2.91)
where w; are given by the expressions below equation (2.30) for i = 1, 2,3 with 6. = 1, while
(1—2¢w)(1—pew)
(14 8)ew(1 + ewor)

In addition, GSW and Smets et al. (2014) let the curvature of the Kimball labor market aggre-
gator be given by
bw

Ew r—

The average wage markup is defined as the difference between the real wage and the mar-
ginal rate of substitution, which is a function of the smoothed trend in consumption, K, total
employment, &, and the labor supply shock. This expression is equal to the elasticity of labor
supply times the unemployment rate, i.e.

Wy =

(1 = we — (Re + & + 01€
Hy tA ( t T & 1 t) (2.92)

= Ojut,
where unemployment is defined as labor supply minus total employment:

a, =I5 —é. (2.93)

The natural wage markup shock is treated symmetrically with the natural price markup shocks
and is expressed as 100¢/” and is, in addition, equal to the elasticity of labor supply times the
natural rate of unemployment. Accordingly,

A" =100g) = o} (2.94)
The natural rate of unemployment, 1}, is defined as the unemployment rate that would prevail

in the absence of nominal wage rigidities, and is here proportional to the natural wage markup.
The smoothed trend in consumption is given by

. . v LN
Re = (1 U)Kt_l + =07 [ct th_l] , (2.95)
where the parameter v measures the weight on the marginal utility of consumption under the
assumption that o, = 1; cf. equation (2.86). Notice thatif v = 1, ¢ = 0, and @, = O, the
average wage markup in (2.92) is equal to the wage markup in equation (2.29) of the Smets
and Wouters model.
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Since productivity is written in terms of hours worked, Smets, Warne, and Wouters (2014)
follow Smets and Wouters (2003) and introduce an auxiliary equation with Calvo-type rigidity
to link observed total employment to unobserved hours worked (l;):

ét - ét‘—l = ﬁ(Et‘éH-l - ét) + e (i\t - é\t) (296)
The parameter e; is determined by

(1-¢)(1—pe)

Ce ’
where 1 — ¢, is the fraction of firms that are able to adjust employment to its desired total labor
input; see also Adolfson, Laséen, Lindé, and Villani (2005); Adolfson et al. (2007b).

The sticky price and wage part of the GSW model is “closed” by adding the monetary policy
reaction function in equation (2.31).

The flexible price and wage equations are obtained by assuming that the natural price and
wage markup processes are zero and by setting &, = {, = 0 and 1,, = 1, = 0, as in Section 2.4.2.
Inflation is equal to the steady-state inflation rate and real wages are, as mentioned before, set
such that they are equal to the marginal rate of substitution between labor and consumption
as well as to the marginal product of labor, with the effect that unemployment is zero. The
equations describing the evolution of the flexible price and wage economy are now given by

j/{ = cyc{ + lyl{ + zyz{ + ct,

e =

6f = clc 1t —c1) Etct+1 C3(rtf — e?)

f{ = 1111_,_1 +(1-17) Etlt+1 + izq{ +él,

(j{ - qlth{H +(1 ql)EtrH{ (Ptf -€),

y{qup [al%s’f+(1—a)l{+ef],
rsf _1.f of

k; =k,_;+ 2%,

z{—szf,

K =tk |+ Q- k)i + kel

(2.97)

cf’=af”ff +(1-«a )wt,

ol = = (ko7 =1 )+,
w! = el +7 + e,

of _ of v of _Xaf
Ry = (1—U)Kt_1+T/Y)[ Ty 1}

o = +[3(Et ¢ - f)+e1(lf—ét)

There are eight exogenous processes in the GSW model. These are generally modelled as
AR(1) process with the exception of the exogenous spending process (where the process de-
pends on both the exogenous spending shock n® and the total factor productivity shock n%) and
the exogenous price and wage markup processes, which are treated as ARMA(1,1) processes.

"N
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This means that

09

& = ngtg_l + O'grltg + Pgao-an?;

e = Pbe?—l + opy,

4 = Pifi_l + Gﬂﬁ,

ef = pael | +oanf,

& = Pper_q + Opllt — HpOplly_1
& = pwe, T ownt’ — twouwn 4,
& = ps€;_ + 01,

r _ r r
& = pr&_q + o,

(2.98)

The shocks 17/, j = {a,b, g,i,p,7,s,w}, are iid N(0, 1), where n? is the risk premium shock, n
is an investment-specific technology shock, nf is a price markup shock, nf is a monetary policy
or interest rate shock, n} is a labor supply, and n}" is a wage markup shock.

The steady-state values of the capital-output ratio, etc., are determined as in Section 2.4.4
for the Smets and Wouters model. It should again be kept in mind that 6. = 1, such that, e.g.,
the steady-state rental rate of capital is given by

k_ Y
rt= - - 1.
i +6
Since the parameter c; = O it follows that it is not necessary to determine the steady-state
hourly wage bill relative to consumption.

The model is consistent with a balanced steady-state growth path, driven by deterministic
labor augmenting trend growth. The observed variables for the euro area are given by quarterly
data on the log of real GDP (y,), the log of real private consumption (c;), the log of real total
investment (i;), the log of the GDP deflator (p, ), the log of real wages (w;), the log of total
employment (e;), the unemployment rate (u;), and the short-term nominal interest rate (r¢),
represented by the 3-month EURIBOR rate. With all variables except for the unemployment rate
and the short-term nominal interest rate being measured in first differences, the measurement
equations are given by

-A}’t- -)_""é- -}A’t—}A’t—l-

Ace y+e G — Ce-1

A y+eé 1 — L1

Bwel _ |V |y (e W) (2.99)
Ae; e ér — 61
Tt T Tt
" i 1y

| e | 47 | L 4

The steady-state parameters are determined as
y=100(y—-1), #x=100(x—-1), 7=100 (%—1), i =100 (qbwal_l )

where (¢,,—1) is the steady-state labor market markup, x is the steady-state inflation rate, while
e reflects steady-state labor force growth and is added the real variables that are not measured
in per capita terms. Apart from the parameter o., three additional structural parameters are
calibrated. These are g, = 0.18, 6 = 0.025, and ¢, = 10. Furthermore, the AR(1) parameter
for the labor supply shock ¢} is given by p; = 0.999.
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2.8. The Leeper, Plante and Traum Model for Fiscal Policy Analysis

A common feature of all the models presented above is that macroeconomic (stabilization) pol-
icy is confined to interest rate setting with a Taylor-type monetary policy rule, while fiscal pol-
icy is, when included, entirely exogenous. The model suggested by Leeper, Plante, and Traum
(2010) focuses instead on fiscal policy and includes endogenous policy rules for government
spending, lump-sum transfers, and (distortionary) taxation on labor, capital, and consumption
expenditures. This LPT model is discussed in some detail below.

2.8.1. The Log-Linearized Dynamic Equations

The consumption Euler equation of the log-linearized version of the LPT model is given by

b YA +h), Yh , ™ . . T¢ . . Y n
u? - 1-h Ct 1_ th_l - ml’tc =Tt — mEﬂ'&_l + Etu?+1 - mEtCH.l, (2.100)
b

where I/ is a general preference shock, ¢; is real consumption, %7 is the consumption tax rate,
and 7; is the interest rate on one-period debt outstanding at time t. Furthermore, y is the
risk aversion parameter for a utility maximizing household, h is the habit formation parameter,
while 7€ is the steady-state consumption tax rate.

The labor supply Euler equation is

c [
Tt = et e et 1Y_hhét_1, (2.101)
where ﬁi is a labor-supply-specific preference shock, [ is hours worked, ‘i'tl is the labor income
tax rate, while ¥, is output. The parameter x is the inverse Frisch elasticity, whereas 7! is the
steady-state labor income tax rate.

The value of the capital stock, g, is related to consumer behavior according to the following

Euler equation

o+ (1+x)h +

b Y . y(1+h), T¢
f T o Bt gl T

+p(1—7*)RK (Etf’tﬂ - fCr) — BTRRRE 2K | — BS1EVes1 + B(1 — 80)EcGran.

A A AC _ac) _ Ab _
qe = Ecti tTey1 Tt) e = 761

(2.102)

Installed capital is given by k, ‘i’tk is the capital income tax rate, and V¥, is capacity utilization.
In (2.102) we have already taken into account that the steady-state rental rate on capital, R, is
equal to the capital share, «a, times the steady-state output-capital ratio, Y/K, i.e.

aY

?.

The discount factor is given by f, T¢ is steady-state capital income tax, while 8, and §; are

parameters of the quadratic capital utilization cost function.'? Furthermore, output is linked to
capital, its value, and capital utilization through

Rk =

A Tk N A 02\ .
Ve — ml} —kiq = g+ |1+ a Vt, (2.103)
where 65 is yet another capital utilization cost parameter.
The investent Euler equation of the LPT model is
]- A A A 2 N AT
eq - (1 + ﬁ)lt + 11 + ﬁEtlH.]_ — u; + ﬁEtu;,_H_ =0. (2104)

Real investment is here denoted by i, {il is an investment-specific technology shock, and ¢ is
an investment adjustment cost parameter.

12 Following Schmitt-Grohé and Uribe (2012), LPT assume that owners of physical capital can control the intensity
of capital utilization and adopt a quadratic form of this function, with a constant 6,, a parameter 6; on the deviation
of capital utilization from unity, and 6, on the square of this deviation.
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The aggregate resource constraint in log-linearzed form is given by
Y9 = Cé + Ity + G (2.105)

The steady-state of the model determines the parameters C, I, and G; see Section 2.8.2 for more
details.
The capital accumulation equation is

ZA<,; = (1 — 60)]2t—1 + 61V + 50&. (2.106)

The log-linearized government budget constraint is

N B b
Bby + tfaY (tf + 9) + T (1—a)Y (£ + 3o ) + T°C (f + &) = I (AH * b’“"l) (2.107)
+ G& + Z5;.

The government debt is denoted by b, lump-sum government transfers by 2, while B is the
steady-state government debt and Z the steady-state government tranfers.
The aggregate production function of the economy is

e=t¢+a(ve+ker)+ (1- ok, (2.108)

where 11f is a total factor productivity (TFP) process.
The model also includes five fiscal policy rules. Government spending is assumed to be
determined by

8 = =g ¥t = Yebr1 + 1, (2.109)
where ﬁf is a government spending shock. The ¢, parameter reflects the response to output

and y, the response to government debt.
The lump-sum government transfers are assumed given by the rule

8 = — .9t — Yabeo1 + 107, (2.110)

where I} is a government transfer shock. The parameters ¢, and y;, reflect the responses to
output and debt in the transfer rule.
The capital income tax rate is determined by the rule

th = P + yibeo1 + pratil! + prctils + 0k, (2.111)

where ¢ is the labor income tax shock, i is the consumption tax shock, and #t* the capi-
tal income tax shock. The parameter ¢x; (¢x.) measures comovements of the capital income
tax shock and the labor income (consumption) tax shocks, while @i and yx are the response
parameters to output and government debt.

The labor income tax rate is similarly determined by the rule

= @9 + Yibe-1 + Pratli® + Pretis + it (2.112)

The parameters ¢; and y; give the responses of the labor income tax rate to output and debt,
respectively, while ¢;. is a comovement parameter for labor income tax shocks and consumption
tax shocks.

The consumption tax rate rule is given by

2 = etttk + ¢l + e (2.113)

Notice that the comovement parameters are the same as those given in the previous tax rate
rules, and that this rule does not have any response parameters with respect to output and
government debt.
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The model has nine exogenous shock process and they are all assumed to follow AR(1) pro-
cesses. That is,

= pally ;| +0any,
b = ppit? |+ opn?,
0 = pii_; + opm},
o = pittl | + o,
af = pot¥ | +ognf, (2.114)
Ui = psl;_; + o.1;,
1tk = palt | + ount®,
ot = pat® | + ount,
U = pectlls® | + o
For j = a,b,1,1, g, z,tk,tl, tc, the n{ shocks are assumed to be standard normally distributed
and to be independent for j and t.

2.8.2. The Steady-State Equations
As shown in the Leeper et al. (2010, Appendix A), the steady-state value of the capital stock and
capital utilization are both unity, while the interest rate r = 1/ . The steady-state rental rate

on capital satisfies
r+o6p—1

Rk =
1-— 7k

3

while
51 = Rk(l - Tk).

Steady-state investment is linked to the steady-state capital stock through
I = 6oK.
The steady-state values of Y, K, C, and L can be solved from the following four equations

Y(1-s4)=C+ 60K,

Y — K(XL].—d
aY

Rk =—,
K

(1+7¢)Lt™ = (c-hc) "(1-7)(1 - a)y,
where s; = G/Y € (0,1). Given a value for s, and with Rk being determined by, e.g., B, o,

and 7¥, these four equations can be solved analytically yielding

o ) (I-Pa/(-a) 71/0+y)

(1-0-a) (5
St

. (1+TC)[(1—h) 1—sg—F”Y

It can furthermore be shown that

1/(1-a)
04
K = ﬁ L,
a/(1-a)
04
Y = ﬁ L,
6()0(
C=11- Sg - F) Y.



Steady-state lump-sum transfer are thereafter given by

B

Z=‘rkaY+‘rl(1—a)Y+‘rCC—(sg+ ﬁsb)Y,
where s, = B/Y € (0,1).

LPT calibrate a number of the parameters of the model. Specifically, § = 0.99, 6y = 0.025,
a = 0.3, s = 0.0922, s, = 0.3396, T = 0.184, T} = 0.223, and ¢ = 0.028. Using US data over
the sample 1960Q1-2008Q1, they estimate the remaining parameters of the model. From the
equations of the model based on optimizing behavior, the parameters to estimate are given by
Y, K, h, ¢, and 65. Furthermore, the 11 parameters of the five fiscal rules, and the 18 parameters
of the nine exogenous shock processes are also estimated.

2.8.3. Measurement Equations

The measured data are given by natural logarithms of real consumption per capita (InC),
real investment per capital (InI), hours worked per capital (In H), government debt per cap-
ital (In B), government spending per capita (InG), government lump-sum transfers per capita
(In Z), capital income tax revenues per capita (InTX), labor income tax revenues per capita
(InTY), and consumption tax revenues per capita (InT¢), where a constant and a linear trend
has been removed from each of these variables. The observed variables are thereafter linked to
the model variables as follows:

InC; ] Ct

InI; i

In H; lAt

In B; lA)t

InG: | =1| & |- (2.115)
In Z; 2¢

InTk th+ 9,

InT! tH+ 9

InT¢| |5+ ]

Notice the way the observed variables on capital income tax revenues, labor income tax rev-
enues, and consumption tax revenues are linked to the model variables.!®> These three tax
revenue variables also appear on the left hand side of the log-linearized government budget
constraint in equation (2.107). Additional information about the defintions of the observed
variables is available in Leeper et al. (2010, Appendix B) and in Herbst and Schorfheide (2016,
Appendix B).

13 This is not documented in the paper, but is shown in the matlab code that can be downloaded from, e.g., Eric
Leeper’s homepage.
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3. SoLviNG A DSGE MoDEL

Sargent (1989) was among the first to recognise that a log-linearized DSGE model with rational
expectations can be cast in state-space form, where the observed variables are linked to the
model variables through the measurement equation. The state equation provides the reduced
form of the DSGE model, mapping current variables to their lags and the iid shocks. The
reduced form is obtained by solving for the expectation terms in the structural form of the
model using a suitable method; see, e.g., Blanchard and Kahn (1980), Anderson and Moore
(1985), Anderson (2008, 2010), Christiano (2002), King and Watson (1998), Klein (2000),
Sims (2002), and Meyer-Gohde (2010). If a unique convergent solution is available, the Kalman
filter can be applied to compute the value of the log-likelihood function.

Below I shall present the basics underlying three of the above approaches to solving a log-
linearized DSGE model with rational expectations. The first is the fastest method supported by
YADA, namely, the Anderson-Moore (AiM) approach which relies on a shuffle and eigenvalue
method described in various papers over the years. The other two methods make use of the
generalized Schur decomposition (QZ decomposition) based on alternative representations of
the structural form of the DSGE model.

3.1. The DSGE Model Specification and Solution

To make use of the Kalman filter for evaluating the log-likelihood function we need to have a
mapping from the structural parameters of the DSGE model to the “reduced form” parameters
in the state-space representation. This objective can be achieved by attempting to solve the
DSGE model for a given set of parameter values. Given that there exists a unique convergent
solution, we can express the solution as a reduced form VAR (1) representation of the form given
by the state equation in (5.2).

In this section I will present the general setup for solving linearized rational expectations
models with the Anderson-Moore algorithm. This algorithm is implemented in YADA via AiM.
Similar to Zagaglia (2005) the DSGE model is expressed as:

TL U
D H_ize—i + Hoze + ), HiE[ze44] = D, (3.1)
i=1 i=1

where 7; > 0 is the number of lags and 7y > 0 the number of leads. The z; (p X 1) vector are
here the endogenous variables, while n; (g X 1) are pure innovations, with zero mean and unit
variance conditional on the time t — 1 information. The H; matrices are of dimension p X p
while D is p X g. When p > q the covariance matrix of ¢, = Dn¢, DD’, has reduced rank since
the number of shocks is less than the number of endogenous variables.'*

Adolfson, Laséen, Lindé, and Svensson (2008a) shows in some detail how the AiM algorithm
can be used to solve the model in equation (3.1) when 1y = 11, = 1.5 As pointed out in that
paper, all linear systems can be reduced to this case by replacing a variable with a long lead or a
long lag with a new variable. Consider therefore the system of stochastic difference equations:

H_12¢-1 + Hozt + H1E¢[2¢41] = Dne. (3.2)

The AiM algorithm takes the H; matrices as input and returns B;, called the convergent
autoregressive matrix, and Sy, S1, such that the solution to (3.2) can be expressed as an autore-
gressive process

Zr = Blzt_l + BOTZ{-, (33)

14 The specification of iid shocks and the matrix D is only used here for expositional purposes. AiM does not make
any distinction between endogenous variables and shocks. In fact, z; would include 1, and, thus, Hy, would include
D.

15 Their paper on optimal monetary policy in an operational medium-sized DSGE model is published in Adolfson,
Laséen, Lindé, and Svensson (2011).
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where

By = S;'D, (3.4)
So = Ho + H1Bq, (3.5)
Sl = S()Bl = —H_l. (36)

The S; matrices (j = 0, 1) represent the structural form autoregression, which can be expressed
as

SOZ[— = Slzt_l + DTlt (37)
The matrix B; satisfies the identity

H_1 + HoBy + H1B? = 0. (3.8)

This can be seen by leading the system in (3.2) one period and taking the expectation with
respect to time t information. Evaluating the expectation through (3.3) yields the identity.'®
From equations (3.5) and (3.8) it can be seen that B; and S; only depend on the H; matrices,
but not on D. This is consistent with the certainty equivalence of the system.

More generally, the conditions for the existence of a unique convergent solution (Anderson
and Moore, 1983, 1985, and Anderson, 2008, 2010) can be summarized as follows:

e Rank condition:
U
rank( Z Hl-) = dim(2).

iZ—TL
-1

e Boundedness condition: For all {z;} =1,

there exists {z.}{°, that solves (3.1) such that
. . . _ .
Tllm Et+] [Zt+]+T] = 0, V] 0.

The rank condition is equivalent to require that the model has a unique non-stochastic steady
state, while the boundedness condition requires that the endogenous variables eventually con-
verge to their steady state values; see also Blanchard and Kahn (1980) for discussions on exis-
tence and uniqueness.'’
Given that a unique convergent solution exists, AiM provides an autoregressive solution path
T,
BiZt_i + B()Tlt. (39)
i=1
The VAR(1) companion form of (3.9) is given by

Zr =

Zt By By --- By Zt-1 Bon:
_ I 0 --- 0 _ 0
S Sl (3.10)
| Zt—11+1 | _0 I | 0 ] L3t | | 0 ]

With & = [2¢--- 2t—r,+1]’ the F matrix of the state-space form is immediately retrieved from
(3.10), while the state shocks, v, are given by the second term on the right hand side; see
Section 5. The Q matrix is equal to the zero matrix, except for the upper left corner which is
given by ByB,,. If 7, = 1, then Q = B, By, while F = B;.

Anderson and Moore (1985) presents a 14-steps algorithm for solving the system of equa-
tions in (3.1). The AiM matlab code is setup in a different way, where the first 8 steps are
performed without relying on a singular value decomposition. Before the coded version of the
AiM algorithm is presented, let

H=[H—rL -~ H, Hy H --- HTu]’

16 Alternatively, (3.8) can be deduced by combining equations (3.5) and (3.6).

17 For generalizations and discussions of the boundedness condition, see Sims (2002) and Meyer-Gohde (2010); see
also Burmeister (1980) for further discussions on convergence and uniqueness.
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be a p X p(t; + Ty + 1) matrix, while Q is a zero matrix with dimension pty X p(t; + ). The
auxiliary initial conditions in Q are first setup from a series of shift-rights. These are based on
locating rows of zero of the last (right-most) p columns of H (initially therefore of Hy,). Once
there are no such rows of zeros, the algorithm is complemented with an eigenvalue computation
for determining Q.

Assuming that the matrix Hy, has n; > 0 rows of zeros with indices i;, the shift-right pro-
cedure begins with setting the first n; rows of Q equal to rows with indices i; and the first
p(ty + 1) columns of H. The rows in H with indices i; are prepended with p columns of zeros
while the last p columns are deleted, i.e., the first p(ty + 7;) elements in the n; rows with
indices i; are shifted to the right by p columns. The procedure next tries to locate rows of zeros
in the last p columns of this reshuffled H matrix. Let ny be the number of such rows of zeros
with indices i5. If ny > 0 and n; + ny < pty, rows n; + 1 until n; + ny of Q are set equal
to the rows with indices i, and the first p(ty + ;) columns of H. Furthermore, the rows in H
with indices iy are prepended with p columns of zeros while the last p columns are deleted.
The procedure thereafter checks for rows of zeros in the last p columns of H and repeats the
procedure if necessary until no more rows of zero can be located in the last p columns of H.
Notice that the procedure also breaks off if ny + ny + ... + nx > pty, where k is the number of
searches for rows of zeros. In that case, AiM reports that there have been too many shift-rights
and that it cannot locate a unique convergent solution to the system of equations (too many
auxiliary conditions).

Once the shift-right loop has finished, the AiM procedure computes the p X p(ty + 71) matrix
I' from the reshuffled H matrix according to

_ -1
I'=-Hg [H—TL .-« H4 Hy --- HTU—].]’

where H, is now the p X p matrix in the last p columns of the reshuffled H, while the p(zy +
71) X p(ty + 1) companion matrix A is obtained as

0 IP(TU‘H'L—D
T

These computations correspond to steps 9 and 10 in Anderson and Moore (1985).

The AiM code next checks if there are any columns with only zeros in A. Let m; be the
number of such columns and j; be a vector with indices for these columns. If m; > 0, rows and
columns j; are removed from A while keeping track of the columns in the original A matrix
that are nonzero and therefore “essential”. The code again checks for columns with only zeros,
removes the corresponding columns and rows while keeping track of the indices for the original
columns of A that have not been deleted. This procedure is repeated until there are no more
zero columns in the A matrix. While this dimension shrinking step for A is not necessary, it
helps speed up the eigenvalue calculation in the following step since inessential lags have been
removed from the matrix.

Based on this lower dimensional A matrix, AiM computes a matrix W which contains the
remaining stability conditions for verifying the saddlepoint property. Specifically, let A’V = VD,
where D is a diagonal matrix with the eigenvalues of A’, sorted from the largest to the smallest,
and V a unitary matrix with the corresponding eigenvectors. The matrix W is now given by the
sum of the real and the imaginary part of V, i.e., W = R(V) + (V). The large roots of the
DSGE model can directly be checked by calculating the number of diagonal elements of D that
in absolute terms are greater than a suitable lower bound, such as 1 + g with g, the numerical
tolerance for the DSGE model solver in YADA, being a small positive scalar.

To test if the DSGE model has a unique convergent solution, AiM adds the total number of
shift-rights (n; + ... + ng-), where k* is the last time a row of zeros was located in the last p
columns of H) and the total number of large roots in A. If this number is less (greater) than pty
then there are too few (many) large roots. With too few large roots there are many convergent
solutions, while too many large roots means that the boundedness condition is violated.

A=
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The matrix W is next included in the Q matrix as follows: (i) for the Q matrix select rows
ny + ...+ ng- + 1 until pty and the columns determined by the indices with columns of the
original A that are used when computing W; (ii) for the W matrix select columns 1 until the
number of rows selected in Q; and (iii) set the selected rows and columns of Q in (i) equal to
the transpose of the matrix obtained from W using the columns under (ii).

The resulting Q matrix may now be partitioned as

Q= [QL QR] ,
where Q; is pty X ptr and Qg is pty X pty. If Qg is singular, then the boundedness condition
is violated and there does not exist a unique convergent solution. On the other hand, when Qg
is nonsingular a unique convergent solution exists. In that case, the reduced form matrices B;,
i=1,...,71, are obtained from the first p rows of —QEIQL, where the reduced form matrices
are ordered from left to right as B;,, B, -1, ..., B1.

AiM provides a number of mcode values which reflect the findings from running the above
procedure. The value 1 means that there exists a unique and convergent solution. The value 3
means that that there are too many large roots and that the boundedness condition is violated,
while 4 means that there are too few large roots and that there are multiple convergent solu-
tions. When AiM gives the value 45 there are not only too few large roots, but Qg is also singular
so that the boundedness condition is violated, while 35 implies that there are too many large
roots with Qg is being singular. The case when the total number of shift-rights plus the number
of large roots is equal to pty but when Qg is singular gives the mcode value 5. The values 61 and
62 mean that there are too many exact and numeric shift-rights, respectively, where the exact
and numeric shift-rights are two version for searching for rows of zeros in the last p columns of
H. YADA also supports two additional mcode values. Namely, 7 when the A matrix has infinite
or NaN entries (the eigenvalues cannot be calculated), and 8 when the H matrix has complex
entries. These two cases reflect numerical problems which may be overcome by rewriting the
original DSGE model equations.

YADA requires that 7, = 1. This is not a restriction since new variables can be created when
lags greater than 1 are required. In fact, this ensures that the dimension r is not needlessly
large. To my knowledge, there is not a single DSGE model where all z; variables appear with
two or more lags. Hence, by letting 7;, > 2 in a DSGE model, the dimension of ¢; is greater
than needed. This will slow down the computations and for medium-sized DSGE models, such
as RAMSES (Adolfson et al., 2007b) and the NAWM (Christoffel et al., 2008), the inefficiency
losses are likely to be very costly.

3.2. The Klein Approach

Klein (2000) shows how the generalized Schur form (QZ decomposition) can be utilized to solve
a system of linear rational expectations models; see Golub and van Loan (1983) for details on
the QZ decomposition. One issue with the Klein approach that we need to keep in mind is
that it divides the variables into predetermined (or backward-looking) and non-predetermined.
It is then assumed that the predetermined variables are ordered first and non-predetermined
variables thereafter.

Like Blanchard and Kahn (1980), the structural form expression of a linear rational expecta-
tions model that Klein considers may be written as

AE[- [Xt+]_] = BX[- + CTlt (311)

Following, e.g., Meyer-Gohde (2010), we choose to stack the variables in the system (3.2)
such that t — 1 appear above t. That way we know that the first p variables are predetermined.
This turns out to simplify the handling of output from the QZ decomposition. In particular, we
rewrite the AiM system matrices such that

el i i [ W
I 0 Ei[2t41] 0 I 2t
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The matrix B; in (3.3) can now be computed from a QZ decomposition of the matrices (A, B)
conditional on a given ordering of the generalized eigenvalues of the matrix pencil (Az — B),
where z is a complex variable. The QZ decomposition of (A, B) is given by QAZ = S and
QBZ =T, where S and T are upper triangular and possibly complex, Q and Z are unitary, i.e.,
Q*Q = Z*Z = I and Q* is the complex conjugate of Q.!® The generalized eigenvalues can be
computed from the diagonal elements of S and T, with \;(A, B) = t;; / s;; for s;; # 0. We assume
that Q, Z, S and T take the ordering of )\; from the smallest to the largest into account.

Let s be the number of stable generalized eigenvalues, i.e., A\;(A,B) < 1+ g, where g is a
small positive scalar, while As41(A,B) > 1 + g. Let Z1; be the s X s matrix in the upper left
corner of Z corresponding to the s stable eigenvalues. If Z1; does not have full rank, then there
is no stable solution to the DSGE model. If rank(Z;;) = s > p there is a nonempty set of
stable solutions, where s = p implies that the solution is unique and convergent, while s > p
means that the system is subject to indeterminacy, i.e., there are multiple solutions (too few
large roots).

Provided that a unique convergent solution exists, it is given by

By =R (Z,,S7ThZ), (3.13)
where R denotes a real number, and S1; and Ty; are the p X p matrices in the upper left corner
of S and T, respectively. The B; matrix may also be determined directly from Z. Specifically,
with Z,; being the p X p matrix in the last p rows and first p columns of Z, it follows that B;
is also equal to R(Z21Z 1_11). Moreover, let Z12 and Zo5 be the p X p matrices collected from the
first and last p rows, respectively, and the last p columns of Z, while Ty5 is given by the matrix

in the last p rows and columns of T and Q3 is the p X 2p matrix located in the last p rows of Q.
It can now be shown that

D

_ -1 -1
By =R (222_221211212)T22Q2 0

) ; (3.14)

see, e.g., Meyer-Gohde (2010).
3.3. The Sims Approach

The solution algorithm suggested by Sims (2002) is similar to Klein’s in that it uses the QZ de-
composition of certain system matrices. However, it does not rely on ordering variables accord-
ing to those that are predetermined and non-predetermined, respectively. Instead, it introduces
auxiliary variables to capture expectational errors which are endogenously determined.

The system matrices defined by Sims can be expressed as

FOYt = FlYt—l + \I’Tlt + Hct, (3.15)
where ¢; is an expectational error satisfying E;[e+1] = O for all t. To rewrite the structural form

in (3.2) into the Sims form (3.15), we introduce the expectational variable e; = E;[2¢+1]. This
means that

Zr = e—1 + &, (3.16)

where ¢ = 2 — E¢—1[2¢]. It now follows that (3.2) can be expressed as
HO Hl Zt _ —H_1 0 Zt—1 n D e n 0 €. (3.17)

I 0 er 0 Il |e—1 0 I

It may be noted that the dimension of Y; in (3.17) is typically greater than it need be. The rea-
son is that some of the variables in z; will in most situations not be included in the Hy E¢[Z¢41]
term, i.e., the H; matrix is typically singular. In fact, it would be sufficient to define the vector e;
such that only those elements of E;[z;+1] that enter the model would be used. YADA here takes
the easy way out and includes all such variables in the definition of e;. This avoids the hazzle of
letting the code try to figure out which variables are (always) included and which are (always)

18 The complex conjugate or conjugate transpose of a complex matrix A = B + iC is equal to A* = B’ —iC’. Hence,
the complex conjugate of a real matrix is simply the transpose of the matrix.
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excluded, a potentially error prone operation. One cost of this decision is that the solution time
for the Sims approach is longer than necessary. At the same time, this is not expected to be
very important since relative to computing the value of the log-likelihood the time for solving
the model is nevertheless short.

Given the form (3.15), the solution method by Sims is also based on the QZ decomposition
with the generalized eigenvalues sorted the same way as in Klein; see Sims (2002, equations
44-45) for details on the computation of B; and By. This also means that the existence of a
unique convergent solution can be checked with the same tools.

3.4. Solving a DSGE Model Subject to a Zero Lower Bound Constraint

The DSGE models in Section 2 all include the short-term nominal interest rate with a Taylor-
type monetary policy rule. Although a policy rate can, in principle, be negative when banks
are required to hold a certain fraction of their deposits in reserves at the central bank, it is
nevertheless the case that nominal interest rates are subject to some type of (zero) lower bound
constraint.

The log-linearized DSGE models do not take such a nonlinearity into account when the short-
term nominal interest rate is measured in percent. To deal with this, one option is to let the
nominal interest rate be measured as the natural logarithm of the rate, as in Fuhrer and Madi-
gan (1997) who include the first difference of the log of the nominal interest rate as an ob-
servable, but this option will not be discussed below as no further changes to the setup would
be necessary. Instead, we will consider the approach suggested by Reifschneider and Williams
(2000) of adding anticipated shocks to the monetary policy rule, with the important modifi-
cations suggested by Hebden, Lindé, and Svensson (2011, HLS); see Erceg and Lindé (2013)
for an application of the HLS procedure. The HLS approach takes into account that the an-
ticipated shocks have to be positive when the lower bound is strictly binding. Furthermore,
indeterminacy issues are also taken into account by HLS.

3.4.1. The Zero Lower Bound

Let #; be the nominal interest rate which is determined by the monetary policy rule'® and which
is therefore not restricted by any lower bound. Let r; be the observable (actual) nominal interest
rate which is now subject to the following nonlinearity

re = max{F + #, 7z}, (3.18)

where 7 is the steady-state nominal interest rate, and rz;p; is the lower bound on the actual
nominal interest rate.2® We allow for the possibility that the lower bound need not be zero, that
it can vary over time, but we will also require that the current and T consecutive future values
of this lower bound are known at time ¢, i.e., that rz;p 4+ is known for T = 0,1,...,T. This
means that we treat the lower bound as a deterministic variable over the period when it may be
binding.

The nonlinearity in (3.18) can be rewritten as

e +71— TrZLBt = max{f’t +7— T'ZLB,t> 0}, (3.19)

where 7 = ry — 1 is the restricted interest rate in the model which satisfies the zero lower bound
(ZLB). Notice that the restricted interest rate is equal to the unrestricted rate whenever the
zero lower bound is not binding, while it is greater than the unrestricted rate when the ZLB is
binding.

19 Hebden et al. (2011) also consider optimal monetary policy, a topic which will not be discussed below.

20 Notice that the actual interest rate, the notional interest rate (#.), the steady-state interest rate and the lower
bound are all measured in the same time units here, e.g., quarterly rates. If the actual interest rate is measured in
annual terms, then the right hand side of (3.18) is multiplied by 4; see, e.g., the measurement equations (2.34) of
the Smets and Wouters model.
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3.4.2. Anticipated Shocks

Following Laséen and Svensson (2011) the ZLB is emplemented with anticipated shocks. This
means that the projected restricted and unrestricted policy rate in each period t satisfy

Feart = Prart + Qerre, T 20, (3.20)
where (t + 7,t) denotes the projection at t of period t + 7. Equation (3.20) and ryrt > frarr
implies that all current and future anticipated shocks a;. > 0 and that a;; = a; > 0 when

the ZLB is strictly binding in period t, i.e., when 7 > 7. Laséen and Svensson (2011) call the
stochastic variable «; the deviation and assume that it satisfies

T
o = Qe+ Z Ptt—ss (3.21)
s=1

for some T > 0. It is here assumed that the ZLB may be binding in the current or the next finite
T periods, but not beyond t + T. The vector

!/
P = [‘Pt,t Oe+1e " <Pt+T,t] >

is (T + 1)-dimensional with zero mean i.i.d. anticipated shocks being realized in period t. From
equation (3.21) it follows that

A = Aet—1 + Qs
and, more generally, that

At = MA;—, + &, (3.22)
where

! Orx1 It
Ar = [at,t A1t " C(H-T,t] > M = l 0 0 .
IXT

Notice that the vector A; is (T + 1)-dimensional while M is (T + 1) X (T + 1).

3.4.3. Solving the DSGE Model with the Klein Solver

Before we combine the DSGE model in (3.2) with the restricted policy rate and the anticipated
shocks, we need to link the monetary policy rate to z; and the monetary policy rule to the model
equations. From this knowledge we can separate the monetary policy variables from the other
model variables, as well as the monetary policy rule from the other equations of the model.

To these ends, let e, be an p-dimensional vector with unity in the position r of z; and zeros
elsewhere. Position r is identical to the position of 7, in z, i.e.

o = e, 2

The remaining elements in z; can be extracted by premultlplymg it with K pr, where the p X
(p — 1) matrix K, contains all columns of I,, except from column r. Similarly, suppose that the
m:th equation of the model system (3.1) is the monetary policy rule. This equation is therefore
extracted by premultiplying this system by ep > while the remaining equations are similarly
selected by premultiplying the system with K}, .,

Under the assumption of one lead and lag, the unrestricted monetary policy rule is now given
by

/ ! / A / !/ / A
ep’mH_le,er’rzt_l + ep’mH_lep,rrt_l + ep’mHoKp,er’rzt + ep’mHoep,rrt (3.23)
/ ! / A _ *
+ ep’mHle,er’rEtzHl + ep’mHlep,rEtrtH = ep’mDr[t.

Notice that the restricted policy rate does not enter into this equation. Rather, it is linked to
the unrestricted policy rule and the antipicated shocks from equation (3.20), which can be
rewritten such that

e;),rzt+r,t = frert T err1,0414:, T=0,1,...,T, (3.24)
where eri1 741 is a (T + 1)-dimensional vector with unity in its (r + 1):st element and zeros
elsewhere.
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The remaining model equations can now be expressed as
K;)’mH—]_Zt—l + K;)’mHOZt + K;)’mHlEtzt+1 = K;),mDTlt (325)
Notice that the restricted monetary policy rate enters these equations, while the unrestricted
policy rate does not.
Letting Hi(m) = K}, Hi, hl.(m) = e, HiKy K}, hl.(r) = e, nHiep, for i = —1,0,1, and
DM = K}, mD and dm = e, mD, we can express the DSGE model subject to possibly nonzero
anticipated shocks in stacked form as

I, 00 0 0 0| -
0oL o o o o]
zZ
001 0 0 0 N
It
0 0 O Ipyq 0 0 A =
000 o H™ o Et“
zZ
000 0 A™ p® Etf“
T
000 0 0 o] 526
] - o ] ] 3.2
0 0 0 0 0 o |r 1 | o
0 0 0 0 I 0 e 0 0
p
Zt-1
0 0 0 0 0 1|0 0 0
re—
0 0 0 M 0 0 ;\1 + 0 Irn ;l:“ :
(m) (m) t t+1
pm —-H 0 0 -H™ 0 . 0 0
m) &) (m) ) t
dm -r"™ -h', 0 —hy"  —hy . 0 0
|0 0 0 —e,, €, -1]-"" Jo o

With V; = [n; z,_, fr-1 A{]’ and Y; = [2] ]’ being (T + q + p + 2) and (p + 1)-dimensional
vectors, respectively, equation (3.26) can be written more compactly as
Vit Vi C

[ITJ,.qJ,.pJ,_Z 0 ] _ [Bll BlZ]

0 Az ] [EtYes1 Bo1 Bao] |Y: 0
where Ay and By, are (p+ 1) X (p + 1) matrices, By1is (T+p+q+2) X (T + p+q+2), while
B and B, are (T + q+k +2) x (p + 1).

An alternative policy rule under the ZLB is suggested by Lindé et al. (2016) where instead of
the lagged unrestricted policy rate, the rule has the restricted interest rate. The effect on By; in
(3.27) from using this alternative rule is that h(_? on 7_1 is replaced by a zero, while h(_"ll) on
21 is replaced by h_"I) + hg €

Notice that the vector V; contains the predetermined variables of the system, while Y; are the
forward-looking variables. With A and B representing the matrices in (3.27) with partitions A;;
and B;j, respectively, let the QZ decomposition of (A, B) be given by QAZ = S and QBZ =T,
where S and T are upper triangular and possibly complex, while Q and Z are unitary matrices.
Assuming a unique convergent solution exists (cf. Section 3.2) we find that:

et | (3.27)

Priq

Ve = GVet +C1 l”f] , (3.28)
t
where
-1 -1
G=R (211511 T2y )’
with R denoting the real part of a complex matrix, and where Z1;, S11, and Tq; are obtained
from the upper left (T + g+ p+2) X (T + g+ p + 2) corners of Z, S, and T, respectively. The
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forward-looking variables are related to the predetermined variables according to
Y: = PV, (3.29)
where
— -1
P=1R (221211 ),
and Zs; is the bottom left (p + 1) X (T + q + k + 2) corner of 7.2
Finally, the matrix G has the shape

0 0 0 0
G Goz Gar Gaa
Gy Grz G Gra
0 0 0 M

The matrices Gz, Gz, G4, and G4 are p X q, p X p, p X 1, and p X (T + 1) respectively, while
Gry, Gry, and Grg are 1 X g, 1 X p, 1 X (T + 1) vectors, respectively, and G, is a scalar.

Before we proceed, the above is based on solving the model with the Klein solver. Naturally,
we may instead use the AiM solver, the Sims solver, or some other valid approach. However,
the Klein (2000) is particularly convenient here where in particular the split into predetermined
variables (including the anticipated shocks) and forward-looking variables (including the the
restricted and unrestriced monetary policy rate) turns out to be useful.

3.4.4. Policy Rate Projections and the Complementary Slackness Condition

The projection of the restricted policy rate is

nt

Frore =€), PG" , 7=0,1,...,T, (3.30)

while the projection of the unrestricted policy rate is

ne

A Zt—
Prire =€), PGT |7, T=0,1,...,T. (3.31)

The HLS approach is to determine the deviation vector A such that the policy rate projection
(3.30) satisfies the ZLB restriction

ff+'[',f +7— rZLB,t’-i—T = 05 T= 0’ 15 L) TJ (3-32)

and the policy rule in (3.19).

When the ZLB restriction is disregarded or not binding, the policy rate projection in period t
is given by (3.30) with A; = 0. If the ZLB is disregarded or not binding for any T = 0, 1,...,T,
the projections of the restricted and unrestricted policy rates are the same. The policy rate
projection in (3.30) with A; = 0 violates the ZLB for one or more periods when

Frore + 7 —Tzipe+r <0, forsomet € {0,1,...,T}. (3.33)

21 In fact, it can be established that the solution matrices (G, P) of (3.27) satisfy
G = Bll + BIZP;
A22PG = 321 + Bzzp.

while the fact that C; remains the matrix that is multiplied by the innovations in (3.28) follows when making use of
the former relationship in the sub-system for V4, in (3.27).
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To satisfy the ZLB, we therefore need to find a value of the deviation A; such that the policy
rate projection satisfies (3.32) and

Feore T 7 —TZLBt+r = maX{TA”Hr,t + 7 —TrzLBt+1> 0}. (3.34)
This requires that the deviation satisfies
Attt > 0, T = 0, 1,...,T, (335)

and that the policy rate projection and the deviation satisfies the complementary slackness
condition

(Frare + 7 —TziBr47) Aerre =0, T=0,1,...,T. (3.36)
This condition implies that the projected deviation is zero when the left hand side of (3.32) is
positive.

We now proceed under the presumption that there exists a unique projection of the deviation
Ay that satisfies (3.30) and (3.34)-(3.36). HLS refer to this projection of the deviation and
the policy rate projection as the equilibrium projection, where the projection of A; either has all
elements equal to zero with the effect that the ZLB is not binding, or has some elements positive
and some equal to zero. Let the set T; be defined from

T ={0<T<T:auq >0}. (3.37)

The equilibrium projection satisfies

ft+r’t = e;,rPGT = rZLB,H—T - T:, VT € tt. (338)

At

Letting n; denote the number of elements of T, the system in (3.38) has n; equations and n;
elements of A; that are positive. The solution for A; and the set T; depends on the structural
shocks n¢, and HLS emphasize that the set of periods T in (3.33) for which the policy rate
projection in (3.30) with A; = 0 violates the ZLB is not necessarily the same as the set of
periods T, for which the ZLB is strictly binding in equilibrium. The reason for this is that the
projections of the predetermined and forward-looking variables Vi, and Y4 that determine
the unrestricted policy rate differ depending on whether A; is zero or not, i.e., the whole policy-
rate path is affected when the ZLB is imposed.

3.4.5. The Forward-Back Shooting Algorithm

Given X; = [n] z;_l ft—1]’, the problem of imposing the ZLB is now to find the set T; for which
the ZLB is strictly binding in equilibrium and a contribution of Hebden, Lindé, and Svensson
(2011) is the shooting algorithm they suggest for finding this set. The algorithm is initialized
by letting A; = 0 and the set C; being empty. It proceeds as follows:

Step 1: Given A;, compute the projected restricted policy rate iy for T = 0,1,...,T from
equation (3.30).
(i) Record the first period 71 > O for which ¢4, ¢ + 7 — rzLpt+7r, < 0 and which is not
already an element of C;. Add this 7; to C;.
(i) If n; > 1, use (3.38) to solve for the nonzero elements of A; for all T € T;, where
Apiry e > 0.
Step 2: Check and eliminate negative a1 .
(1) Record the first period 79 € T; for which a;i4,+ < 0. Delete 7y from T; and set
Apigot = 0.
(i) If n; > 1, use (3.38) to solve for the nonzero elements of A;, where &4, = 0.
(iii) Redo Step 2 until a4 >0 forallt € 0,1,...,T.
Step 3: Redo Steps 1 and 2. Stop when
(1) at4rr = 0and frpq ¢ +7 —Tz1B+r;, = 0for T =0,1,...,T and the complementary
slackness condition (3.36) holds; or
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(ii) Eliminating ¢4, ¢ in Step 2 implies that fiirr + 7 — rzipr+r < O for some 7 =
0,1,...,T, i.e. a solution cannot be found.

Note that the requirement that 1; is not already an element of T, in Step 1, part (i), is a slight
modification of HLS version of the algorithm. It mainly serves to handle possible numerical
issues. The algorithm should normally shoot forward one period at a time to find the positive
elements in A; that are needed to impose the ZLB. At times, the algorithm needs to expand
the number of positive elements in A; backward in time, since adding more and more positive
elements in A; moving forward will depress inflation and output and can thereby cause the
unrestricted policy rate path to violate the ZLB for earlies time periods.

It is pointed out by HLS that a solution to equations (3.34)—(3.36) does not always exist.
Under standard Taylor-type monetary policy rules, which are locally stable, it is possible that
sufficiently adverse shocks along with an unfavorable initial state of the economy (X;) may
require A; to have negative elements to impose the ZLB for the restricted policy rate. This
violates the nonnegativity condition (3.35) for the anticipated shocks.

HLS also emphasize that the solution to (3.34)—(3.36) need not be unique. The forward-
back shooting algorithm gives the minimum number of positive elements in A; in the solution.
However, it may be possible to find solutions where the ZLB binds for an extended period and
where all elements of A; are nonnegative.

3.4.6. Stochastic Simulations

When conducting stochastic simulations, the forward-back shooting algorithm needs to be run
for each period t in the simulation sample, while the solution of the DSGE model with antici-
pated shocks in (3.28) does not change over time. Let s denote the current simulation where
s = 1,...,S, where the latter integer is the total number of simulations. Also, let T be the
maximum simulation horizon. Simulated valued of the variables in the stochastic simulations
below are all given the superscript (s) to indicate the simulation number.

The following algorithm can be utilized to conduct stochastic simulations with a linear DSGE
model subject to the nonlinear ZLB restriction:

Step 0: Set the current simulation to s = 1.

Step 1: Initialize with Ags) = MA;_1 = 0. This means that it is either assumed that the ZLB is
not binding in period t — 1, or that 7,_; satisfies the ZLB exactly.

Step 2: Draw structural shocks nt(s) from an appropriate distribution, and determine Xt(s) from
(3.28).

Step 3: Compute the equilibrium deviation AES) using the forward-back shooting algorithm, and
thereafter increase the time index t by one.

Step 4: Update AES) = MAY. | let Cfs) be determined from equation (3.37), and redo Steps 2—4

t t-1°
until t > T.
Step 5: Reset the time index t to its initial value, increase s by one, and redo Steps 1-4 until
s> 8.

When prior or posterior draws of the model parameters are investigated (see Sections 4 and
8, respectively), the DSGE model would need to be solved for each of these parameter draws.
The above algorithm can easily be adapted to handle such cases.

In Step 2 it is conceivable that one may wish to apply some modification to the typically
assumed N (0, I) for the structural shocks. While the unconditional forecasts will be based on
this assumption (see Section 12.1), the conditional forecasts require that both the mean and
the covariance matrix are adapted and the details for the adaption depends on the selected
conditioning method; see Section 12.2. Similarly, if the predictive distributions are re-centered
on actual values, then the mean of the shock distribution will need to be adapted.

An important issue concerns what to do in the event that there is no solution for AES) in Step
3. One option would be to redo Step 2, but the implication of this is that the distribution of
the shocks is affected. That is, discarding certain nt(s) draws means that we are truncating the
shock distribution. Provided that the number of times this happens is small compared with the
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total number of simulations, the effect on the distribution of the structural shocks is likely to be
negligible. Still, when using this option it is advisable that the number of such “bad draws” is
kept track of, including the time periods when they occur, and that the sample mean vector and
the sample covariance matrix of these discarded draws is also recorded for each time period.
The alternative to this would be to either use another method for solving the DSGE model
subject to the ZLB, or to revise the model.

3.4.7. A Structural Form Representation of the Zero Lower Bound Solution

Like the structural form autoregressive representation of the solution in equation (3.7) of the
DSGE model, the solution in (3.29) for the zero lower bound case with the Klein solver can also
be expressed in such a form. Notice first that the P matrix can be decomposed as

P = |:PTZ by PA] 5
where P, has dimension (p + 1) X q, Py is (p+1) X (p + 1), while P5 is (p + 1) X (T + 1). From
equation (3.29) it follows that
Yt = PYYt‘—l + PTZTlf + PAAt, (339)

an autoregressive form of the solution for the forward-looking variables.
From the lower block of the system in (3.27) we have that

AEiYr1 = Bo1Vi + BooYy. (3.40)
In order to substitute for the expectation term, we make use of (3.29), noting that
EtYi+1 = PE Vi

0
= [Pn Py PA] Y,
MA,
= PyY; + PAMA:;.
Substituting for the expectation term on the left hand side of (3.40), taking the definition of V;
into account, and rearranging terms we obtain

(A22Py — B22)Y: = Bo1yYe—1 + Boi e + (Ba1,a — A2aPaM ) A,
(3.41)
= (B21 - [0 0 A22PAM] ) Vt.
The matrix By has dimension (p+1) X (p+1), By, is (p+1) Xq, while Ps is (p+1) X (T +1).
From this equation we may deduce that the P matrix satisfies

-1
P = (AxPy — By) (321 - [0 0 A22PAM] ) .
Moreover, the first line of equation (3.41) can be written as
SOYt = 51Yt‘—1 + STZTlf + SAAt.

In other words, we may treat (3.41) as a structural form autoregressive representation of the
zero lower bound solution in (3.39).

3.5. YADA Code

YADA uses only Matlab functions for running the AiM procedures, whereas most Matlab im-
plementations include script files. The main reason for this change is that the construction of
various outputs can more easily be traced to a particular Matlab file when functions are used,
while script files tend to hide a lot of variables, most of which are only needed locally. Moreover,
inputs are also easier to keep track of, since they can be given local names in a function.

The main AiM functions in YADA for solving the DSGE model and setting up the output as
required by the Kalman filter are: AiMInitialize, AiMSolver, and AiMtoStateSpace. A number
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of other functions are also included for utilizing AiM, but these are not discussed here.?? It
should be noted that the computationally slowest function, AiMInitialize, needs only be run
once for a given model specification. The other two main functions need to be run for each set
of parameter values to be analysed by the code.

If the original model is given by a dynare model file, the dynare parser can be utilized by
YADA. Like AiMInitialize, the function DynareParser needs only be run one as it produces
the same AiM related files as the AiM parser. One advantage of the dynare approach is that
models can be expressed in non-linear form, while the dynare parser linearizes or log-linearizes
the model. For this case, it is important to keep in mind that non-linear models tend to imply
that steady-state values of the model variables are included as parameters in the AiM output
file for solving a DSGE model and that these steady-state values must be either calibrated or
derived in the two parameter functions that can be used for each DSGE model in YADA. The
names of these steady-state parameter will be set equal to the names of the state variables by
YADA and they should not be specified as such in the dynare model file.

YADA also supports the Klein (2000) and Sims (2002) approaches to solving a DSGE model.
The AiM parser, run through the AiMInitialize function, is still required for these approaches
since we need to write the DSGE model on the structural form in (3.2). The Klein approach
is handled with the function KleinSolver, while Sims’ gensys solver is run via the function
SimsSolver. Finaly, in the event that the model solver takes the zero lower bound into account,
then YADA uses the function ZLBKleinSolver, while the forward-back shooting algorithm for
computing the anticipated shocks is run in the function ForwardBackShootingAlgorithm. Fi-
nally, YADA also supports external model solvers. The only requirements that YADA imposes
on such alternatives is that they are: (i) matlab functions; (ii) support the same input and
output variables as the Klein and Sims solvers; (iii) as well as three additional input variables
StateVariableNames, StateEquationNames and StateShockNames. The last three variables
provoides an external solver with direct access to the names of the state variables, the state
equations and the structural shocks.

3.5.1. AiMInitialize

The function AiMInitialize runs the AiM parser on ModelFile, a text file that sets up the DSGE
model in a syntax that the AiM parser can interpret. YADA refers to this file as the AiM model
file. If parsing is successful (the syntax of the ModelFile is valid and the model is otherwise
properly specified), the AiM parser writes two Matlab files to disk. The first is the function
compute_aim_data.m and the second the script file compute_aim_matrices.m. The latter file
is then internally parsed by AiMInitialize, rewriting it as a function that accepts a structure
ModelParameters as input, where the fields of the structure are simply the parameter names as
they have been baptized in the AiM model file, and provides the necessary output. For example,
if the model file has a parameter called omega, then the structure ModelParameters has a field
with the same name, i.e., ModelParameters.omega.

The functions compute_aim_data.m and compute_aim_matrices.m are stored on disk in a
sub-directory to the directory where the AiM model file is located. By default, the name of this
directory depends only on the name of the model specification (which can be different from the
AiM model file, since the latter can be shared by many model specifications). AiMInitialize
therefore also takes the input arguments NameOfModel and (optionally) OutputDirectory.

AiMInitialize also runs the function compute_aim_data.m and stores the relevant output
from this function in a mat-file located in the same directory as the compute_aim_data.m file.
Finally, AiMInitialize provides as output the status of the AiM parsing, and the output given
by the compute_aim_data.m function. The status variable is 0 when everything went OK; it
is 1 if the parsing did not provide the required output; 2 if the number of data variables did

22 Most, if not all, of these Matlab functions originate from the AiM implementation at the Federal Reserve System;
see, e.g., Zagaglia (2005).
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not match the number of stochastic equations; 3 if illegal parameter names were used;* and
4 if the number of lags (z;) is greater than 1. All output variables from AiMInitialize are
required, while the required input variables are given by ModelFile, being a string vector con-
taining the full path plus name and extension of the model file, and NameOfModel, a string
vector containing the name of the model specification. The final input variable is optional
and is locally called OutputDirectory, the directory where the AiM output is stored. The
NameOfModel variable determines the name of the mat-file that is created when running the
function compute_aim_data.m.

3.5.2. AiMSolver

The function AiMSolver attempts to solve the DSGE model. To this end it requires as inputs the
ModelParameters structure (containing values for all model parameters), the number of AiM
equations (NumEq, often being at least p + g + 1), the number of lags (NumLag being 1), the
number of leads (NumLead being 1y), and the numerical tolerance for AiM and the other DSGE
model solvers (AIMTolerance).

As output the function provides a scalar mcode with information about the solvability prop-
erties of the DSGE model for the parameter values found in the ModelParameters structure.
When a unique convergent solution exists the mcode variable returns 1, while other values re-
flect various problems with the selected parameters (see the AiMSolver file for details).

Given that a unique convergent solution exists, the solution matrices as well as the maxi-
mum absolute error (MaxAbsError) when computing the solution are calculated. The solution
matrices are given by all the B’s, provided in BMatrix ([Bg, --- B1]), and all the Sj’s, returned
as the matrix SMatrix ([Sz, --+S1 Sol). These matrices have dimensions NumEq X 7;NumEq and
NumEq X (77 + 1)NumEq, respectively. Since YADA only accepts DSGE models that have been
specified such that 7; = 1, the dimensions of these matrices are not unnecessarily made larger
than they need be.

Finally, the function yields the output variable ModelEigenvalues, a structure that contains
information about the eigenvalues of the reduced form, i.e., the solution of the model.

3.5.3. AiMtoStateSpace

The function AiMtoStateSpace creates the F matrix for the state equation (5.2) based on
the input matrix BMatrix and By from SMatrix. Since the output from AiMSolver treats
all equations in a similar fashion, the vectors z; and n; are both often included as separate
equations. Hence, NumEq > p + g. The additional input variables StateVariablePositions,
StateEquationPositions, and StateShockPositions are therefore needed to locate which
rows and columns of BMatrix and SMatrix that contain the coefficients on the z and n variables.
These input vectors are created with the YADA GUI

3.5.4. DynareParser

The function DynareParser creates same named AiM output files as AiMInitialize, having
exactly the same purpose. In addition, this function creates a dummy AiM file for the model
which has not information about the model equations or the state/model variables, but which
serves as a place holder. Hence, it should not be parsed by AiM once it exists.

3.5.5. KleinSolver

The function KleinSolver requires 7 input variables to perform its task, i.e., to solve the
DSGE model with the Klein (2000) approach. The variables are: ModelParameters, NumLead,
StateVariablePositions, StateEquationPositions, StateShockPositions, AIMTolerance,

23 YADA has only reserved 4 names as illegal. First of all, in order to allow for parameters called g and h (matrix
names in the function compute_aim_matrices.m) YADA temporarily renames them YADAg and YADAh, respectively,
when it rewrites the file from a Matlab script file to a Matlab function. For this reason, parameters cannot be
named YADAg and YADAh. Furthermore, the name UserVariables is reserved for passing user determined data to
the parameter functions that YADA supports, while the name YADA is reserved for internally disseminating the state
equation matrices to the measurement equation function; see Section 18.4.
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and OrderQZ. The first two and the fifth input variable is identical to the same variables in
AiMSolver, while the third and the fourth variable are used by AiMtoStateSpace. The last
input variable is a boolean that is unity if the function ordqz is a built-in Matlab function, and
zero otherwise. All Matlab version greater than or equal to version 7 have this function.

The function provides 3 required and 2 optional output variables. The required outputs
are F, BO, and mcode. The first two are matrices on lagged state variables and current state
shocks in the state-pace representation, i.e., the solution to the DSGE model and are therefore
the same as the output variables from AiMtoStateSpace. The mcode variable is shared with
AiMSolver, but supports slightly different values. The optional variables are MaxAbsError and
ModelEigenvalues which are also provided by AiMSolver. The latter structure is now based on
the generalized eigenvalues of the structural form of the model, and has fewer fields than the
variable provided by AiMSolver.

3.5.6. SimsSolver

The function SimsSolver supports the same input and output variables as KleinSolver. It
rewrites the structural form of the DSGE model into the Sims (2002) form in equation (3.17)
and sends the matrices to gensys, the Sims solver. The function used by YADA for this is called
YADAgensys and is a slight rewrite of Sims’ original function. In particular, it makes it possible
to run the Matlab function ordqz rather than gensys’ own qzdiv. The built-in Matlab function
is considerably faster than qzdiv, but is not included in older versions of Matlab.

3.5.7. ZLBKleinSolver

The function ZLBKleinSolver requires 10 input variables to solve a DSGE model with antici-
pated shocks in the monetary policy rule. The first 5 and last 2 variables are identical to the
input variables for KleinSolver. The 6th through 8th input variables are given by the integers
T_ZLB, RtildePosition, and REqPosition. The T_ZLB variable gives the length of the sample
over which the zero lower bound may be binding, while RtildePosition gives the position of
the policy rate in z;, and REqPosition is the position of the monetary policy rule among the
model equations.

The function gives 4 output variables: the matrices G, C1, and P from equations (3.28) and
(3.29), and the integer mcode. Note that the number of rows of P is generally equal to 7y (p+ 1),
where 1y is equal to NumLead. The mcode output variable is 1 if a unique convergent solution
is located, -1 if there is no stable solution, -2 if there are too many large eigenvalues, and -3 if
there are too few such eigenvalues.

3.5.8. ForwardBackShootingAlgorithm

The function requires 6 input variables: Xt, At, ePG, Rz1b, Rbar, and AIMTolerance. The vector
Xt gives the initial values of the current shocks, lagged state variables, and the unrestricted
policy rate of the vector V;, while At is the vector of initial values if the anticipated shocks,
i.e., the bottom part of V;. The matrix ePG has dimension (T + 1) X (T + g + p + 2) and when
multiplying this matrix with V;, which has dimension (T + q + p + 2), it generates the (T + 1)
projections of the restricted polic rate in equation (3.30). The vector Rz1b has dimension (T+1)
and it gives the path of the zero lower bound, while the vector Rbar has the same dimension and
gives the path of the steady-state of the policy rate. Finally, the input variable AIMTolerance
gives the numerical tolerance of the lower bound solution.

The function provides 3 output variables: At, status, and AlgorithmInformation. The
first is the vector of anticipated shocks, while the second output is a boolean that takes the
value 1 if a solution is found, and 0 otherwise. The last output is a 5-dimensional vector with
information collected when running the algorithm. The first element is unity if the solution is
bad (invertibility problem when trying to solve for the anticipated shocks) and 0 otherwise; the
second element is unity of there is no solution based on Step 3, part (ii) of the algorithm, and
0 otherwise; the third element is unity if the complementary slackness condition is not satisfies
and O otherwise; the fourth element gives the number of times the algorithm has been run for
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a given time period t; and the last gives you the maximum number of times the algorithm could
have been executed for the same time period.
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4. PRIOR AND POSTERIOR DISTRIBUTIONS

It has been pointed out by, e.g., Fernandez-Villaverde and Rubio-Ramirez (2004) that a DSGE
model is always false since such an economy is an artificial construction. This simple under-
standing generates two important challenges for econometric analysis. First, how to select val-
ues for the so called deep parameters of the model, i.e., parameters that describe preferences,
technology, policy rules, etc. Second, how to compare two or more possibly non-nested and
misspecified models. A Bayesian approach to dealing with these difficult tasks is in principle
easy. Parameters are given values through their posterior distribution, which is linked to prior
information and the observed data through Bayes theorem. Model comparisons are performed
through the use of the posterior odds ratio, i.e., the ratio of marginal density of the data for the
models times the prior odds ratio.

4.1. Bayes Theorem

Let y; denote the observed variables, a vector of dimension n. Furthermore, the sample is given
byt =1,...,T and we collect the data into the n X T matrix Y. For simplicity we here neglect
any exogenous or predetermined variables as they do not matter for the exposition.

The density function for a random matrix Y conditional on 6 is given by p(Y|0), where 6
is a vector of parameters. The joint prior distribution of 6 is denoted by p(6). From Bayes
theorem we then know that the posterior distribution of 6, denoted by p(0|Y), is related to
these functions through

p(v16)p(6)
p(OlY) = ——5—, (4.1)
(61y) oY)
where p(Y) is the marginal density of the data, defined from
p(v) = J p(Yl6)p(6)do, (4.2)
e}

with © being the support of 6. Since p(Y) is a constant when Y has been realized we know
that the posterior density of 0 is proportional to the product p(Y|0)p(0). Hence, if we can
characterize the distribution of this product we would know the posterior distribution of 6. For
complex models like those belonging to the DSGE family this characterization is usually not
possible. Methods based on Markov Chain Monte Carlo (MCMC) theory can instead be applied
to generate draws from the posterior.

Still, without having to resort to such often time consuming calculations it should be noted
that the mode of the posterior density can be found by maximizing the product p(Y|6)p(6).
Since this product is usually highly complex, analytical approaches to maximization are ruled
out from the start. Instead the posterior mode, denoted by 6, can be estimated using numerical
methods. In Section 4.2 we provide details on the individual prior distributions for the ele-
ments of 6 that YADA supports. Through the independence assumption, the joint prior p(0) is
simply the product of these individual (and marginal) prior densities.>* The computation of the
likelihood function for any given value of 6 is thereafter discussed in Section 5.

4.2. Prior Distributions

In the Bayesian DSGE framework it is usually assumed that the parameters to be estimated,
denoted here by 0, are a priori independent. For parameters that have support R, the prior
distribution is typically Gaussian. Parameters that instead have support R, tend to have either
gamma or inverted gamma prior distributions, while parameters with support (c,d), where
d > c and both are finite, are usually assumed to have beta prior distributions; see, e.g., An
and Schorfheide (2007). In some cases, e.g., Adolfson et al. (2007b), the distribution may be
left truncated normal for a certain parameter. The density functions of these distributions as

24 If one wishes to make use of parameters that are a priori dependent, one may formulate parameter functions and
treat elements of 0 as auxiliary parameters for the ones of interest. YADA supports such parameter functions and,
hence, an assumption of a priori independent parameters is not restrictive.
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well as of the uniform, the Student-t (and Cauchy), the logistic, the Gumbel, and the Pareto
distributions are given below. Some of these have, to my knowledge, not been used in the
empirical DSGE modelling literature, but it seems reasonable to, e.g., consider using a Student-
t or a logistic as an alternative to the normal prior.

YADA can also support a number of additional distributions through parameter transforma-
tion functions. These include but are not limited to the Weibull and the Snedecor (better known
as the F or Fisher) distributions.?> The densities of such additional distribution are derived
through a useful result which directly relates the density of a monotonic transformation of a
continuous random variable to the density of that variable. Next, the gamma and beta func-
tions are presented since they often appear in the integration constants of certain important
distributions. Thereafter, we examine the prior distributions which are directly supported by
YADA, focusing on the specific parameterizations used and relate these parameters to moments
of the distributions. Furthermore, we discuss some distributions which can be derived from
the directly supported ones, and which are therefore indirectly supported. In addition, we also
reflect on some interesting special cases of the directly supported priors. The section continues
with a dicussion about random number generators. Before the YADA based code is discussed,
the section also considers so called system priors which allow the user to include a prior on some
system or model feature which is otherwhise solely determined from the solution of the model.
One such example is the population standard deviation of an observed variable conditional on
the parameters.

4.2.1. Monotonic Functions of Continuous Random Variables

Suppose that a continuous random variable x has density function px (x). The general principle
for determining the density of a random variable z = f(x), where f(-) is monotonic (order
preserving), is the following:

1
fI(f®)
The derivative of f is given by dz/dx = f'(-), while f~!(-) is the inverse function, i.e.,
x = f!(2); see, e.g., Bernardo and Smith (2000, p. 111). This powerful result makes it
straightforward to determine the density of any monotonic transformation of a random vari-
able.

An intuition for the result in equation (4.3) can be obtained by recalling that the integral of
the density of x over its domain is equal to unity. To calculate this integral we multiply the
density of x by dx and then perform the integration. When integrating over the domain of z
we instead multiply the density of x by dz. To ensure that the integral is still equal to unity, we
must therefore multiply this expression by |dx/dz| = |1/(dz/dx)|, where the absolute value
guarantees that the sign of the integral does not change.

Since YADA supports functions of parameters, the relationship in equation (4.3) means that
YADA indirectly supports all prior distributions where the corresponding random variable can
be expressed as a monotonic function of one of the basic priors directly supported by YADA.
Furthermore, the relationship between the joint density and the conditional and the marginal
densities (i.e., the foundation for Bayes Theorem) makes it possible to further enhance the set of
density functions which YADA can indirectly support to include also mixtures and multivariate
priors.

pz(2) = px(f1(®) (4.3)

25 YADA can indirectly support multivariate extensions of the distributions. For example, one may wish to have a
Dirichlet (multivariate beta), a multivariate normal prior, or an inverted Wishart prior for a vector of parameters.
For these cases, parameter transformation functions can be used to allow for a multivariate prior. In the case of a
multivariate normal prior, we would define the prior as univariate normal priors for auxiliary parameters, e.g., for
one “conditional” and for one “marginal” parameter, while the transformation would be applied to the conditional
parameter. Similarly, the Dirichlet distribution is supported through univariate beta priors for auxiliary parameters;
see, e.g., Connor and Mosimann (1969). In other words, YADA can support multivariate priors through its use of a
parameter transformation function; see Section 18.3.
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4.2.2. The Gamma and Beta Functions

The gamma function is defined by the following integral identity:
I'(a) = J x*texp(—x)dx, a>0. (4.4)
0

In many cases integer or half integer values of a are used. Here it is useful to know thatI'(1) = 1,
while I'(1/2) = /7. Integration by parts of (4.4) gives for a > 1 that I'(a) = (a — 1)T'(a — 1).
The beta function B(a, b) for a,b > 0 is defined as:

1
B(a,b) = f x4 (1 - x)P dx. (4.5)
0
It is related to the gamma function through the following relationship:
_ T'(a)T(b)
pla,b) = NCTTOR (4.6)

Matlab contains two useful functions for dealing with the gamma function. One is gamma
which works well for relatively small values of a. The other is gammaln which calculates the
natural logarithm of the gamma function and works well also with large values of a. Similarly,
for the beta function Matlab provides the functions beta and betaln.

4.2.3. Gamma, x?, Exponential, Erlang and Weibull Distributions

A random variable z > 0 has a gamma distribution with shape parameter a > 0 and scale
parameter b > 0, denoted by z ~ G(a, b) if and only if its pdf is given by

pc(zla,b) = 2% Lexp ( = ) . 4.7)

I'(a)ba b

It is worthwhile to keep in mind that if 2 ~ G(a,b) and y = z/b, then y ~ G(a,1). Fur-
thermore, E[z] = ab, while E[(z — ab)?] = ab?; see, e.g., Bauwens, Lubrano, and Richard
(1999) or Zellner (1971). If a > 1, then the pdf has a unique mode at fir = b(a — 1). The
difference between the mean and the mode is b, implying that the mean is greater than the
mode. Furtermore, skewness is equal to 2/ v/a, while excess kurtosis is 6/ a.

Letting pr and 0? denote the mean and the variance, respectively, we can directly see that

2 2
(of

S (4.8)
Op Hr

In practise, most economists (and econometricians) are probably more comfortable formulating
a prior in terms of the mean and the standard deviation, than in terms of a and b.

The mode can, when it exists, also be expressed in terms of the mean and the variance

parameters. Equation (4.8) and the expression for the mode give us

o

Hr = HUr ur
The mode therefore exists when ,u% > o?, i.e., when the mean is greater than the standard
deviation.

A few examples of the gamma distribution have been plotted in the upper left panel of Fig-
ure 1 (with the lower bound being equal to zero). The mean has been set to 0.2 in three cases
while the standard deviation takes the values (0.05,0.1,0.2). For the two cases when the mean
is greater than the standard deviation the mode exists, while ur = or results in a = 1 so that the
mode does not exist. For the cases when the mode exists, the height of the density is negatively
related the standard deviation. Furthermore, for a given mean, the mode lies closer to the mean
as the standard deviation decreases since the ratio GI? / Ur becomes smaller. Moreover, since a
lower standard deviation for fixed mean implies that a increases we also know that skewness
decreases. Hence, the gamma distribution with mean 0.2 and standard deviation 0.1 (blue solid
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FiGure 1: Examples of gamma, inverted gamma, beta, normal and left truncated normal distri-

butions.
Gamma Distribution Inverted Gamma Distribution
9 T T T T T T T T T T T T
——(020.1) sk . —1n
- - = =(02005) B - = =(012)
8- " - =(02,02) [l i - = (0.15)
[ Ce (04,01) 161 [ (0.1,10) 1
1 ) -
7 i 1 N N
1 1 14 ¥ B
1 1 -
° ! ' 12 :"“\ :
1 1 ' ‘i
L 1 1 = ' -
® g 1 1 10 ! 1
Ky \ L
[IEN 1 1 3 +
¢ “\ 1 \ 8 'j‘\ Y
o 1 £ B
3 o ' s I Wy
*, 1 - LR
1 ‘,\ - vy
2 " . ; - <
1 N R ¢ B -.{\
1 S (83 NS
T ! TSN 2 ! N
1 \ i~ N DN
’ So , s e e L — e T R
0 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9 0 0.1 0.2 03 0.4 0.5 0.6
Beta Distribution Normal and Left Truncated Normal Distributions
2 T T T T T T T 0.9 T T T T T T T
N(O,1)
sl P ] - = = LTN(O,1,-1)
: ,«’ S - 08 =N == LTN(0,1,-0.5)[]
, N, S S e LTN,1,0)
161 4 Y . i L]
’ N N 07
’ AY
1 v ‘~ A Y
14 1 V3 . A Y
’ S . 06
! S .
’
12 1 7 B N
] ’ TN N 05
T Vi \ \
1 ! \ \
N ’ \ \ 0.4
osp ! /. ‘N \
] / R \
" ’ '\ \ 0.3
06~ ’ N \
! ! N \
1 / . ‘~ \ 02
o4n + —— (0.5,0.28868) S \
A - - -(0502) ~
02k s - = (0350.2) ., A o1
oL e (0.65,0.2) Moo N
s S

line in Figure 1) is more skewed than the gamma with mean 0.2 and standard deviation 0.05
(red dashed line).

The last example covers the case when the mean increases while the standard deviation is
fixed, i.e., the blue solid line relative to the magenta colored dotted line. The distance between
the mode and the mean now also decreases since the ratio 0? / ir becomes smaller. In terms of
the shape and scale parameters a and b, we know from (4.8) that a increases with pr while b
decreases. Moreover, since a increases it follows from the skewness expression that it decreases.

One special case of the gamma distribution is the y?(q). Specifically, if z ~ x2(q) then this
is equivalent to stating that z ~ G(q/2,2), with mean q and variance 2q. The mode of this
distribution exists and is unique when q > 3 and is equal to g — 2.

Another special case of the gamma distribution is the exponential distribution. This is ob-
tained by letting a = 1 in (4.7). With z ~ &£(b) = G(1,b), we find that the mean is equal to
[te = b and the variance is ¢; = b2.

Similarly, the Erlang distribution is the special case of the gamma when a is an integer. For
this case we have that I'(a) = (a — 1)!, where ! is the factorial function. The parameterization
of the Erlang density is usually written in terms of A = 1 /b, a rate parameter.

YADA can also support the Weibull distribution through the gamma prior and the so called file
with parameters to update; see Section 18.3. Specifically, if x ~ G(1,1) = &£(1) and x = (z/a)?
with a,b > 0, then z has a Weibull distribution with scale parameter a and shape parameter
b, i.e. 2 ~ W(a,b). In YADA one would specify a prior for the random variable x and compute
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z = ax!/? in the file with parameters to update. The density function is now

b
_b z
pw(z|la,b) = Ez exp (— {E] ) , z >0, (4.9)
since dx /dz is positive and given by the term (b/ aP)zb~1.2¢
The mean of the Weibull distribution is uy = aI'(1 + (1 /b)), the variance is oﬁ, = a2[T(1 +
(2/b)) — (I'(1 + (1/b)))?], whereas the mode exists and is given by jiyy = a((b — 1) /b)1/D
when b > 1.

4.2.4. Inverted Gamma and Inverted Wishart Distributions

A random variable z > 0 has an inverted gamma distribution with shape parameter a > 0 and
scale parameter b > 0, denoted by z ~ IG(a, b), if and only if its pdf is given by

2 -1
— —(2a+1) -
pig(zla,b) = l"(a)baz atexp ( Pa? ) . (4.10)
This pdf has a unique mode at fi;g = (2/(b(2a + 1)))1/2; cf. Zellner (1971).?” Moreover, the
statement z ~ IG(a, b) is equivalent to g = 1/ /x where x ~ G(a, b).

The inverted gamma distribution is an often used prior for a standard deviation parameter.
Letting 6 = 2z, a = q/2, and b = 2/qs?, we get

/2 2
__2 ()" @ —qs
pic(ols,q) = T/ ( 5 ) o exp| 55 | (4.11)

where s,q > 0. The parameter g is typically an integer (degrees of freedom), but is only
restricted such that g > 0, while s > 0 is a location parameter. This pdf has a unique mode at
firg = s(q/ (g+1))'/2. Hence, the mode is below s for finite q and converges to s when g — co.

The moments of this distribution exists when q is sufficiently large. For example, if ¢ > 2,
then the mean is

_r((q—l)/z)(q)”2
HIG= =7~ | 5 S,

I'(q/2)) 2
while if ¢ > 3 then the variance is given by
q
o2, = - 252 — .

Hence, both the mean and the variance are decreasing functions of q; see Zellner (1971) for
details.

Moreover, if ¢ > 4 then the third moment also exists. The exact expression can be found
in Zellner (1971, eq. (A.48)), but since that expression is very messy an alternative skewness
measure may be of interest. One such simpler alternative is the Pearson measure of skewness,
defined as the mean minus the mode and divided by the standard deviation. For the inverted
gamma we here find that

M(ﬂ)l/z_(i)l/z

— 1 T'(q/2 2 +1

Shic = #IGG fuc _ (q/2) q A 0> 3.
16 q (F((q—l)/Z))zg
q—2 I'(q/2) 2

26 With px(x) = exp(—x) and z = ax'/? we find from equation (4.3) that f~'(z) = (2/a)®. Moreover, f'(x) =
(a/b)x1=D/b g0 that f/(f~(2)) = (a®/b)z'~P. By multiplying terms we obtain the density function in (4.9). Notice
that dx/dz = 1/ f'(f'(2)), the Jacobian of the transformation z into x.

27 Bauwens, Lubrano, and Richard (1999) refer to the inverted gamma distribution as the inverted gamma-1 dis-
tribution. The inverted gamma-2 distribution is then defined for a variable x = 22, where z follows an inverted
gamma-1 distribution.
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This expression is positive for finite g and the inverted gamma distribution is therefore right-
skewed. As q gets large, the skewness measure Sp;; — 0. Both the numerator and the denomi-
nator are decreasing in q and for q > 5 the ratio is decreasing.?®

A few examples of the inverted gamma distribution have been plotted in the upper right
panel of Figure 1. The location parameter is for simplicity kept fixed at 0.1, while the number
of degrees of freedom are given by g = (1, 2,5, 10). It can be seen that the height of the density
increases as q becomes larger.?” Moreover, the variance is smaller while skewness appears to
be lower for ¢ = 10 than for ¢ = 5. The latter is consistent with the results for the Pearson
measure of skewness, Spc.

Another parameterization of the inverted gamma distribution is used in the software devel-
oped by Adolfson et al. (2007b). Letting a = d /2 and b = 2 /¢, the pdf in (4.10) can be written

as:
_ 2 Cc d/2 —(d+1) —C
pic(zlc,d) = F(d/2)(2) b4 exp | o | -

The mode of this parameterization is found by setting ji;g = (c/(d + 1))'/2. With ¢ = gs® and
d = q this parameterization is equal to that in equation (4.11) with z = o.

A multivariate extension of the inverted gamma distribution is given by the inverted Wishart
distribution. Specifically, when a p X p positive definite matrix Q is inverted Wishart, denoted
by O ~ IW,(A, V), its density is given by

A"
2Vp/2_-,[p(p—1)/4rp(v)

p(Q) = |Q|_(V+p+l)/2 exp ( —%tr [Q7TA] ), (4.12)
where I'y(a) = H?Zl I'([a—i+1]/2) for positive integers a and b, with a > b, and I'(+) being the
gamma function in (4.4). The parameters of this distribution are given by the positive definite
location matrix A and the degrees of freedom parameter v > p. The mode of the inverted
Wishart is given by (1/(p + v + 1)) A, while the mean exists if v > p + 2 and is then given by
E[Q] = (1/(v — p—1))A; see, e.g., Zellner (1971, Appendix B.4) and Bauwens et al. (1999,
Appendix A) for details.
Suppose for simplicity that p = 2 and let us partition Q and A conformably

Q. Q2 An A
Q12 Qa2 Az Az
It now follows from, e.g., Bauwens et al. (1999, Theorem A.17) that:
(1) Q47 is independent of Q15 / Q11 and of Q9.1 = Qoo — Q%Z/QH;
(2) Qu ~ IW1(A11,v —1);
3) QIZ/QHlQZZ-l ~ N(A12/A11,Qo9.1/A11), where N([J., 02) denotes the univariate nor-
mal distribution with mean p and variance 62 (see, e.g., Section 4.2.6 for details); and
(4) Qa2.1 ~ IW1(Az2.1,V), Where Agp.q = Agy — A2,/ An.
From these results it is straightforward to deduce that the multivariate random matrix Q may
be represented by three independent univariate random variables. Specifically, let

o1 ~ IG(s1,v—1), 09 ~IG(s2,v), andp~ N(0,1). (4.13)

With Qq; = 612 and A1 = (v — 1)5%, it can be shown that Q11 ~ IW7(A11,v — 1) by evaluating
the inverted gamma density at Q11, A11, and multiplying this density with the inverse of the
derivative of Q11 with respect to o1, i.e., by (1 /Z)Ql_ll/z; recall equation (4.3) in Section 4.2.1.
Furthermore, letting Qq0.1 = 0% and Ago.q = vs% we likewise find that Qo5.7 ~ IW;7(Ag2.1,V).
Trivially, we also know that Q15 / Q11 = A12/A11 + v/ Qo2.1/A11p implies that Q15 / Q11|Qa0.1 ~
N(A12/A11,Q20.1/A11).

Q= , A=

28 Skewness is defined as the third standardized central moment, i.e., the third central moment divided by the
standard deviation to the power of 3. There is no guarantee that the sign of this measure always corresponds to the
sign of the Pearson measure.

29 This can also be seen if we let 6 = fij; in equation (4.11).
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Together, these results therefore ensure that Q ~ IW,(A, v), where
2

Q11 =07,
2
A1 0y
Qur=0n|—+\-—"0p]|,
An A1
o2
sz = 02 + i
2 0n

It may also be noted that one can derive an inverted Wishart distribution for the general p X
p case based on p univariate inverted gamma random variables and p(p — 1) /2 univariate
standard normal random variables, and where all univariate variables are independent. The
precise transformations needed to obtain Q from these univariate variables can be determined
by using Theorem A.17 from Bauwens et al. (1999) in a sequential manner.

4.2.5. Beta, Snedecor (F), and Dirichlet Distributions

A random variable ¢ < x < d has a beta distribution with parameters a > 0, b > 0, ¢ € R and
d > c, denoted by x ~ B(a, b, c,d) if and only if its pdf is given by

labe.d) = 1 (x—c)a_l(d—x)b_l (4.14)
PG, 6 = B, ) | d — ¢ d—c) '

The standardized beta distribution can directly be determined from (4.14) by defining the
random variable z = (x —¢) /(d — ¢). Hence, 0 < z < 1 has a beta distribution with parameters
a > 0and b > 0, denoted by z ~ B(a, b) if and only if its pdf is given by

1
pla,b)”
For a,b > 1, the mode of (4.15) is given by jisg = (a — 1) /(a + b — 2). Zellner (1971) provides
general expressions for the moments of the beta pdf in (4.15). For example, the mean of the
standardized beta is psg = a/ (a + b), while the variance is O'gB =ab/((a+b)2(a+b+1)).

The a and b parameters of the beta distribution can be expressed as functions of the mean
and the variance. Some algebra later we find that

HsB

a-1(q — b1, (4.15)

pse(zla,b) =

a= o2 [pse(1 — psp) — 023]
5P (4.16)
(1-psn)
b=——a.
HsB

From these expressions we see that a and b are defined from pgp and GgB when pgp (1 - ,uSB) >
o2z > 0with 0 < pgp < 1.

Letting up and Gﬁ be the mean and the variance of x ~ B(a,b,c,d), it is straightforward to
show that:

pp = c+ (d —c)uss,

4.17)
Gﬁ = (d - c)zch.
This means that we can express a and b as functions of ug, o, ¢, and d:

(g — ) 9
= —-———— —_— d —_— [— ,

@ o o~ s =il e

. (d - pz) '

=———2q.

(ks —c)

The conditions that a > 0 and b > 0 means that ¢ < ug < d, while (ug — c)(d — pg) > 0]23.
The mode still exists when a,b > 1 and is in that case given by fig = ¢ + (d — ¢)fisg =
c+(d—-ca-1)/(a+b-2).
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Moreover, skewness is given by:
2ab(b — a)

Sp= .
ab 3/2

(a+b)2(a+b+1)

Hence, if a = b, then the beta distribution is symmetric, while b > a (a > b) implies that it is
right-skewed (left-skewed). Since b > a implies that ug < (d + ¢) /2, it follows that the mean
lies below the mid-point of the range [c, d].

The beta distribution is related to the gamma distribution in a particular way. Suppose
x ~ G(a,1) while y ~ G(b,1). As shown by, e.g., Bauwens, Lubrano, and Richard (1999,
Theorem A.3), the random variable z = x/ (x + y) ~ B(a,b).

The beta distribution is plotted in the lower left panel of Figure 1 for a few examples. In all
cases the lower bound ¢ = 0 and the upper bound b = 1. For the baseline case the mean is
0.5 while the standard deviation is 1/+v/12 ~ 0.28868 and this is displayed as the horizontal
blue solid line in the figure. This means that the beta distribution is identical to the uniform
distribution. When the standard deviation drops, the distribution becomes bell shaped (red
dashed line) and since the mean is exactly at the center between the lower and the upper
bound, the distribution becomes symmetric; cf. equal (4.17) where a = b. As noted above,
when the mean of the beta distribution is smaller (greater) than the mid-point in the support,
the the distribution is right-skewed (left-skewed) since b > a (a>b).

The beta distribution is also related to the Snedecor or F (Fisher) distribution. For example,
suppose that x ~ B(a/2,b/2) with a,b being positive integers. Then z = bx/(a(1 — x)) can
be shown to have an F(a,b) distribution; cf. Bernardo and Smith (2000, Chapter 3). That is,

q(@/2pb/2)

pla/2,b/2)
The mean of this distribution exists if b > 2 and is then pur = b/ (b — 2). The mode exists and
is unique with fir = (a —2)b/ (a(b + 2)) when a > 2. Finally, if b > 4 then the variance exists
and is given by oz = 2b%(a + b —2) / (a(b — 4 (b — 2)?).

Although YADA does not directly support the F distribution, the combination of the beta prior
and the file with parameters to update (see Section 18.3) makes it possible to indirectly support
this as a prior.

The multivariate extension of the beta distribution is the so called Dirichlet distribution. The
marginal distribution for one element of a Dirichlet distributed random vector is the beta dis-
tribution; cf. Gelman, Carlin, Stern, and Rubin (2004, Appendix A). YADA does not directly
support prior distributions that include dependence between parameters. However, by using
the file with parameters to update (see Section 18.3) the user can circumvent this “restriction”.

Specifically, suppose x; ~ B(a;, b;) are mutually independent fori =1,...,k —1 with k > 3.
Defining 2z; = Xx; H;;ll (1-xj)fori=2,...,k—1, 21 = x1, and assuming that b;_1 = a; + b; for
i=2,...,k—1,itis shown in Connor and Mosimann (1969) that the density for (z1,..., 2k-1)
is given by

(a+b)3(a+b+1)(a+b+2)

(a+b)/2

pr(zla,b) = gla/2-1 (b + az) ) z > 0.

k

_ I'(Xio @) ﬁ L1

l_[;{:l INCH
where gz = 1— Zi:ll gi,a; =a;fori=1,...,k—1and ayx = bx—1. This is the density function
of the Dirichlet distributed vector z = (21,...,2k-1) ~ D(a1,...,ax).

The first two moments of the standardized Dirichlet distribution exist and are, for example,
given in Gelman et al. (2004, Appendix A). Specifically, let ay = Z;{:l a;j. The mean of z; is
Up,;i = a;/ap, while the mode is equal to fip; = (a; — 1) / (ap — k) when it exists. The variance

po(21,. .., 2k—1]01, .. o, o)
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and the covariance are

2 Oli(ao — ai)

°pi = a(z)(ao + 1)’
—C(iC(j
Opii = —FV——————.
b4 ad(ao+1)

From the expressions for the mean and the variance of the Dirichlet, the relation to the mean
and the variance of the (univariate) beta distribution can be seen.

To use the Dirichlet prior in YADA, the user should setup a prior for the auxiliary parameters
x; and compute z; in the file with parameters to update. Cases when the Dirichlet may be of
interest include models that have parameter pairs than are restricted to, e.g., be positive and to
sum to something less than unity.>°

4.2.6. Normal and Log-Normal Distributions

For completeness, the Gaussian density function is also provided. Specifically, a random variable
z is said to have a normal distribution with location parameter u € R and scale parameter ¢ > 0,
denoted by z ~ N(u, 62), if and only if its pdf is given by
1 ( (z — p)? )
Varo P\ 202 )
The mode of this density is z = p, while the mean is also equal to ¢ and the variance is 62.
YADA does not directly support the log-normal as a prior distribution. Nevertheless, log-
normal priors can be used by combining the normal distribution with the file with parameters to
update; cf. Section 18.3. That is, the normal prior is specified for the random variable x, while
z = exp(x) is given in the file with parameters to update.
The density function of the log-normal distribution is

pN(A#oG): (419)

-1

(2] 6)—#2 ex (—L(lnz— )2) z2>0
PN Z|M, Noroo p 202 H > .

The mean of the log-normal distribution is p;y = exp(u + (62/2)), the variance is O'%N =

exp(2u + 62) (exp(6?) — 1), while the mode is ji;y = exp(u — 62); see Gelman et al. (2004).
It is also possible to compute the y and ¢ parameters from p;y and o7y. In this case we have
that:

G%N o>
0% =In — +11, #=ln(,uLN)——.
u 2
LN

4.2.7. Left Truncated Normal Distribution

The left truncated normal distribution can be defined from (4.19) by introducing a lower bound

c. This means that a random variable z > c is left truncated normal with location parameter

U € R, scale parameter ¢ > 0, and finite c, denoted by z ~ LTN (u, 62, ¢), if and only if its pdf is
(z — p)?

1 _
prrn (2|, 6,¢) = \/ﬁ exp (—2—02) (1-2((c-w/0)) 1’ (4.20)

30 One such example is when the model contains an AR(2) process and where the AR parameters should both be
positive and add up to something less than unity. This is sufficient but not necessary for stability. By transforming z;
even further one could also consider the general conditions for stability of an AR(2) process. For instance, let

y1 =222+ 41 — 23)21 — 2,

Y2 = 222 —1.
It can now be shown that y; + y» <1, yo —y; <1,and —1 < y, < 1 for (21, 22) ~ D(a1, a2, a3). The last condition
follows from 2z, = (y, + 1) /2 € (0,1). The first two conditions are satisfied if we notice that y, —1 < y; <1 — y».
We may therefore let 21 = (y1 — y2 + 1)/(2 — 2y,) € (0,1). Based on the means and covariance of z; we can
directly determine the means of y;. Notice that the stability conditions are also satisfied if we let z; ~ U(0, 1), with
27 and z, independent.
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where
(1+xk(a/V2)/2 ifa>0
(1 -x(—a/+v2))/2 otherwise, (4.21)

P(a) =

k(b) = exp(—x?)dx.

vl
Hence, the left truncated normal density is given by the normal density divided by 1 minus the
cumulative normal distribution up to the point of left truncation, i.e., (c — p) /6. The function
k(b) is often called the error function. In Matlab, its name is erf.

As long as p > c, the mode is given by fi;ry = p, while p < ¢ means that the mode is
TN = C.

Three examples of the left truncated normal distribution along with the normal distribution
are plotted in the lower right panel of Figure 1. As c increases the height of the density relative
to it highest point based on the normal for the same support increases.

4.2.8. Uniform Distribution

A random variable z is said to have a uniform distribution with parameters a and b with b > a,
denoted by z ~ U(a, b) if and only if its pdf is given by
1
pu(zla,b) = g (4.22)
The mean and the variance of this distribution are:
_a+b
Hu = 5
o _ (b-a)
veo12
The beta distribution is equivalent to a uniform distribution with lower bound ¢ and upper
bound d when pp = (c+d) /2 and Gﬁ = (d—c)%/12; see, also, Bauwens, Lubrano, and Richard
(1999) for additional properties of the uniform distribution.

4.2.9. Student-t and Cauchy Distribution

A random variable z is said to have a Student-t distribution with location parameter yu € R,
scale parameter ¢ > 0, and degrees of freedom parameter d (a positive integer), denoted by
z ~ t(u, o,d), if and only if its pdf is given by

9\ —(d+1)/2
_T@+n/2) (1 (z—u)
 T(d/2)oVdr c '

The Student-t distribution is symmetric around the mode p, while the mean exists if d > 1,
and the variance exists if d > 2. The first two central moments are then given by

Hs = i,

ps(z|n, 0,d (4.23)

d
d—2°
The distribution has heavier tails (higher kurtosis) for finite d than the normal distribution.
When d — oo, the density in (4.23) converges to the density of the normal distribution.
At the other extreme, i.e., d = 1, the distribution is also known as the Cauchy, denoted by
z ~ C(u,0). The density function now simplifies to

2 _
Cg =

31

c
7(o2+ (z — p?)

pc(zlp,0) = (4.24)

31 Specifically, if d > 4, then excess kurtosis is 6/ (d — 4)
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FiGure 2: Examples of normal, Student-t, Cauchy, logistic, Gumbel and Pareto distributions.
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The mean and the variance for the Cauchy distribution do not exist; see, also, Bauwens, Lu-
brano, and Richard (1999) for additional properties of the Student-t distribution.

The normal, the Cauchy, and some other Student-t distributions are shown in the upper left
panel of Figure 2. As g increases, the height of the t-density approaches the height of the normal
density from below. For the standard distributions with location parameter zero and unit scale
parameter, the tails of the Student-t become thicker than the normal once the distance is at
leats 2 standard deviations away from the mean of the normal distribution.

A random vector z of dimension n is said to have a multivariate Student-t distribution with
location vector p, positive definite scale matrix >, and degrees of freedom parameter d, denoted
by z ~ T, (u, %, d), if its pdf is given by

_ rid+n)/2) Ne—l(. —(d+n) /2
pS(Z|ll,Z,d) = 1ﬂ(d/2)71_11/2|Z|1/2d_d/2 (d+(z ,u)Z (z /1))
r'((d+n)/2) 1 - —(d+n) /2 (4.25)
= 14+ =(z—pn)z" _
T(d/2)|z)" ?(dr)n/2 ( d(z W)z (= #))

The mode of this distribution is given by ¢ and when d > 1, the mean exists and is equal to
u. Provided that d > 2, the covariance also exists and is given by
d

E[(Z —p)(z —#)/} = EZ-
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4.2.10. Logistic Distributions

A random variable z is said to have a logistic distribution with location parameter 4 € R and
scale parameter ¢ > 0, denoted by z ~ L(y, 0), if and only if its density function is

exp(—(z —u)/o)
6[1 + exp(—(z —,u)/c)]

Because the pdf can be expressed in terms of the square of the hyperbolic secant function®? it is
sometimes referred to as the sech-squared distribution.

The logistic distribution receives its name from its cdf, which is an instance of the family of
logistic functions. Specifically, the cdf is given by

pr(z|p,0) = (4.26)

1

1+exp(—(z2—p)/o)
The logistic distribution is symmetric and resembles the normal distribution in shape, but has
heavier tails (higher kurtosis). The mean and variance of the distribution are:

Hp =

Fr(z|p,0) =

i}
2, (4.27)
37

o7 =
while excess kurtosis is 6 /5.

One extension of the logistic distribution that may be of interest is the so called Type I gener-
alized (or reversed) logistic distribution; cf. Balakrishnan and Leung (1988). A random variable
z is said to have a Type I generalized logistic distribution with location parameter u € R, scale
parameter ¢ > 0, and shape parameter ¢ > 0 if and only if its density function is

cexp(—(z—pu)/o)
6[1 + exp(—(z —,u)/cs)

peL(zlp, 0,0) = ] —. (4.28)

In this case the cdf is given by

1
Fer(z|u,0,c) = . (4.29)

[1 +exp(—(z—u)/0)]c

The distribution is left-skewed for ¢ < 1, right-skewed for ¢ > 1, and for ¢ = 1 it is symmetric
and is identical to the logistic. The mode of the distribution is given by fig; = it + oIn(c).>

The mean and the variance of the Type I generalized logistic distribution exist and are given
by

oL =+ (v + w(@))o,

2 4.30
oo = [I— + l,u'(c)] o2. ( )

6

32 The hyperbolic secant function is given by sech(x) = 2/ (exp(x) + exp(—x)) for x € R.

33 In fact, skewness for the Type I generalized logistic is:
W"(c) +2¢(3)
i R—

% +y'(c)

S GL

where " (c) is the second derivative of the y function, i.e., the third derivative of the log of the gamma function.
The Riemann zeta function is given by {(s) = >.x; 1/k®, where {(3) = 1.20205690 is also known as Apéry’s
constant after Roger Apéry who proved that it is an irrational number. For ¢ = 1 the numerator is zero, and for c < 1
(c>1) it is negative (positive).
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The term y is Euler’s constant, while w(c) is the digamma function and y/(c) its first derivative,
the so called trigamma function.* In Matlab, y(c) and its derivatives can be computed through
the function psi. But since this function was not present until version 6.5 of Matlab, the func-
tions DiGamma and TriGamma are included in YADA, using the algorithms in Bernardo (1976)
and Schneider (1978), 1respectively.35

The logistic distribution is compared with the normal distribution in the upper right panel of
Figure 2. Focusing on a mean of zero, we find that the height of the symmetric logistic (c = 1) is
greater than the height of the normal close to the mean. Between around one and 2.5 standard
deviations away from the mean of the normal the height of the normal is somewhat greater than
that of the logistic, whereas further out in the tails the height of the logistic is greater than the
height of the normal. As ¢ < 1 the distribution becomes left-skewed (green dash-dotted line),
and for ¢ > 1 it is right-skewed (magenta dotted line). The skewness effect in Figure 2 seems to
be larger in absolute terms when ¢ < 1 than when ¢ > 1. This is also confirmed when applying
the skewness formula. For ¢ = 0.5 we find that skewness is approximately —2.19, whereas for
¢ = 1.5 (c = 100) it is roughly 0.61 (1.45). As c becomes very large, skewness appears to
converge to around 1.46. Hence, a higher degree of left-skewness than right-skewness can be
achieved through the Type I generalized logistic distribution.

4.2.11. Gumbel Distribution

A random variable z is said to have a Gumbel distribution with location parameter u € R and
scale parameter ¢ > 0, denoted by z ~ Gu(y, o), if and only if its density function is

pou(z|p,0) = %exp(—z;u) exp(—exp(—%) ) (4.31)

The Gumbel distribution is the most common of the three types of Fisher-Tippett extreme
value distribution. It is therefore sometimes called the Type I extreme value distribution. The cdf
of the Gumbel is given by

o —
Fou(z|p, 0) =exp(—exp(— G'U)). (4.32)
The Gumbel distribution is right-skewed for z and therefore left-skewed for x = —z. The
mean and the variance exist and are given by:

Hou = [+ YO,

52 = gz_2 52 (4.33)
Gu 6 :

Skewness is roughly equal to 1.1395, while excess kurtosis is exactly 12 /5.3 The mode is given

by the location parameter fig, = p, while the median is g — o In(In(2)); see Johnson, Kotz, and
Balakrishnan (1995).

A few examples of the Gumbel distribution have been plotted in the lower left panel of
Figure 2. It is noteworthy that a shift in the mean for fixed standard deviation implies an equal
size shift in the location parameter p. This is illustrated by comparing the solid blue line for
Gu(0, 1) to the dash-dotted green line for Gu(1,1). This is a direct consequence of equation
(4.33), where du /dug, = 1. Moreover, and as also implied by that equation and the fact that

34 Euler’s constant, also known as the Euler-Mascheroni constant, is defined as y = lim,_q[H, — Inn], where
H, = ZZ:I 1/k is a harmonic number. For Euler’s constant we know that y = —w(1) =~ 0.57721566. This number
was calculated to 16 integers by Euler in 1781, Mascheroni calculated it to 32 by 1790, although only the first 19
were later shown to be correct; see Havil (2003, p. 89-90). It has now been calculated to at least 2 billion digits.
Still, it is not known if this constant is irrational. The digamma function is, as the name suggests, the logarithmic
derivative of the gamma function. It may also be noted that y/(1) = 72 /6.

35 The algorithm also makes use of modifications suggested by Tom Minka in the functions digamma.m and
trigamma.m from the Lightspeed Toolbox. See https://github.com/tminka/lightspeed for details.

36 To be precise, skewness is given by Sg, = 12v/6¢(3) /73, where ¢(3) is equal to Apéry’s constant; cf. footnote 33.
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u is the mode, a higher (lower) standard deviation for fixed mean results in a lower (higher)
mode, i.e., dfig, /dogy = —yV6/7 ~ —0.45.

4.2.12. Pareto Distribution

A random variable z > b is said to have a Pareto distribution with shape parameter a > 0 and
location parameter b > 0, denoted by z ~ P(a, b), if and only if its pdf is equal to

pp(z|a,b) = ab®z~@tD, (4.34)

This distribution was originally used by Vilfredo Pareto to describe the allocation of wealth
among individuals. The idea was to represent the “80-20 rule”, which states that 20 percent of
the population control 80 percent of the wealth. The power law probability distribution has the
simple cdf

b a
Fp(zla,b) =1 — (;) . (4.35)

The mode of the distribution is b and the density declines exponentially toward zero as z
becomes larger. The mean exists if a > 1, while the variance exists if a > 2. The central
moments are then given by

3 ab?
C(a-1)2(a-2)
Moreover, if a > 3 then skewness exists and is given by:

_2(a+1)va-—2
(@a-3)va =
Since Sp > 0 it follows that the distribution is right-skewed. Moreover, Sp is a decreasing
function of a and Sp — 2 as a — co.
The Pareto distribution is plotted for a 3 parameter case in the lower right panel of Figure 2.
The third parameter is called the origin parameter, c, and is applied such that z = ¢ + x, where
x ~ P(a,b). In other words, the density function for g is given by

pp(zla,b,c) = ab®(z — ¢)~@D,

Comparing the baseline case where z ~ P(3,2/3,0) (blue solid line) to the case when ¢ = —b
(red dashed line) it is clear that the origin parameter merely affects the lower bound of the
distribution. On the other hand, a drop of the shape parameter a from 3 to 2 (green dash-
dotted line) lowers the height of the distribution around the mode and increases the mass of
the distribution in the right tail.®” Finally, an increase in b has no effect on skewness and, hence,
it increases the height of the distribution over its support.

2
Op

Sp

4.2.13. Discussion

YADA needs input from the user regarding the type of prior to use for each parameter it should
estimate. In the case of the beta, normal, logistic, and Gumbel distributions the parameters
needed as input are assumed to be the mean and the standard deviation. If you wish to have
a general beta prior you need to provide the upper and lower bounds as well or YADA will set
these to 1 and 0, respectively. If you wish to have a Type I generalized logistic distribution you
need to provide the shape parameter c in (4.28).

37 Excess kurtosis is also a function of a only. Specifically, provided that a > 4 it is given by:

6(a3+a2—6a—2)

K= a(a2 —7a+ 12)

It can be shown that excess kurtosis is a decreasing function of a and that Kp — 6 from above as a — oo.
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For the gamma and the left truncated normal distribution, the parameters to assign values for
are given by 1, 6, and a lower bound c. For the gamma distribution this the first two parameters
are the mean and the standard deviation, while for the left truncated normal they are defined
in equation (4.20) and are the location and scale parameters, respectively.

Similarly, for the inverted gamma distribution the parameters to select values for are s, q,
and a lower bound c. The s parameter is, as mentioned above, a location parameter and q is
a degrees of freedom parameter that takes on integer values. The location parameter s can,
e.g., be selected such that the prior has a desired mode. Relative to equation (4.11) we are
now dealing with the location parameter (s — ¢) and the random variable (o — ¢) since the
density is expressed for a random variable that is positive. The mode for this parameterization
is fig = s(q/(q+ 1D ?+c(1 - (q/(q+1NV.

As can be expected, the uniform distribution requires the lower and upper bound, i.e., a and
bin (4.22).

For the the Student-t, the required parameters are p, o, and d, while the Cauchy only takes
the first two parameters. Finally, the Pareto distribution takes the shape and location parameters
(a,b). In addition, YADA also accepts an origin parameter ¢ which shifts z by a constant, i.e.,
y = z + ¢, where g ~ P(a,b). This means that y > b + ¢, i.e., b + c is both the mode and the
lower bound of y.

For all distributions but the beta, gamma, logistic, and Gumbel there is no need for internally
transforming the distribution parameters. For these 4 distributions, however, transformations
into the a and b parameters (u and o for the logistic and Gumbel) are needed, using the mean
and the standard deviation as input (as well as the shape parameter c for the logistic). YADA has
4 functions that deal with these transformations, MomentToParamGammaPDF (for the gamma),
MomentToParamStdbetaPDF (for the standardized beta), MomentToParamLogisticPDF (for the
logistic), and MomentToParamGumbelPDF (for the Gumbel distribution). These functions take
vectors as input as provide vectors as output. The formulas used are found in equations (4.8)
and (4.16) above for the gamma and the beta distributions, the inverse of (4.27) for the logistic
distribution, i.e., g = u; and o = (V3 /1o, when ¢ = 1, the inverse of (4.30) when ¢ # 1, and
the inverse of (4.33) for the Gumbel distribution. Since YADA supports a lower bound that can
be different from zero for the gamma prior, the mean minus the lower bound is used as input
for the transformation function MomentToParamGammaPDF. Similarly, the mean and the standard
deviation of the standardized beta distribution are computed from the mean and the standard
deviation as well as the upper and lower bounds of the general beta distribution. Recall that
these relations are pgpg = (g —¢)/(d — ¢) and 6sg = 65/ (d — ¢).

4.3. Random Number Generators

For each prior distribution that YADA has direct support for, it can also provide random draws.
These draws are, for instance, used to compute impulse responses based on the prior distribu-
tion. In this subsection, the specific random number generators that YADA makes use of will be
discussed.

The basic random number generators are given by the rand and randn Matlab function.
The first provides draws from a standardized uniform distribution and the second from a
standardized normal distribution. Supposing that p ~ U(0, 1) it follows by the relationship
p=(z—a)/(b—a), where b > a are the upper and lower bound for z that

z=a+ (b— a)p.

Hence, random draws for z are obtained by drawing p from U (0, 1) via the function rand and
computing 2z from the above relationship.

Similarly, with x ~ N(0,1) and x = (z — y) /¢ it follows that random draws for z ~ N(0, 62)
can be obtained by drawing x from N(0, 1) via the function randn and using the relationship
2=+ o0x.

To obtained draws of z from LTN (i, 0, c) YADA uses a very simple approach. First of all, x
is drawn from N(u,c2). All draws such that x > c are given to z, while the draws x < c are
discarded.
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If z ~ G(a,b), then YADA checks if the Statistics Toolbox is available on the computer. If its
existence is confirmed, then the function gamrnd is used. On the other hand, if this toolbox
is missing, then YADA uses the function YADARndGammaUnitScale function to obtained x ~
G(a, 1), while z = bx ~ G(a,b) follows from this relationship. The function that draws from
a gamma distribution with unit scale (b = 1) is based on the function rgamma from the Stixbox
Toolbox by Anders Holtsberg.?®. Since gamma distributed random variables can have a lower
bound (c) different from zero, this parameter is added to the gamma draws.

Similarly, to obtain draws from a beta distribution, YADA first checks if the Statistics Toolbox
is available. If the test provides a positive response the function betarnd is used to generate
z ~ B(a,b). With a negative response to this test, YADA uses the random number generator
for the gamma distribution for y; ~ G(a,1) and y, ~ G(b,1), and determines z from gz =
y1/ (y1+ y2). For both cases, YADA makes use of the relationship x = ¢+ (d — ¢)z, with d > c.
It now follows that x ~ B(a, b, c,d).

Furthermore, to draw z ~ IG(s, q) YADA again makes use of the gamma distribution. First of
all, the pair (a,b) = (q/2,2/qs?) is computed such that z ~ IG(a, b) = IG(s, q). Using the fact
that z being IG(a, b) is equivalent to x = 272 ~ G(a,b). Hence, x is drawn from the gamma
distribution, while z = 1/ /.

For the Cauchy and, more generally, the Student-t we make use of the result that the stan-
dardized Student-t density is given by the ratio between the standardized normal density and
the density of \/z/q where z ~ Xé; see, e.g., Bauwens et al. (1999, p. 318). That is, we let
y1 ~ N(0,1) and y5 ~ G(d/2,2) and let x = y14/d/y>. This means that x ~ t(0,1,d).
Finally, the get the random draws z ~ t(u, o, d) we employ the relationship z = u + ox. Again,
random draws from the Cauchy distribution C(u, 0) are given by setting d = 1 for the draws
from the Student-t distribution; see, e.g, Gelman et al. (2004, Appendix A, p. 581).%

To obtain draws from the multivariare Student-t distribution, YADA makes use of the second
algorithm in Bauwens et al. (1999, Section B.4.2, p. 320), with s =v =d and £ = M~ !. That is,
it takes the lower triangular Choleski decomposition of ¥ and calls it C, i.e. CC’ = 3. We now let
y1 ~ N(O,I;) and y, ~ G(d/2,2) and let x = y14/d/ y>. This means that x ~ T, (0, I;,d). The
variable z ~ T, (u, %, d) is now obtained from the transformation z = u + Cx. For low degrees
of freedom, one usually needs a lot of draws to simulate the multivariate Student-t distribution
well with this algorithm.

To obtain random draws from the Type I generalized logistic distribution, YADA makes use
of the cdf in equation (4.29). That is, we replace Fg1 (z|u, 0, c) with p ~ U(0, 1) and compute z
by inverting the cdf. This provides us with

1
z=,u—oln(p1/C —1).
The same approach is used for the Gumbel and the Pareto distributions. By inverting (4.32)
we obtain

Z=U— Gln(ln(p) ),
where p ~ U(0, 1). It now follows that z ~ Gu(y, o).
Similarly, by inverting equation (4.35), and taking the origin parameter into account, it is
straightforward to show that
1

Z=C+bm.

38 The Stixbox Toolbox can be download from https://forge.scilab.org/index.php/p/stixbox/.

39 The Statistics Toolbox comes with the function trnd which returns draws from the standardized Student-t distri-
bution t(0, 1, d). This function is not used by YADA and the main reason is that it does not seem to improve upon the
routines provided by YADA itself. In fact, for small d many draws from the Student-t appear to be extremely large or
small. To avoid such extreme draws, YADA excludes all draws that are outside the range [y — 60, u + 65]. While the
choice of 6 times the scale factor is arbitrary, this seems to work well in practise. In particular, when estimating the
density via a kernel density estimator using, e.g, and Epanechnikov or normal kernel, the resulting density seems to
match a grid-based estimator of the Student-t density very well when based on occular inspection.
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With p ~ U(0, 1) we find that z ~ P(a, b, c).

4.4. System Priors

The priors considered so far are straightforward to use in settings where the parameters are
independent. Such a property is standard in DSGE modelling and is used because of its conve-
nience. At the same time, independent prior for the structural parameters is often at odds with
what we a prior expect. For example, the parameters o. and X in the log-linearized consumption
equation (2.18) of the Smets and Wouters model are likely to be a priori correlated since they
both measure aspects of the consumer’s preferences. At the same time, it is not obvious how to
model such dependence between parameters as economic theory gives little or no guidance.

Although correlations between structural parameters can be introduced in many ways, one
natural approach is to consider a particular model or system feature which a researcher would
like to condition the empirical analyses on. Several papers have introduced ways that such
information can be accounted for in DSGE models, giving it different names. Del Negro and
Schorfheide (2008) suggest an approach for introducing beliefs about steady-state relation-
ships and second moments of the endogenous variables. Christiano, Trabandt, and Walentin
(2011) consider what they refer to as endogenous priors and focus on the population standard
deviations of the observed variables, while Andrle and Benes (2013) more broadly discuss what
they call system priors and which include priors about, e.g., the sacrifice ratio, conditional and
unconditional population moments of the model, policy scenarios, impulse respones function,
and frequency response functions and spectral characteristics.

YADA uses this latter terminology and refers to a system prior as the researcher’s prior be-
liefs about some system characteristic which can be modelled with a suitable density function
conditional on the DSGE model parameters. For example, a researcher may wish to condition
the DSGE model on the prior that the standard deviation of real GDP growth has mean 0.5.
This can, for example, be achieved by assuming that the population standard deviation has an
inverted gamma distribution with mean 0.5 and a variance that suitably captures the prior un-
certainty about this mean. For example, letting s = 0.46 and q = 10 for the inverted gamma
parameterization in equation (4.11) gives a mean ;g ~ 0.4985 and o;6 ~ 0.1264, which may
serve the intended purpose well.

Let w denote the system properties we would like to control with the system prior, where
w = h(0) for a known function 0. As in Andrle and Bene$ (2013) we assume that w is endowed
with a complete probabilistic model with hyperparameters ®,. The likelihood function for w
is given by p(®,,|60, h), while p(0) is the original prior density for the DSGE model parameters.
This function is typically a product of marginal prior distributions of the individual DSGE model
parameters. The full system prior of w and 0 is now

p(9|<Pw,h) ocp(<1>w|9,h)p(9), (4.36)

and where p(0) is the marginal distribution of 6. In the inverted gamma example above, ®,, =
(16, 016) or, equivantently, ®,, = (s, q), while h is the function that gives the standard deviation
of real GDP growth based on the DSGE model parameters.

When estimating the 6 parameters, we are interested in the prior density of 6 conditional on
®,,. Using Bayes theorem, as in Section 4.1, we find that
p(®.16,h)p(6)

p (q)wlh)
This means that the marginal prior likelihood of the hyperparameters ®, needs to be deter-
mined.

Taking a step back first, notice that direct sampling of the DSGE model parameters 6 from
the density in equation (4.37) is not possible since its analytical form is generally unknown.
This sampling problem is analogous to the problem of sampling from the posterior distribution,
discussed below in Section 8. In fact, we may use the Markov Chain Monte Carlo (MCMC)
methods from posterior simulation for system prior sampling, where p(®,|0, h) replaces the
likelihood function for the posterior simulator. Furthermore, the system prior mode can be

p(0]|®,,h) = (4.37)
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estimated using the joint log prior kernel of the right hand side in (4.36) using, for example,
numerical optimization. The likelihood p(®,,|0, h) is typically rapidly calculated once h(6) has
been determined. For example, if h is a vector of population standard deviations of the observ-
able variables conditional on 6, then the main computational part of the system prior is to solve
the DSGE model.

Once prior draws have been obtained via a suitable sampler, the marginal prior likelihood
p(®4|h) can be estimated with, e.g., the algorithms discussed below in Section 10. This com-
putation is actually only relevant when the researcher is interested in the marginal likelihood
of the observed data, since the constant p(®,|h) needs to be accounted for this estimate. In
contrast, posterior mode estimation or posterior simulation are not affected by this constant.

4.5. YADA Code

The density functions presented above are all written in natural logarithm form in YADA. The
main reason for this is to keep the scale manageable. For example, the exponential function
in Matlab, like any other computer software available today, cannot deal with large or small
real numbers. If one attempts to calculate e’°° one obtains exp(700) = 1.0142e+304, while
exp(720) = Inf. Furthermore, and as discussed in Section 4.2.2, the gamma and beta func-
tions return infinite values for large (and finite) input values, while the natural logarithm of
these functions return finite values for the same large input values.

4.5.1. logGammaPDF

The function logGammaPDF calculates In pg(z|a,b) in (4.7). Required inputs are z, a, b, while
the output is 1nG. Notice that all inputs can be vectors, but that the function does not check
that the dimensions match. This is instead handled internally in the files calling or setting up
the input vectors for 1ogGammaPDF.

4.5.2. logInverseGammaPDF

The function logInverseGammaPDF calculates In p;s (0ls, ) in (4.11). Required inputs are sigma,
s, q, while the output is 1nIG. Notice that all inputs can be vectors, but that the function does
not check that the dimensions match. This is instead handled internally in the files calling or
setting up the input vectors for logInverseGammaPDF.

4.5.3. logBetaPDF

The function logBetaPDF calculates In pg(z|a,b,c,d) in (4.14). Required inputs are z, a, b, c,
and d, while the output is 1nB. Notice that all inputs can be vectors, but that the function does
not check that the dimensions match. This is instead handled internally in the files calling or
setting up the input vectors for logBetaPDF.

4.5.4. logNormalPDF

The function logNormalPDF calculates In py(z|p, 0) in (4.19). Required inputs are z, mu, sigma,
while the output is 1nN. Notice that all inputs can be vectors, but that the function does not check
that the dimensions match. This is instead handled internally in the files calling or setting up
the input vectors for logNormalPDF.

4.5.5. logLTNormalPDF

The function logLTNormalPDF calculates In p;rn (2|, 0,¢) in (4.20). Required inputs are z, mu,
sigma, c, while the output is 1InLTN. This function calls the PhiFunction described below. Notice
that the function does not check if z > c holds. This is instead handled by the functions that
call logLTNormalPDF.

4.5.6. logUniformPDF

The function 1ogUniformPDF calculates In Py (z|a, b) in (4.22), i.e., the log height of the uniform
density, i.e., —In(b — a). The required inputs are a and b, where the former is the lower bound
and the latter the upper bound of the uniformly distributed random vector z.
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4.5.7. logStudentTA1tPDF

The function logStudentTA1tPDF calculates In ps(z|u, 0,d) in (4.23), i.e., the log height of the
Student-t density. The required input variables are z, mu, sigma, and df, while the output is 1nS.
Notice that all inputs can be vectors, but that the function does not check that the dimensions
match. This is instead handled internally in the files calling or setting up the input vectors for
logStudentTA1tPDF.

4.5.8. logCauchyPDF

The function logCauchyPDF calculates In pc(z|u, 0) in (4.24), i.e., the log height of the Cauchy
density. The required input variables are z, mu, and sigma, while the output is 1nC. Notice that
all inputs can be vectors, but that the function does not check that the dimensions match. This
is instead handled internally in the files calling or setting up the input vectors for logCauchyPDF.

4.5.9. loglLogisticPDF

The function logLogisticPDF calculates In pgr (z|y, 0,c) in (4.28), i.e., the log height of the
(Type I generalized) logistic density. The required input variables are z, mu, sigma and c, while
the output is 1nL. Notice that all inputs can be vectors, but that the function does not check that
the dimensions match. This is instead handled internally in the files calling or setting up the
input vectors for logLogisticPDF.

4.5.10. logGumbelPDF

The function logGumbelPDF calculates In pg, (2|, 0) in (4.31), i.e., the log height of the Gumbel
density. The required input variables are z, mu, and sigma, while the output is 1nGu. Notice that
all inpute variables can be vectors, but that the function does not check that the dimensions
match. This is instead handled internally in the files calling or setting up the input vectors for
logGumbelPDF.

4.5.11. logParetoPDF

The function logParetoPDF calculates In pp(z|a,b) in (4.34), i.e., the log height of the Pareto
density. The required input variables are z, a, and b, while the output is 1nP. Notice that all
inputs can be vectors, but that the function does not check that the dimensions match. This is
instead handled internally in the files calling or setting up the input vectors for logParetoPDF.

4.5.12. PhiFunction

The function PhiFunction evaluates the expression for ®(a) in (4.21). The required input is
the vector a, while the output is PhiValue, a vector with real numbers between 0 and 1.

4.5.13. GammaRndFcn

The function GammaRndFcn computes random draws from a gamma distribution. The function
takes two required input variables, a and b. These contain the shape and the scale parameters
from the gamma distribution with lower bound 0 and both are treated as vectors; see equation
(4.7). Notice that the function does not check that the dimensions of a and b match. An
optional input variable for total number of draws, NumDraws, is also accepted. The default value
for this integer is 1. The algorithms used by the function are discussed above in Section 4.3.

The function provides one output variable, z, a matrix with row dimension equal to the length
of a and column dimension equal to NumDraws.

4.5.14. InvGammaRndFcn

The function InvGammaRndFcn computes random draws from an inverted gamma distribution.
The function takes two required input variables, s and q. These contain the location and degrees
of freedom parameters from the inverted gamma distribution with lower bound 0 and both
are treated as vectors; see equation (4.11). Notice that the function does not check that the
dimensions of s and q match. An optional input variable for total number of draws, NumDraws,
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is also accepted. The default value for this integer is 1. The algorithms used by the function are
discussed above in Section 4.3.

The function provides one output variable, sigma, a matrix with row dimension equal to the
length of s and column dimension equal to NumDraws.

4.5.15. BetaRndFcn

The function BetaRndFcn computes random draws from a beta distribution. The function takes
4 required input variables, a, b, c and d. These contain the shape parameters as well as the
lower and upper bound from the beta and are all treated as vector; see equation (4.14). The
function does not check if the dimensions of these variables match; this is instead handled by
the function that calls it. An optional input variable for total number of draws, NumDraws, is
also accepted. The default value for this integer is 1. The algorithms used by the function are
discussed above in Section 4.3.

The function provides one output variable, x, a matrix with row dimension equal to the length
of a and column dimension equal to NumDraws.

4.5.16. NormalRndFcn

The function NormalRndFcn computes random draws from a normal distribution. The func-
tion takes two required input variables, mu and sigma. These contain the mean (location) and
standard deviation (scale) parameters; see equation (4.19). The function does not check if the
dimensions of these variables match; this is instead handled by the function that calls it. An
optional input variable for total number of draws, NumDraws, is also accepted. The default value
for this integer is 1. The algorithm used by the function is discussed above in Section 4.3.

The function provides one output variable, z, a matrix with row dimension equal to the length
of mu and column dimension equal to NumDraws.

4.5.17. LTNormalRndFcn

The function LTNormalRndFcn computes random draws from a left truncated normal distribu-
tion. The function takes 3 required input variables, mu, sigma and c. These contain the location,
scale and lower bound (left truncation) parameters; see equation (4.20). The function does
not check if the dimensions of these variables match; this is instead handled by the function
that calls it. An optional input variable for total number of draws, NumDraws, is also accepted.
The default value for this integer is 1. The algorithm used by the function is discussed above in
Section 4.3.

The function provides one output variable, z, a matrix with row dimension equal to the length
of mu and column dimension equal to NumDraws.

4.5.18. UniformRndFcn

The function UniformRndFcn computes random draws from a uniform distribution. The func-
tion takes two required input variables, a and b. These contain the lower and upper bound
parameters; see equation (4.22). The function does not check if the dimensions of these vari-
ables match; this is instead handled by the function that calls it. An optional input variable for
total number of draws, NumDraws, is also accepted. The default value for this integer is 1. The
algorithm used by the function is discussed above in Section 4.3.

The function provides one output variable, z, a matrix with row dimension equal to the length
of a and column dimension equal to NumDraws.

4.5.19. StudentTAltRndFcn

The function StudentTAltRndFcn computes random draws from a Student-t distribution. The
function takes 3 required input variables, mu, sigma and d. These contain the location, scale
and degrees of freedom parameters; see equation (4.23). The function does not check if the
dimensions of these variables match; this is instead handled by the function that calls it. An
optional input variable for total number of draws, NumDraws, is also accepted. The default value
for this integer is 1. The algorithm used by the function is discussed above in Section 4.3.
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The function provides one output variable, z, a matrix with row dimension equal to the length
of mu and column dimension equal to NumDraws.

4.5.20. CauchyRndFcn

The function CauchyRndFcn computes random draws from a Cauchy distribution. The function
takes two required input variables, mu and sigma. These contain the location and scale param-
eters; see equation (4.24). The function does not check if the dimensions of these variables
match; this is instead handled by the function that calls it. An optional input variable for to-
tal number of draws, NumDraws, is also accepted. The default value for this integer is 1. The
algorithm used by the function is discussed above in Section 4.3.

The function provides one output variable, z, a matrix with row dimension equal to the length
of mu and column dimension equal to NumDraws.

4.5.21. MultiStudentTRndFcn

The function MultiStudentTRndFcn generates a desired number of draws from the multivariate
Student-t distribution. As input the function needs mu, CholSigma, and d. These contain the
location vector pu, the lower triangular Choleski decomposition of the positive definite scale
matrix X, and degrees of freedom parameter d, respectively; see equation (4.25). The last
input, NumDraws, is optional and defaults to 1.

As output the function gives z, a matrix with as the same number of rows as the dimension
of the mean and number of columns gives by NumDraws.

4.5.22. LogisticRndFcn

The function LogisticRndFcn computes random draws from a Type I generalized logistic dis-
tribution. The function takes 3 required input variables, mu, sigma and c. These contain the
location, scale and shape parameters; see equation (4.28). The function does not check if the
dimensions of these variables match; this is instead handled by the function that calls it. An
optional input variable for total number of draws, NumDraws, is also accepted. The default value
for this integer is 1. The algorithm used by the function is discussed above in Section 4.3.

The function provides one output variable, z, a matrix with row dimension equal to the length
of mu and column dimension equal to NumDraws.

4.5.23. GumbelRndFcn

The function GumbelRndFcn computes random draws from a Gumbel distribution. The function
takes two required input variables, mu and sigma. These contain the location and scale param-
eters; see equation (4.31). The function does not check if the dimensions of these variables
match; this is instead handled by the function that calls it. An optional input variable for to-
tal number of draws, NumDraws, is also accepted. The default value for this integer is 1. The
algorithm used by the function is discussed above in Section 4.3.

The function provides one output variable, z, a matrix with row dimension equal to the length
of mu and column dimension equal to NumDraws.

4.5.24. ParetoRndFcn

The function ParetoRndFcn computes random draws from a Pareto distribution. The function
takes two required input variables, a and b. These contain the shape and location parameters;
see equation (4.34). The function does not check if the dimensions of these variables match;
this is instead handled by the function that calls it. An optional input variable for total number
of draws, NumDraws, is also accepted. The default value for this integer is 1. The algorithm used
by the function is discussed above in Section 4.3. Since the function is based on a zero value
for the origin parameter, it can be added to the draws as needed.

The function provides one output variable, z, a matrix with row dimension equal to the length
of a and column dimension equal to NumDraws.
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5. THE KaLMAN FILTER

The solution to a log-linearized DSGE model can be written as a VAR model, where some of the
variables may be unobserved. This suggests that any approach to estimation of its parameters is
closely linked to estimation of state-space models. In the case of DSGE models, the solution of
the model is represented by the state equation, while the measurement equation provides the
link from the state (or model) variables into the observable variables, the steady-state of the
DSGE model, and possible measurement errors.

The Kalman filter was originally developed by Kalman (1960) and Kalman and Bucy (1961)
to estimate unobserved variables from observables via a state-space structure. A classic example
for its use concern tracking a satellite’s orbit around the earth. The unknown state would then
be the position and speed of the satellite at a point in time with respect to a spherical coordi-
nate system with the origin at the center of the earth. These quantities cannot be measured
directly, while tracking stations around the earth may collect measurements of the distance to
the satellite and the angles of measurement. The Kalman filter not only provides an optimal
estimate (in a mean-squared error sense) of the position and speed of the satellite at the next
instant in time, but also an optimal estimate of its current position and speed.

The output from the Kalman filter can also be used to compute the sample log-likelihood
function of the data for a given set of parameter values, i.e., In p(Y|0), once we have made
distributional assumptions about the noise terms in the state-space model. Another by-product
of the filter is an optimal forecast of the observed variables in the model. The notation used
in this section follows the notation in Hamilton (1994, Chapter 13) closely, where details on
the derivation of the filter are also found; see also Anderson and Moore (1979), Durbin and
Koopman (2012) and Harvey (1989) for details and applications based on the Kalman filter.
For a Bayesian interpretation of the filter, see, e.g., Meinhold and Singpurwalla (1983).

Apart from presenting the standard Kalman filter and smoothing recursions and the calcu-
lation of the log-likelihood function, this Section covers a number of additional aspects. The
estimators of the unobserved variables can be decomposed into shares determined by the in-
dividual observables over the full conditioning sample as well as specific periods in time. It is
thereby possible to analyse which individual observation matter for the estimates of unobserved
variables, such as the output gap. Estimation of the conditional distribution of the entire sam-
ple of the unobserved variables is handled by the so called simulation smoother. Furthermore,
numerical aspects can be improved on by relying on square root filtering and smoothing. The
issue of missing observations is easily dealt with in state-space models and is briefly discussed.
Moreover, the issue of initialization is dealt with, where the case of exact diffuse initialization
gives rise to modifications of the filtering and smoothing recursions during an initial sample.
Finally, it is possible to express the multivariate filtering and smoothing problems as univariate
problems and thereby avoid certain matrix inversions and other possibly large matrix manipu-
lations. This suggests that the univariate approach may improve computational speed as well
as numerical accuracy, especially under diffuse initialization.

5.1. The State-Space Representation

Let y; denote an n-dimensional vector of variables that are observed at date t. The measurement
(or observation) equation for y is given by:

Yt = A,Xt + H’gt + Wy. (51)

The vector x; is k-dimensional and contains only deterministic variables. The vector ¢; is r-
dimensional and is known as the state vector and contains possibly unobserved variables. The
term w; is white noise and is called the measurement error.
The state (or transition) equation determines the dynamic development of the state variables.
It is here given by:
§t = Fée—1 + v, (5.2)
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where F is the state transition matrix. The term v; is white noise and it is assumed that v; and
wy are uncorrelated for all t and T, with

fort =1,
Elvvi] = Q
0 otherwise,
while
Rfort=r1,
Elww.] =

0 otherwise.

The parameter matrices are given by A (k xn), H (r xn), F (r Xxr), Q (r xr), and R (n X n).
These matrices are known once we provide a value for 0. To initialize the process described by
(5.1) and (5.2), it is assumed that ¢; is uncorrelated with any realizations of v; or w;.

5.2. The Kalman Filter Recursion

Let Y¢ = {y¢, Ye-15-+-> Y1, Xt Xt—1,- .., X1} denote the set of observations up to and including
period t. The Kalman filter provides a method for computing optimal 1-step ahead forecasts
of y: conditional on its past values and on the vector x; as well as the associated forecast
error covariance matrix.*’ These forecasts and their mean squared errors can then be used to
compute the value of the log-likelihood function for y. Given the state-space representation in
(5.1) and (5.2), it can directly be seen that the calculation of such forecasts requires forecasts
of the state vector {; conditional on the observed variables.

Let {:,1)r denote the linear projection of {1 on Y. The Kalman filter calculates these fore-
casts recursively, generating {1)o, §2j1, and so on. Associated with each of these forecasts is a
mean squared error matrix, represented by

Pt+1|t = E[@H—l - §t+1|t) Gev1 — §t+1|t)’]~

Similarly, let y:.—; be the linear projection of y: on Y, and x;. From the measurement
equation (5.1) and the assumption about w; we have that:

Yeje—1 = A'xe + H' 81 (5.3)
The forecast error for the observed variables can therefore be expressed as
Ye = Yeje-1 = H' (§t - §t|t—1) + we. (5.4)

It follows that the 1-step ahead forecast error covariance matrix for the observed variables is
given by
E[(e = Y- e = Yee-1)'] = Zy o1 = H'Pyer H + R (5.5)
To compute the forecasts and forecast error covariance matrices for the observed variables (y;)
we therefore need to know the sequence of forecasts and forecast error covariance matrices of
the state variables (&;).
Projecting the state variables in period t + 1 on Y; we find from equation (5.2) that

Ser1le = Féeie (5.6)

where &, is called the updated or filtered value of {;. From standard results on linear projections
(see, e.g., Hamilton, 1994, Chapter 4.5), the updated value of ¢; relative to its forecasted value
is given by:

Stle = Gefe—1 + Pt|t—1HZ;’1t|t_1 (}’t — Ytlt-1 ) (5.7)
Substituting (5.7) into (5.6), gives us:
Sertle = Féee—1 + Ke(ye — yt|t—l)5 (5.8)
where
K, = det_le;}t't_l, (5.9)

40 The forecasts are optimal in a mean squared error sense among any functions of (x;, Y;—1).
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is known as the Kalman gain matrix.

The product between P;;_; and H in (5.7) is equal to the covariance matrix for the state
forecast errors, ¢; — ¢¢.—1, and the observed variable forecast errors in (5.4). This means that
the difference between the update and the forecast of state variables (the time t revision to the
time t — 1 forecast) is proportional to the time t forecast error for the observed variables. The
r X n matrix which is premultiplied to the latter error is simply the covariance matrix between
the state and observed variables forecast errors times the inverse of the forecast error covariance
matrix of the observed variables.

From (5.7) it can also be seen that that the update error for the state variables, & — &,
is equal to the forecast error of the state variables minus the impact of the observed variable
forecast error on the state variable update, i.e., the second term of the right hand side of this
equation. Taking the correlation between the forecast errors for the state variables and the
observed variables into accound, the update covariance matrix for the state variables can be
shown to be equal to

Pt|t = Pt|t—1 - Pt|t—1HZ;,lt|t_1Hlpt|t—1- (5.10)
We may alternatively define the update innovation
rge = HE 4y (Ve = yier), (5.11)
so that the Kalman update equation is
Stie = Stle—1 + Prje—1Tt)e- (5.12)
It may be noted that r;; has mean zero and covariance matrix H Z;ld . H'. This innovation will

be shown to be useful below when we are interested in computing the state equation innovations
conditional on Y;.
To complete the filter, it remains to calculate Py, q. It is straightforward to relate this matrix
to P;; through
Pryy) = FPyF + Q. (5.13)
There are several ways to compute P, matrix using P,;—; and one is based on the Kalman
gain matrix. This updating formula states that

Py = (F — KeH' )Py (F — K.H') + K.RK}, + Q. (5.14)

The Kalman gain-based expression for P, follows from noticing the that difference between
the state variables at t + 1 and the forecast can be expressed as

St+1 — Grr1pe = (F - KtH,)(gt - §t|t—1) — Kewe + vy
This relationship is obtained by using equation (5.8) for {1, the state equation for &1, and
the measurement equation for y;. The three terms on the right hand side are uncorrelated
conditional on the information at t, thus yielding (5.14).

To summarize, the Kalman filter recursions for forecasting the state variables are given by
(5.8) and (5.14), while equations (5.7) (or (5.11) and (5.12)) and (5.10) are the recursions for
updating the state variables. Finally, equations (5.3) and (5.5) determines the 1-step ahead
forecast and associated error covariance matrix for the observed variables.

5.3. Initializing the Kalman Filter

To run the Kalman filter recursions we now need to have initial values for the state variable
forecast ¢1|o and its covariance matrix Pj|o. To start up the algorithm we may let:

110 = E[&1] = pe.
In a DSGE model, the state variables are measured as deviations from steady state. A candidate
value for pi; is therefore zero so that all state variables are initially in steady state. This candidate

value is, for instance, reasonable when ¢; is covariance stationary, i.e., if all eigenvalues of F
are inside the unit circle. Provided that this is the case, the unconditional covariance matrix
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E[¢] = % exists. From the state equation (5.2) we find that:
S = F:F + Q. (5.15)
The solution to (5.15) is given by

vec(3y) = [L2 — (FOF)] _lvec(Q), (5.16)

where vec is the column stacking operator, and ® the Kronecker product. One candidate for
Py is therefore Z;.

However, if r is large then the calculation of >; in (5.16) may be too cumbersome, especially
if this has to be performed frequently (e.g., during the stage of drawing from the posterior).
In such cases, it may be better to make use of the doubling algorithm. Equation (5.15) is a
Lyapunov equation, i.e., a special case of the Sylvester equation. Letting yo = Q and ap = F we
can express the iterations

Y = Yoy o VX, k=1,2,... (5.17)
where
A = Ap—1Ak—1-
The specification in (5.17) is equivalent to expressing:
2k-1

Yo = >, FIQF'.
j=0

From this relation we can see that limy—., yx = X¢. Moreover, each iteration doubles the number
of terms in the sum and we expect the algorithm to converge quickly since ||a|| should be close
to zero also for relatively small k when all the eigenvalues of F lie inside the unit circle.

Alternatively, it may be better to let Py = cI, for some constant c. The larger c is the less
informative the initialization is for the filter. YADA allows for both alternatives to using equation
(5.16) for initializing P;|o. In addition, the exact treatment of diffuse initialization when ¢ — oo
is discussed in Section 5.14.

5.4. The Likelihood Function

One important reason for running the Kalman filter for DSGE models is that as a by-product it
provides us with the value of the log-likelihood function when the state shocks and the mea-
surement errors have know distributions. The log-likelihood function for yr, yr—1,...,y1 can
be expressed as:

T
lnL(}’T:}’T—l,---,}’I |XT,...,X1 39) = Z lnp(.ytlxt:yt—l;g)) (518)
t=1

by the usual factorization and assumption regarding x;. To compute the right hand side for a
given 0, we need to make some distributional assumptions regarding &1, v, and wy.

In YADA it is assumed that &1, v, and w; are multivariate Gaussian with Q and R being
positive semidefinite. This means that:

1
1np()’t|xt,yt—1; 9) == %111(271') 5 In |Zy,t|t_1| +

1 _
5 (J’t — Ytt-1 ),Zy}t“_l (J’t — Ytt-1 )

The value of the sample log-likelihood can thus be calculated directly from the 1-step ahead
forecast errors of y; and the associated forecast error covariance matrix.

(5.19)

5.5. Smoothed Projections of the State Variables

Since many of the elements of the state vector are given structural interpretations in the DSGE
framework, it is important to use as much information as possible to project this vector. That
is, we are concerned with the smooth projections ¢sr. In equation (5.7) we already have such a
projection for t = T. It thus remains to determine the backward looking projections for t < T.
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Hamilton (1994, Chapter 13.6) shows that the smooth projections of the state vector are
given by:

Stir = &efe + Jt(§t+1|T - §t+1|t): t=1,2,...,T—1, (5.20)
where the Kalman smoothing matrix J; is given by
_ 1p—1
Je = pt|tF pz:+1|t‘

The mean squared error matrix of the smooth projection ¢ is now:
Pyr = Pie + Je(Pevajr = PeieJJ;. (5.21)

To calculate & and Py one therefore starts in period t = T — 1 and then iterates backwards
until t = 1. Derivations of these equations can be found in, e.g., Ansley and Kohn (1982).

The smoothing expression in (5.20) requires that P, is a full rank matrix. This assumption
is violated if, for instance, R = 0 (no measurement errors) and rank(Q) < r with Pjjg = %;. In
this case we may use an eigenvalue decomposition such that P, = SAS’, where Sis r X s,
r > s, A is a diagonal full rank s X s matrix, and S’'S = I;. Replacing J; with

Ji = Py F'S(S'Pry1eS) 1S,

the smoothing algorithm remains otherwise intact; see, e.g., Kohn and Ansley (1983).*

There is an alternative algorithm for computing the smoother which does not require an
explicit expression for the inverse of the state forecast covariance matrix P,,|; see, e.g., De Jong
(1988, 1989), Kohn and Ansley (1989), or Koopman and Harvey (2003). The smoothed state
vector can be rewritten as

Stir = Seje—1 + Pyje—1rer, t=1,2,...,T. (5.22)
The vector ryr is here given by
— /
rgr = HE oy (Ye = Yeem1) + (F = KeH' ) Ty, (5.23)

where rryqr = 0.*2 The only matrix that has to be inverted is %y te—1, the forecast error
covariance matrix of the observed variables, i.e., the same matrix that needs to be invertible
for the Kalman filter to be valid.*® Furthermore, notice that Pyjr—1 times the first term of the

41 To show that P~ = SA™'S’ is a generalized inverse of P = SAS’ we need to establish that PP~P = P; see, e.g.,
Magnus and Neudecker (1988, p. 38). This follows directly from S’S = I, while A~! = (S’PS)~! means that the
generalized inverse may also be written as in the expression for J; .

42 These expressions can be derived by first substituting for ¢, in (5.20) using equation (5.7), replacing J; with

its definition, and substituting for P, from (5.10). Next, we take the definition of the Kalman gain matrix K, into
account and rearrange terms. This gives us (5.22), with

rgr = HZ ) (ve = yoger ) + (F = KtH’)’p:lIt(gm‘T — &), t=1,2,...,T—1. (5.23")
The difference between the smoothed value and the forecast value of ¢, in period t = T — 1 is obtained from (5.7),
yielding
Erir — &rjr—1 = PTlT—lHZ;,,lT‘T,l (}’T — Y1ir-1 )
Subsituting this into (5.23") for t = T — 1 gives us

e HZ;’IT_”T_Z (Yr1 = yrap2) + (F - KT—lHI)IHZ}_/,lﬂT—l (yr = yrir-1)
= HZ;,IT—IIT—Z (}/T—l - yT,1|T,2) + (F _ KT—lHl)lrﬂT,

where ryr = H Z;,lﬂr—l(yT — yrir-1). This implies that (5.23) holds for t = T — 1 and, in addition, for t = T provided
that rr4qr = 0. Notice also that if we substitute the definition of ryr into equation (5.22) for t = T it gives us the
identical expression to what we have in (5.7).

Returning to (5.22) we now have that (§7_1jr — &r-1jr-2) = Pr_1jr—27'r—1jr so that P;—II\T—Z @r-1r = r—1jr—2) = rr_1r-
From (5.23’) we then find that (5.23) holds T — 2 as well. Continuing backwards recursively it can be established
that (5.23) holds fort =1,2,...,T — 1.

43 When the Kalman filter and smoother is used to estimate unobserved variables of the model, then the inverse of
2y ¢t—1 may be replaced with a generalized inverse; see, e.g., Harvey (1989, p. 106). However, a singular covariance
matrix is not compatible with the existence of a density for y,|Y,-1,0. Hence, the log-likelihood function cannot be
calculated for models where X, (., does not have full rank.

—-83-



expression for ryr gives the update part for ¢; relative to the forecast part, while the same matrix
times the second term generates the forward looking part. Hence, the alternative expression
for the smoother has an intuitive interpretation, where the smoother is directly linked to the
information in the data at t — 1, t, and therafter from t + 1 until T.

The mean squared error matrix for the smoothed projections can likewise be expressed as

Pt|T = Pt|t—1 _Pt|t—th|Tpt|t—l: t= 1)2:"')T: (524)

where

_ -1 /
Nyr = HZy,dt_lH’ + (F — K¢H') Negapr (F — KeH'), (5.25)

and Np,qr = 0. It can again be seen that the only matrix that has to be inverted is the
forecast error covariance matrix of the observed variables. Notice also that the first term in the
expression for Ny is related to the update part of the covariance matrix for the state variables,
while the second term is linked to the forward looking part. Moreover, these terms clarify why
Pyr < Py in a matrix sense.

5.6. Smoothed and Updated Projections of State Shocks and Measurement Errors

Smoothing allows us to estimate the shocks to the state equations using as much information
as possible. In particular, by projecting both sides of equation (5.2) on the data until period T
we find that
Vt‘|T = §t‘|T - F§t‘—1|T7 t= 2, ey T. (526)

To estimate v, using the full sample, it would seem from this equation that we require an
estimate of {o7. However, there is a simple way around this issue.

For ¢;_;;r we premultiply both sides of (5.20) with F, subsitute (5.6) for F¢;_;;—;, and re-
place (5.22) for (¢yr — &;r—1). Next, take the definition of J;—; into account and use (5.13) for
FP;_1)e-1F'. These manipulations give us

th—1|T = §t|t—1 + (Pt|t—1 - Q) Tt|T-
At the same time equation (5.22) gives us an expression for ;7. Using (5.26) it follows that
Vt|T = Qrd’]", t= 2, ey T. (5.27)

The variable ryr in (5.22) is therefore seen to have the natural interpretation that when pre-
multiplied by the covariance matrix of the state shock (Q), we obtain the smoothed projection
of the state shock. In other words, rr in (5.22) is an innovation with mean zero and covariance
matrix Nyjr.

Equation (5.27) provides us with a simple means for estimating vy for t = 1 since ryr is
defined for that period. In other words, equation (5.27) can be applied to compute the smooth
projection of the state shocks not only for periods t = 2,..., T but also for period t = 1, i.e.

vir = Qry|r-
To calculate update projections of the state shocks, denoted by v, we need the smooth

projection &;_j|;. Since equation (5.20) holds for all T > t we can replace T with t + 1. Using
the definition of J; and equation (5.7) for (§;11)¢+1 — &t+1)r) We obtain

Stle+1 = el + Pt|tF'HZ;’1t+1|t(yt+1 - }’z:+1|t), t=1,...,T-1. (5.28)

Premultiplying &1 with F, replacing FP,_y,—1 F' with P;;_; —Q (see equation 5.13), and taking
equation (5.6) into account we find that

Fé 1)t = Seje—1 + (Pt|t—1 - Q) HZ;},_,“_l (}’t - yt|t—1) .
It now follows from (5.7) and (5.11) that

vie = QHE o (Ve = yige-1) = Qs £=2,...,T. (5.29)
Hence, the state shock projected on observations up to period t is a linear combination of the

forecast error for the observed variables. Notice also that v is equal to Q times the first term
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on the right hand side of (5.23) and therefore has a natural connection with the smoothed
projection of the state shock.
Moreover, a simple estimator of vy|; is suggested by equation (5.29). Specifically,

vin = QH [H'PioH + R] (1 — A'x1 — H'g10) = Qrap.

Implicitly, this assumes that F¢q|; is equal to

Féop1 = &1j0 + (P1jo — Q)H [H'PioH + R] o (y1—A'x1 —H'¢y).-
It is also interesting to note that the covariance matrix of the updated projection of the state
shock is given by
E[vyvy = QHZ;}t't_lH’Q.
This matrix is generally not equal to Q, the covariance matrix of v;, unless ¢ is observable at t.**
In fact, it can be shown that Q > QH Z;,lfl 1 H 'Q in a matrix sense since the difference between
these matrices is equal to the covariance matrix of (v; — v¢). That is,

E[(ve = vgd (ve =)' 1% =Q—-QH2}, \H'Q, t=1,...T. (5.30)
Moreover, the covariance matrix of the smoothed projection of the state shock is
E[vdTv;'T] = QNyrQ.

From (5.25) if also follows that QN rQ = QHZ;,ldt—lH,Q fort = 1,...,T. Moreover, we find
that

E[0e = vyr) e = ver)[¥r] = Q- QNyrQ, t=1,...,T. (5.31)
Additional expressions for covariance matrices of the state shocks are given in Koopman (1993);
see also Durbin and Koopman (2012, Chapter 4.7).

The measurement errors can likewise be estimated using the sample information once the
update or smoothed state variables have been computed. In both cases, we turn to the mea-
surement equation (5.1) and replace the state variables with the update or smooth estimator.
For the update estimator of the state variables we find that

wie = ye = A'xe —H'gqe = RE (Ve —yygenr), t=1,....T, (5.32)

where we have substituted for update estimate of the state variables using equation (5.7) and
rearranging terms. It follows from (5.32) that the update estimate of the measurement error is
zero when R = 0. Moreover, we find from this equation that the covariance matrix is given by

/ _ -1
E [Wt|tWt|t] - Rzy,t|t—1R'

It follows that R > RZ;lt| ;R in a matrix sense since the difference is a positive semidefinite

matrix. In fact,

E[(we — weo) wWe — wye)'[Ye] =R - Rz;}m_lR, t=1,...,T. (5.33)

It may also be noted that the population cross-covariance matrix for the update estimates of
the state shocks and the measurement errors is given by
E[v,wy,] = QHE Y, R
Unlike the population cross-covariance matrix for the state shocks and measurement errors, this
matrix is generally not zero.
Similarly, the smoothed estimate of the measurement error can be computed from the ma-
surement equation. If we subsitute for the smooth estimate of the state variables and rerrange

44 Observability of ¢ at t means that P,y = 0. From equation (5.13) we therefore know that Py—; = Q. The claim
follows by noting that Py, always satisfies equation (5.10) and that %, ,,-1 = H'QH + R.
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terms
! !
Wyr =Yt —Axe —H §t|T

=R2 4 (e = Y1 = H'Pr F'repr), t=1,...,T.

(5.34)

If the covariance matrix R = 0, then wyr = 0 by construction. Notice also that the covariance
matrix is equal to:

! _ -1 ! 1 -1
E [Wt|TWt|T] =RZ 4 (2y tjt—1 + H' Pye—1 F'Neg1r FPre—1 H) R

=R(Z_1

Ly + KiNeprKe ) R

From this it follows that E [Wt|TW£|T] >E [Wt| tw£| t] in a matrix sense. Moreover,
E [(we — wyr) (we — wyr)'|Yr] = R—R (Z;,lﬂt—l + K{NHHTKt) R, t=1,...,T. (5.35)
The measurement equation can also be extended to the case when the measurement matrix
H is time-varying. With H replaced by H; in (5.1), the filtering, updating, and smoothing
equations are otherwise unaffected as long as H; is treated as known. YADA is well equipped to
deal with a time-varying measurement matrix; see Sections 5.17 and 18.4 for details.

5.7. Multistep Forecasting

The calculation of h-step ahead forecasts of y is now straightforward. From the state equation
(5.2) we know that for any h > 1

Sernlt = Féern—1)e- (5.36)
The h-step ahead forecast of y is therefore:
Yeshle = A'Xern + H' eipe- (5.37)

The mean squared error matrix for the &, p|; forecast is simply:
h—-1
Pesnle = F'Pye(F)" + D FIQ(F")!
t+h|t t|t iZ:o: (5.38)
= FPp1tF' + Q.
Finally, the mean squared error matrix for the y,,y forecast is:

E [(}’t+h = Yesn|e) Vern — yt+h|t)/] = H'PyynH + R. (5.39)

The h-step ahead forecasts of y and the mean squared error matrix can thus be built iteratively
from the forecasts of the state variables and their mean squared error matrix.

5.8. Covariance Properties of the Observed and the State Variables

It is sometimes of interest to compare the covariances of the observed variables based on the
model to the actual data or some other model. It is straightforward to determine these moments
provided that the state vector is stationary, i.e., that the eigenvalues of F are inside the unit
circle. The unconditional covariance matrix for the state vector is then given by X, which
satisfies equation (5.15).

From the state equation (5.2) we can rewrite the first order VAR as follows for any non-
negative integer h:

h—1
&= FMen + Z F'vei. (5.40)
i=0

From this it immediately follows that the autocovariance function of the state variables, given
the parameter values, based on the state-space model is:

E[¢t] ] = F"z,. (5.41)

-86-



The autocovariance function of the observed variables can now be calculated from the mea-
surement equation (5.1). With E[y,] = A’x, it follows that for any non-negative integer h

H'S;H+R, ifh=0,
E [(J’t - Alxt)(}’t—h - Alxt—h)l} = ¢ ' (5.42)
H'Fh >:H, otherwise.

From equations (5.41) and (5.42) it can be seen that the autocovariances tend to zero as h
increases. For given parameter values we may, e.g., compare these autocovariances to those
obtained directly from the data.

5.9. Computing Weights on Observations for the State Variables

The Kalman filter and associated algorithms calculates optimal estimates of the unobserved
state variables using the parameters, the initial conditions for the state variables, and the data
for the observed variables y and x. Since the state-space model is linear, this means that we
expect that the forecast, update and smooth projections of the state variables can be expressed
as weighted sums of the inputs.

Koopman and Harvey (2003) show how such weights can be determined analytically for a
linear state-space model using inputs from the Kalman filter.*> Although the model in (5.1) and
(5.2) is a special case of their setup, the results that they derive are based on the assumption that
the initial value of the state vector, ¢|o, is zero. Since YADA allows for a non-zero initial value
it makes sense to reconsider their approach to this case. In addition, some useful expressions
for how the weights can be computed more efficiently in practise will be considered below.

5.9.1. Weights for the Forecasted State Variable Projections
Letting z; = y: — A’x; and L; = F — K;H' we can rewrite equation (5.8) such that
Evale = L1 + Keze, t=1,...,T—1. (5.43)
Substituting for &¢j¢—1,&¢—1jt—2, - - -, &2)1 in (5.43) and rearranging terms it can be shown that
t

§t+1|t = Z ar(§t+1|t)zr + ﬁO(€t+l|t)€l|05 t=1,...,T -1, (5.44)
=1

where the r X n matrix

ar (§t+1|t) = ﬁr(§t+1|t)Kr, T=1,...,t (5.45)
while the r X r matrix

1oy "L, ifT=0,1,...,t—1,

ﬁr(§t+1|t) = (5.46)

I, ift=t.

Notice that ¢ (§¢—1) = Le—1+++ L1 for T = 0,1,...,t — 1. We can therefore also express this
matrix as

Pr(Ser1e) = LeBe (Ge—1), T=0,1,...t -1
If the intension is to compute the state variable forecasts for all (t = 1,2,...,T — 1), this latter
relationship between B-matrices is very useful in practise. It means that for the forecast of &1
we premultiply all the f-matrices for the forecast of {; by the same matrix L; and then add
Pt (Eri1)e) = I to the set of f-matrices.

4> Their version of the state-space model allows the matrices H, R, F, and Q to be time-varying and known for all
t=1,...,T when t > 1. See also Gémez (2007) for conditions when the weighting matrices of Koopman and
Harvey (2003) converge to those obtained from steady-state recursions, i.e., to the asymptotes.
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Moreover, the a.-matrices for the forecast of ;1 are related to those for the forecast of ¢
through

Lia § -1, if'l':].,...,t—].,
ar(§t+1|t) = ‘ T( e )
Kt, ift=t.
In fact, the relationship between a¢(§:11)r) and a¢(§y,—1) can be inferred directly from (5.43).
Furthermore, from (5.44) we see that the only f-matrix we need to keep track of is fo(§¢41)c)
since it is the weight on the initial condition &;o.

5.9.2. Weights for the Updated State Variable Projections

With My = H Z;ld 1 and G; = M:H’, the updated projection of ¢ in (5.7) can be rewritten as

Stle = [Ir - Pt|t—1Gt] Stlt—1 + Prje—1Meze. (5.47)

Using equation (5.44) for the forecast of ¢; it follows that we can express the updated projection

of ¢ as
t

Ee = . e (&e)2ze + Bo(Eeie )j0, (5.48)
=1
where

(Xf(gdt) _ [Ir - pt|t—th] ar (§t|t—l)) lfT = 1) L) t— 1: (549)
Pye—1 M, ift=t,

while Bo (&) = [Ir — Prje—1Gel fo eje—1)-

5.9.3. Weights for the Smoothed State Variable Projections

To compute the weights for the smoothed estimator of the state variables we may proceed in
two step. First, we determine the weights for the ryr vector via (5.23) through a backward
recursion. Once we have these weights, it is straightforward to determine the weights for ;-
via (5.22).
The equation for ryr in (5.23) can be rewritten as
Ter = Meze — Gedeje—1 + LiTes|r- (5.50)

The general expression for ryr as a weighted series of the observed data and the initial condi-
tions is given by
T

T = Z ar(rdT)zr + ﬁo(’”t|T)€1|0, t=1,...,T.

=1
For period t = T, where rr,q)r = 0, it then follows from (5.50) that

—GTaT(§T|T_1), ift= 1,...,T—1,

At (rT|T) = (551)

MT, ift= T,
and o (rrr) = —GrPo(rr—1). For periods t = 1,...,T — 1 it likewise follows from (5.50) that
Léar(rt+1|T) - Gtar(§t|t—1), ifr=1,...,t—1,
ar(rr) = \ My + Lotz (reeayr) ifr =t (5.52)
Léar(rtﬂg) iftr=t+1,...,T.
The weights on the initial condition is given by fo (ryr) = LiBo (res1ym) — GePoEeje—1)-
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The smoothed state variable projections are expressed as a weighted sum of the observed
variables and the initial conditions as follows:
T

S = Z ar(Eyr)ze + Po(Eyr)erpo, t=1,...,T, (5.53)

=1

where the weights on the observations z; are obtained through (5.22) and are given by:

aT(§t|t—l) +Pt|t—1aT(rt|T)’ if T = ]‘""Jt_ 15

Pt|t_1ar(rt|7), ift=t,...,T.

ar(&yr) = (5.54)

The weights on the initial conditions is o (1) = Po(&eje—1) + Prje—1B0 (rer)-

These expressions allow us to examine a number of interesting questions. For example,
column j of the a;(¢yr) weight matrix tells us how much the smooth estimate of the state
variables for period t will change if the j:th observed variable changes by 1 unit in period .
Letting this column be denoted by o ;({r) while z;. denotes the j:th element of z;, we can
decompose the smooth estimates such that

n T
Eer = Z Z azj (& )z + Bo(Eer )E1j0-

j=17=1
Hence, we obtain an expression for the share of the smoothed projection of the state variables at
t which is determined by each observed variable and of the initial condition. Similar expression
can be computed for the state forecasts and the updates.
Since z; = y:— A’x; it follows that the weights for the state forecast, update and smoother are
equal to the weights on y;. If we wish to derive the specific weights on x; we simply postmultiply
the a;-matrices with —A’. For example, in case x; = 1 we have that

n T T
Ser = Z Z azj(&r)yic + Z Ye(8er) + Bo(&eir )E10s
=1

j=17=1

where the r-dimensional vector y; (§r) = —a¢(yr)A fort =1,...,T.
It is also straightforward to express the smooth projection of the measurement error in (5.34)
as a weighted sum of the observed variables and the initial condition. Specifically, from (5.53)

we obtain
T

Wyt = Z aT(Wt|T)ZT + ﬁO(Wt|T)€1|05 t=1,...,T, (5.55)
=1
where

—H'ar (&7), ifr=1,....,t—1,t+1,...,T,

ar(wyr) = (5.56)

I, — H’aT(CdT), ift=t.
Moreover, the n X r matrix with weights on the initial condition is fo(wyr) = —H'fo(&¢r).
Observation weights for the state shocks can be determined from the observation weights for
the economic shocks. This topic is covered in Section 11.1.

5.10. Simulation Smoothing

The smooth estimates of the state variables, shocks and measurement errors that we discussed
in Sections 5.5 and 5.6 above give the expected value from the distributions of these unobserved
variables conditional on the data (and the parameters of the state-space model). Suppose in-
stead that we would like to draw samples of these variables from their conditional distributions.
Such draws can be obtained through what is generally known as simulation smoothing; see, e.g.,
Durbin and Koopman (2012, Chapter 4.9).

Frithwirth-Schnatter (1994) and Carter and Kohn (1994) independently developed tech-
niques for simulation smoothing of the state variables based on

p(&1,...,&rlYr) = p(&rlYr) - p(ér-aler, Yr) - p(&1lé2s - - -, &, Yt ). (5.57)
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The methods suggested in these papers are based on drawing recursively from the densities on
the right hand side of (5.57), starting with p(¢r|Y), then from p(é7—1|ér, Yr), and so on. Their
techniques were improved on in De Jong and Shephard (1995) who concentrated on sampling
the shocks (and measurement errors) and thereafter the state variables. The algorithm that I
shall discuss relies on the further significant enhancements suggested by Durbin and Koopman
(2002), which have made simulation smoothing both simpler and faster, and which is also
discussed by Durbin and Koopman (2012).

Let w = [W’1 v’1 W’T V’T]’ , a vector of dimension (n + r)T with the measurement errors
and state shocks. We know that the conditional distribution of w is normal, where the smooth
estimates in Section 5.6 gives the conditional mean, E[w|Yr], and that the covariance matrix
is independent of Yr, i.e., Cov[w|Yr] = C. We also know that the marginal distribution of w is
N(0,Q), where Q = (Ir ® diag[R, Q]), while §; ~ N(y, 2¢) and independent of w.

Drawing vectors @ from p(w|Y7) can be achieved by drawing vectors from N (0, C) and adding
the draws to E[w|Y7]. Durbin and Koopman suggest that this can be achieved through the
following three steps.

(1) Draw w® from N(0, Q) and §§i) from N(u¢,>;). Substitute these values into the state-
space model in (5.1)-(5.2) to simulate a sequence for yt(l), t =1,...,T, denoted by
@
T |
(2) Compute E[w| ygﬂ] via equations (5.27) and (5.34).
(3) Take @@ = E[w|Yr] + w® — E[wlyg)] as a draw from p(w|Y7).
If the covariances matrices R and Q have reduced rank, we can lower the dimension of w
such that only the unique number of sources of error are considered. Moreover, if we are only
interested in the simulation smoother for, say, the state shocks, then we need only compute the

smooth estimates v, r and vt(ll% = E[v] ygl')], while f/t(i) = Vyr + vt(i) — vtfr%, t=1,...,T,is adraw
from p(vq,...,vr|Yr). Notice that the first step of the algorithm always has to be performed.
To see why the third step of the algorithm gives a draw from p(w|Yr), note that w® —
Elw| y;i)] is independent of Y. This means that, conditional on Yr, the vector @@ is drawn
from a normal distribution with mean E[w|Yr] and covariance matrix E[(w® —E[w| yg)])(w@ —

E[w|y¥)])’] = C. Furthermore, a draw of &, t=1, ..., T, from p(¢q,...,¢&r|Yr) is directly

obtained as a by-product from the above algorithm by letting 5;1) =&yr + §t(i) — gﬁ%

Durbin and Koopman (2002) also suggest that antithetic variables can be computed via these
results. Recall that an antithetic variable in this context is a function of the random draw
which is equiprobable with the draw, and which when used together with the draw increases
the efficiency of the estimation; see, e.g., Mikhail (1972) and Geweke (1988). It follows that
@D = Elw|Yr] — w® + E[w]YP] is one such antithetic variable for @®. If a simulation
smoother of w is run for i = 1,..., N, then the simulation average of @@ is not exactly equal
to E[w|Yr], while the simulation average of @® plus @ is, i.e., the simulation sample is
balanced for location. Additional antithetic variables for dealing with second moments of the
simulation can be constructured as suggested by Durbin and Koopman (1997); see also Durbin
and Koopman (2012, Chapter 11.4.3). The calculation of such variables for balancing the scale
of the simulation and how further efficiency gains can be made from properly taking the rank
of R and Q, respectively, into account are discussed in Section 11.1.

5.11. Chandrasekhar Recursions

An equivalent formulation of the state covariance updates in equation (5.14) is given by the
matrix Riccati difference equation

-1 /
P F[P, ,— Py HZ }, HP

= /
t+1)t y,tlt—1 t|1;—1] F+Q. (5.58)

When the number of state variables (r) is large relative to the number of observed variables
(n), it is possible to use the Chandrasehkar recursions of the state covariance matrix, originally
developed by Morf, Sidhu, and Kailath (1974) and recently suggested by Herbst (2015), to
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improve the computational time; see also Anderson and Moore (1979, Chapter 6.7). For these
recursions to be valid, the system matrices need to be constant or, as in Aknouche and Hamdi
(2007), at least periodic, while the state variables are stationary.

Defining AP;1q|¢ = Pr41)t — Py¢—1 and utilizing, e.g., Lemma 7.1 in Anderson and Moore (1979)
(or equivalently the Lemma in Herbst, 2015) we find that

AP, . = (F - KtH’)(APt't_1 — Apﬂt_lHz;i_1|t_2H’APt|t_1 )(F -k, H') (5.59)
With AP.i1, = W MW/ the following recursive expressions hold
Sy -1 = Zy—1j—2 + HW, M, W/ H, (5.60)
Ke = (Ke1Zy 12 + FW_ MW/ H)Z ), (5.61)
M,=M, , + MHWg_lHz;}t_m_zH’Wt_lMt_l, (5.62)
W, = (F — KcH )W;_1. (5.63)

Notice that the computation of Py, involves multiplication of r X r matrices in (5.14) and
(5.58). Provided that n is sufficiently smaller than r, as is typically the case with DSGE models,
the computational gains from the Chandrasekhar recursions in (5.60)—(5.63) can be substantial.
This is particularly the case when we only wish to evaluate the log-likelihood function in (5.19)
since the state covariance matrix is not explicitly needed in this expression. Being able to
recursive compute X, ;,—1 without involving multiplications of r X r matrices can therefore be
highly beneficial.

To initialize these recursions we need values of W7 and M, Herbst (2015) notes that for
t = 1 the matrix Riccati equation in (5.58) can be expresses as
P2|1 - FP1|0FI +Q- Klzy,lloKll
Provided that we have initialized the Kalman filter with P;, = %; in equation (5.15), it follows
that

Pyp = FPyoF' +Q,

so that

AP,

o = K2 oK = Wy MWL

¥,1/07"1
This suggests that

Wl = Kl, M1 = —Zy’1|0. (564)

Alternatively, we can replace recursions of the Kalman gain matrix with recursions of K, =

FP,;—1H. This means that we replace equation (5.61) with

o 1 !

K, =K,_,+FW, M, W H
This equation involves fewer multiplications than the recursive equation for the Kalman gain
matrix and may therefore be preferred. Furthermore, equation (5.63) can be rewritten as

_ > v—1 /

W= (F-Kz2\, H)W,_,.
The intializations of W; and M, are affected by these changes to the Chandrasekhar recursions
and are now given by

— — -1
W1 =K;, M;= _Zy,1|0'

This also emphasizes that the matrices W; and M, are not uniquely determined.

As pointed out by Herbst (2015), the Chandrasekhar recursions are sensitive to the numerical
accuracy of the solution to the Lyapunov equation in (5.15). When the doubling algorithm in
Section 5.3 is used to compute Py it is therefore recommended that the number of recursions
k is large enough for the error matrix

2k+1 -1

Tejs1 =Yer1 — Yk = >, FQFY,
j=2
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to be sufficiently close to zero. The convergence criterion for the doubling algorithm in YADA
concerns the norm of I'c 11, i.e., the largest singular value of this matrix. This makes it straight-
forward to have control over the numerical accuracy of the solution to the Lyapunov equation
when this fast, numerical approach is used.

It may also be noted that if >; = yy, then the error of the Lyapunov equation (5.15) is given
by

FyoF +Q — y = F¥QF™".

This is equal to the term in I'cx4+1 with the smallest exponent and since each increment to
the error matrix is positive semidefinite the norm of the solution error for yx is smaller than
(or equal to) the norm of the error matrix. Furthermore, using yx+1 as the solution for the
Lyapunov equation yields a solution error which is never bigger than that of yy.

5.12. Square Root Filtering

It is well known that the standard Kalman filter can sometimes fail to provide an error co-
variance matrix which is positive semidefinite. For instance, this can happen when some of
the observed variables have a very small variance or when pairs of variables are highly corre-
lated. The remedy to such purely numerical problems is to use a square root filter; see Morf
and Kailath (1975), Anderson and Moore (1979, Chapter 6.5), or Durbin and Koopman (2012,
Chapter 6.3).

To setup a square root filter we first need to define the square roots of some of the relevant

matrices. Specifically, let Pt1|t/_21 be the r X r square root of Py;_, R'/? the n X n square root of

R, while By is an r X g square root of Q, with r > q.46 That is,
_ pl/2 pl/2 _ pl/2pl/2 _ /
Pye1 =P/ P/, R=RY?R'?, Q=ByB,. (5.65)

Let us now define the (n + r) X (r + n + q) matrix

H'P/? RY2 0

Ui = tle—1 . (5.66)
1/2
F Pt| 1 0 By
Notice that
UU = Zy,t|t—1 H/Pt|t—1F,
tYe =

FPy1H FPt|t_1F' +Q
The matrix U; can be transformed to a lower triangular matrix using the orthogonal matrix
G, such that GG’ = I4r44. Postmultiplying U; by G we obtain

UG =U;, (5.67)
where
U/ = Uie 00 (5.68)
Uz,t U3,t 0

The three matrices inside U; are given by

x _ wl/2 k0 __ —-1/21 ko __ 1/2
Uy = Zy,tlt—l’ Up = pr|f—1HZy,t|t:—1’ Uz, = pt+1|t:'

This means that the Kalman filter step in (5.8) can be expressed as

-1
Sev1le = Féeje—1 + U;,t (Uit) (}’t - .Vt|1:—1)- (5.69)

Moreover, the state covariance matrix in (5.14) can instead be computed from
Pt+1|f = U;,tU;;,/t' (5.70)

46 The matrix By is defined in Section 3 and satisfies v, = Bon, where 1, ~ N(0, I;), where g is the number of iid
economic shocks. Hence, Q = ByB;, and B, may therefore be regarded as a proper square root matrix of Q.
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The right hand side of (5.70) is positive semidefinite by construction and the same is true for
2y te-1 = Ui,tUi/t'

The crucial step in the square root filter is the computation of the orthogonal matrix G. One
approach to calculating this matrix along with U; is the so called Q-R factorization. For an
n X m matrix A this factorization is given by A = QR, where the n X n matrix Q is orthogonal
(QQ’ = I,,), while the n X m matrix R is upper triangular; see, e.g., Golub and van Loan (1983,
p. 147) or the gr function in Matlab. To obtain U; we therefore compute the Q-R factorization
of U; and let U; be the tranpose of the upper triangular matrix R (which should not be confused
with the covariance matrix of the measurement errors), while G is given by the Q matrix.

It is also possible to calculate square root versions of the update and smooth estimates of the
states and of the state covariance matrices. Concerning the update estimates we have that &
is determined as in equation (5.12), where the square root filter means that P._; is based on
the lag of equation (5.70), while

-1
rge=H (U5 U7L) (e = yeer). (5.71)

Furthermore, the update covariance matrix is determined by equation (5.10) where P;_; and
%y tlr—1 are computed from the square root expressions.

The smothed state variables can similarly be estimated using the square root filter by utilizing
equation (5.22), where P,;_ is again determined from the output of the square root filter, while
the expression for the smooth innovations in equation (5.23) can now be expressed as

-1 !
Fir = T + (F v, (uy,) H’) et (5.72)

with rrq7 = 0 and where ry; is given by (5.71).

The state covariance matrix for the smooth estimates is computed as in equation (5.24), but
where a square root formula for Ny is now required. Following Durbin and Koopman (2012)
we introduce the r X r lower triangular matrix N t*+1|T which satisfies

Neyyr = N£P+1|TN;£1|T'
Next, define the r X (n + r) matrix

. -1 -1 !
Nmﬁ=[H(Uﬁ) (F—L@I(UiJ Hj NQMT], (5.73)

from which it follows that Ny = 1\~7t|T]\7 £|T ; see equation (5.25). The last step is now to compute

N, from Nyjr through the (n +r) X (n +r) matrix G, i.e.,

NG = [Ny, 0], (5.74)
where GG’ = I,.-. A Q-R factorization of N&T may therefore be considered, where N:‘|T is

obtained as the r first columns of the transpose of the R matrix from the factorization. The

square root based algorithm for Ny is initialized by letting N, = 0.

5.13. Missing Observations

Dealing with missing observations is relatively straightforward in state-space models. We can
simply think of this as adding a layer of measurement on top of the original measurement equa-
tion (5.1); see, e.g., Durbin and Koopman (2012, Chapter 4.10), Harvey (1989, Chapter 3.4.7),
Harvey and Pierse (1984), or Kohn and Ansley (1983).

Specifically, suppose that yt(o) is n;-dimension and related to y; through the equation
y@ =8y, t=1,...,T, (5.75)

where the matrix S; is n X n; and n; < n with rank equal to n;. The columns of this matrix are

given by columns of I, whose i:th column is denoted by e;. The i:th element of y;, denoted
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by yi:, is observed at t if and only if e; is a column of S, i.e., elfSt # 0. In the event that
observations on all variables are missing for some ¢, then S; is empty for that period. Hence,
the vector yt(o) is given by all observed elements in the vector y;, while the elements with
missing values are skipped.

The measurement equation of the state-space model can now be expressed as

yO = A%, + H + W, t=1,...,T, (5.76)

where AEO) = AS;, Ht(o) = HS;, and wfo) = S;w¢. This means that the measurement errors are

given by w® ~ N (0, R‘), where the covariance matrix is given by R*®) = S/RS,.

The Kalman filtering and smoothing equations under missing observations have the same
general form as before, except that the parameter matrices in (5.76) replace A, H, and R when
ne > 1. In the event that n; = 0, i.e., there are no observation in period t, then the 1-step ahead
forecasts of the state variables become

§t+1|t = F§t|t—1, (5.77)
while the covariance matrix of the 1-step ahead forecast errors of the state variables is
P = Fpt|t—1F, + Q. (5.78)

That is, the Kalman gain matrix, K, is set to zero; cf. equations (5.8) and (5.14). For the update
estimates we likewise have that ry; = 0, &|; = &¢|r—1, and Py = Pyjr—1.
Furthermore, when n; = 0 then the smoothing equation in (5.23) is replaced by

ryr = F/rH—llT; (5.79)
while the smoothing equation in (5.25) is instead given by

Regarding the log-likelihood function in (5.19) we simply set it to O for the time periods when

ns = 0, while n; replaces n, yt(o) is used instead of y;, and %, (1 instead of 3, ;.- for all
time periods when n; > 1.

5.14. Diffuse Initialization of the Kalman Filter

The Kalman filters and smoothers that we have considered thus far rely on the assumption that
the initial state ¢; has a (Gaussian) distribution with mean p; and finite covariance matrix ¢,
where the filtering recursions are initialized by ¢;o = p¢ and Pyjq = Z¢; this case may be referred
to as the standard initialization.

More generally, the initial state vector £; can be specified as

$1=ps+ SO0+ S v, (5.81)

where S is an r X s selection matrix with s < r columns from I, S| is an r X (r — s) selection
matrix with the remaining columns of I, (S’S; = 0), while 6 ~ N(0,cI;) and v; ~ N(0,%,). If
we let s = 0 and %, = 3; the initialization in (5.81) is identical to the standard initialization.
Furthermore, if s = r and c is finite another common initialization for the Kalman filter is
obtained with {; ~ N(ug,cl;). A large value for c may be regarded as an approximation of
diffuse initialization where the Kalman filters and smoothers discussed above are still valid.
However, this may be numerically problematic and an exact treatment of the case when ¢ — co
is instead likely to be preferred. In what follows, we shall consider how the Kalman filter and
smoothing recursions need to be adapted to allow for such an initialization. If 0 < s < r this
means that the initialization is partially diffuse and when s = r it is fully diffuse.

An exact treatment of diffuse Kalman filtering and smoothing was first suggested by Ansley
and Kohn (1985, 1990) and later simplified by Koopman (1997) and Koopman and Durbin
(2003); see also Durbin and Koopman (2012, Chapter 5). The transition to the standard Kalman
filter occurs at some point in time t = d and is automatic. An alternative approach based on
augmentation was given by De Jong (1991) for filtering and smoothing, where the latter step
was simplified by De Jong and Chu-Chun-Lin (2003). A transition to the usual Kalman filter
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after some point in time t = d is here optional, but advisable for computational efficiency. The
discussion below follows the treatment in Koopman and Durbin (2003).

It should already at this point be stressed that diffuse initialization will not converge at a
finite point in time t = d if some state variable has a unit root, such as for a random walk.
Moreover, near non-stationarity is also a source for concern. In this situation d will be finite,
but can still be very large, difficult to determine numerically, and on top of this greater than
the sample size. Numerical issues are likely to play an important role under near unit roots
with certain covariance matrices possibly being close to singular or with problems determining
their rank. For such models it is recommended to stick with a finite initialization of the state
covariance matrix.

5.14.1. Diffuse Kalman Filtering

From equation (5.81) we define the covariance matrix of the initial value for the state variables
with finite ¢ as
P =cPy +P.,

where P, = SS’and P, = S LZVS'L The case of full diffuse initialization means that s = r so that
P,, = I, while P, = 0, while 0 < s < r concerns partial diffuse initialization. The implications
for the Kalman filter and smoother are not affected by the choice of s, but the implementation
in YADA mainly concerns s = r. In fact, if none of the variables have been specifically selected
as a unit-root process, then full diffuse initialization is used. Similarly, state variables that have
been selected as “unit-root” processes, whether they are or not, will be excluded from the s
diffuse variables such that the corresponding diagonal element of P, is zero, while the same
diagonal element of P, is unity. Further details on the selection of unit-root state variables is
found in the YADA help file, while such variables can be selected via the Actions menu in YADA.

The 1-step ahead forecast error covariance matrix for the state variables can be decomposed
in the same way as P so that

Pt|t—1 = CPOO,t|t—1 + P*,t|t—l + O(C_l)y t= ]-’ o JT’

where P, ¢;—1 and P, ¢;—; do not depend on ¢.*’ It is shown by Ansley and Kohn (1985) and

Koopman (1997) that the influence of the term P, (.—; will disappear at some t = d and that

the usual Kalman filtering equations in Section 5.2 can be applied fort =d +1,...,T.
Consider the expansion of the inverse of the matrix

2y tt=1 = Clootlt—1 T Lugfe—1 T+ o™, t=1,...,T, (5.82)

which appears in the definition of K; in (5.9). The covariances matrices on the right hand side
are given by

Zoo,t|t—1 = Hlpoo,t|t—lH;
Z*,dt_l = Hlp*,dt_lH + R.

Koopman and Durbin (2003) provide the Kalman filter equations for the cases when 2 ;1
is nonsingular and %, ;;—1 = 0. According to the authors, the case when %, (;—; has reduced
rank 0 < n; < n is rare, although an explicit solution is given by Koopman (1997). The authors
suggest, however, that for the reduced rank case the univariate approach to multivariate Kalman
filtering in Koopman and Durbin (2000) should be used instead. This is also the stance taken
by YADA when %, 41 is singular but not zero. The univariate approach for both the standard
initialization and diffuse initialization is discussed in Section 5.15.

The exact initial state 1-step ahead forecast equations when 2, ¢;—; is nonsingular and ¢ —
oo are given by

(5.83)

Ser1le = Fére—1 + Koot (}’t — Yt|e-1 ) s
P i1 = Fpoo,t|t—1L£>o,t: (5.84)
P, = FP*,t|t—1L£>o,t - Koo,tzoo,dt—lK;,t +Q,

47 The term O(c™!) refers to a function f(c) such that cf(c) is finite as ¢ — oo.
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fort=1,...,d, with
Koo = FPoo -1 HZ

oo,t|t—1
K*,t = (FP*,t|t—1H - Koo,tz*,ﬂt—l ) Z;ol,dt—l’
Loot = F — Koo e H',
with the initialization {19 = g, P.1j0 = P« and Py, 10 = Pw. The forecast y_; is given by
equation (5.3).48

From the forecast equations in (5.84) it can deduced that the Kalman update equation can
be written as

Stle = Seje—1 + Poo,t|t—1HZ;01,t|t_1 (}’t - yt|t—1)

(5.85)
= &tjt—1 T Poo tlt—1Tooyt]t-
while the update state covariance matrices are
-1
poo,t|t = Poo,t|t—1 - Pw,t|t—1HZm7t|t_1 H/poo,t|t—1:
Pue = Puge-1 = Pugle-tHE ] 1 H'Poogle-1 = Poogle-1HE ) o H'Pu gl (5.86)

co,t|t—1

t Pootle-1HE o1 Ztle-1Z 0 o1 H Pootle-1-

co,t|t—1 co,t|t—1

co,t|t—1

If 2 ¢jt—1 = O, the exact initial state 1-step ahead forecast equations are instead

Eerale = Feupem1 + Kup (Ve = Yieje-1) »
P11t = Fpoo,t|t—1F/: (5.87)
Pty = Fp*,t|t—1L,*,z; +Q,
where
K.; = FP, o H> !

#t|t—1°
L.t =F—-K.H.

It can here be seen that the forecast equations are identical to the standard Kalman filter equa-
tions where P, ;.1 serves the same function as P, |, while an additional equation is provided
for Py t41)r- When Py, giq-1 = O it follows that % 44-1 = 0 and that it is no longer necessary
to compute the equation for P, ¢41;. Accordingly, the diffuse Kalman filter has automatically
shifted to the standard Kalman filter.

From (5.87) it is straightforward to show that the Kalman state variable update equation
when %, ¢¢—1 = 0is

Stle = Sele—1 + p*,t|t—lHZ;i|t_1 (e = Yeje-1)

(5.88)
= §t|t—1 + Py tle—1Tx e
while the update covariance matrices are given by
Poo,l:|t = poo,t|l:—1:
(5.89)

_ -1 !
P*,t|t = P=k,t|t—1 - P*,t|t—le*’t|t_1H P*,t|t—1-

Regarding the automatic collapse to the standard Kalman filter, for stationary state-space
models Koopman (1997) notes that

rank (Poo,t+1|t) < min {rank (Poo,t|t—1 ) —rank (Zoo,t|t—1 ) ,rank (F)} ,

as long as the left hand side is nonnegative; see also Ansley and Kohn (1985). For example,
with the intialization P. = 0 and P, = I, it is straightforward to show that

Py o = FPyF/, Seo2)l = HFPyF'H,

48 Notice that the second term within parenthesis in the expression for K, is subtracted from the first rather than
added to it. The sign error in Koopman and Durbin (2003, page 89) can be derived using equations (5.7), (5.10),
(5.12), and (5.14) in Durbin and Koopman (2012).
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where Py = I, — H(H'H) 'H’ and rank(Py) = r — n. This means that the rank of Py o)1 is less
than or equal to the minimum of r — n and the rank of F. As long as 2.1 is nonsingular it
follows that the rank of P, ;1| drops quickly towards zero.

From the updating equation for P, ;11 in (5.87) it can be seen that if a row of F is equal to
a row from the identity matrix, i.e., the corresponding state variable has a unit root, then the
diagonal elementin Py, ;1| is equal to the same element in P, ;. This means that the rank of
Py t|t—1 Will never converge to zero and whether the diffuse Kalman filter shifts to the standard
filter depends on the development of the covariance matrix %, s;—1. Moreover, in the case of
near non-stationary where, say, a state variable follows an AR(1) process with autoregressive
coefficient close to unity, the diffuse Kalman filter need not converge to standard filter within
the chosen sample period.

When 2, ;-1 is nonsingular, we may deduce from the update equation (5.85) that the up-
date estimator of the state shock is given by

Vele = Qleostlts (5.90)

while the update measurement error is zero, i.e., wy; = 0. Similarly, when %, ;-1 = 0 it can
be shown from equation (5.88) that the update estimator of the state shock is

Vele = Qs s (5.91)
while the update estimate of the measurement error is equal to
wee = RE_4,_; (Ve = Yelem1) - (5.92)

The log-likelihood function can also be computed for periods t = 1,...,d as shown by Koop-
man (1997). In case 2, ¢¢—1 is nonsingular the time t log-likelihood is equal to

n 1
Inp(yelae, Y-136) = =3 In@7) = 5 In |Zeo e (5.93)

and if X, ;;—1 = 0 we have that

1 1 _
lnp(ytlxt,yt_l; 9) = —% In(2x7) — 3 In |Z*,t|t_1| — E(yt — Yij-1 )IZ*,ilt—l (yt = Ytlt-1 ) (5.94)

As expected, the log-likelihood in the latter case is exactly the same as for the standard filter;
cf. equation (5.19).

5.14.2. Diffuse Kalman Smoothing

The diffuse Kalman filtering stage is covered by the sample t = 1,...,d, while the standard
Kalman filter is used for the remaining sample datest = d + 1,...,T. This means that the stan-
dard Kalman smoother can be utilized for all dates after period d, while a modified smoother
needs to be applied for the sample until period d.

The diffuse Kalman smoother for the state variables is given by

0 1
&r = &t + Pegerry + Poogaryys t=did—1,...,1 (5.95)
while the corresponding state covariance matrix is determined through

0 1
Pir =Puge1 = Pu et N Pt = Pootle-1 NG Pagie

(5.96)
1 2
- P*,t|t—th(|T)/Poo,t|t—l - Poo,t|t—th(|T)Poo,t|t—l-

The initialization of the smoothing algorithm is:

o _ n o _ o _ @
Tapqr = Td+urs Taoqr = 0, Nd+1|T = Na+1|r, Nd+1|T - Nd+1|T =0.

For the case when X ;1 is nonsingular it is shown by Koopman and Durbin (2003) that

0 _ 47 (0
rt|T - Loo,trz:+1|T’

T'(l) =H [2_1 (yt - yt|t—l) - I(lk ©

/ (@)}
t|T oo,t|t—1 ,trt+1|T + oot

00,t" t4+1|T"

(5.97)
]
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The covariance matrices similarly evolve according to

) _ g/ )
Nt|T - Loo,th+1|TL°°’f’

NS =g H+L NP Lo —L  N® K. H -HK N L.

t|T co,t|t—1 t+1|T 0 t+1|T t+1|T
N? =g|K NO K., -3 % 371 H+1_ N? I (5:98)
tr ~ stV TR T P t|e—1 41 200 le—1 oo,t !V 41| Ho0st
g M r_ 1 a7
Lo NG Ko eH = HRL NG Lo
In case % ;-1 = O we instead find that
0) _ - 1 .(0)
Tgr = Hz*,tlt—l (ye - yf|f—1) + L*,frt+1|T’
D O (5.99)
r- =Fr
t|T t+1|T°
while the covariance matrices are given by
0 _ -1 / / 0)
Nt|T - HZ*,t|t—1H + L*,tNt+1|TL*’f’
1) _ (D)
Nip = F'NG L, (5.100)
) _ prpar(2)
NtIT =F Nt+1|TF'

The smoothing recursions in (5.97)-(5.98) and (5.99)-(5.100) may Nalso be written more
compactly as in Koopman and Durbin (2003, Section 4). Specifically, let H = [I; ® H], whereas

(0) (0) (€]
- Tor N = Nt|T Nt|T = Yt = Ytt—1
tT — 1 > tT — 1 2 | 2t = )
(1 (1 N( ) 0
4T t|T tT

and the vector Z; is 2n-dimensional. If %, ;—1 is nonsingular we let

5 0 2 otlt-1 o [Leoe —KuH
Zeje—1 = 1 1 ’ 1 , Le= ’ ’ .
Zoo,l:|t—1 _Zoo,t|t—1Z*’dt_lzoo,dt—l 0 Loo’t
On the other hand, when %, ;;—; = 0 we instead define
. 5t 0 , L.
Zt‘|f—1 = *tle-1 ) Lt = ot 0 .
0 0 0 F
For both cases, the recursions in (5.97)-(5.98) and (5.99)—(5.100) may be expressed as
foyr = Hitlz:—lﬁt + iifmm (5.101)
NﬂT = Hitlt—lﬁl + z‘,tNH—HTz‘t- (5.102)

For the state shocks and the measurement errors, a nonsingular > ;-1 matrix yields the
following smooth estimates

0 0
Vi = Q’”,_.(|T), Wy = _RKéo,trz:(+)1|T' (5.103)

The corresponding covariance matrices are
0 0
C(nl¥r) =Q—-QNRQ, C(wilYr) = R— RN KeoiR.
Similarly, when %, ;-1 = 0 we find that
0 - 0
vr = Qi wyr = R[22 (Yo = Yaer) KL ]- (5.104)
The covariance matrices for these estimates are

- ©)] _ - (0)
C(vlyr) =Q-QN,Q C(wlYr)=R-R [Z*,tlt—l + K;,tNHl'TK*,t] R.
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Kalman filtering and smoothing when X -, is singular but has at least rank one is cov-
ered by the univariate approach discussed in Section 5.15.2. When YADA encounters this case
it automatically switches to a univariate routine for this time period and reverts back to the
multivariate routine when the 2, ¢;; is either nonsingular or zero. The multivariate approach
in Ansley and Kohn (1985) and Koopman (1997) is not be covered since it is mathematically
complex and computationally inefficient.

5.15. A Univariate Approach to the Multivariate Kalman Filter

The standard approach to Kalman filtering and smoothing is based on taking the full observation
vector into account at each point in time. The basic idea of univariate filtering is to incrementally
add the individual elements of the vector of observed variables; see Anderson and Moore (1979,
Chapter 6.4), Koopman and Durbin (2000), and Durbin and Koopman (2012, Chapter 6.4).
One important reason for considering such an approach is computational efficiency, which can
be particularly relevant when diffuse initialization is considered. In this subsection we shall
first consider the univariate approach, also known as sequential processing, under standard
initialization of the state vector, and thereafter the case of diffuse initialization.

5.15.1. Univariate Filtering and Smoothing with Standard Initialization

Correlated measurement errors are not taken into account by the univariate representation of
the state-space model which underlies the univariate filtering and smoothing algorthms; see,
e.g., Durbin and Koopman (2012, eq. 6.10-11). In order to deal with this consideration, one
solution is to move the measurement errors from the measurement equation to the state equa-
tion. Alternatively, the measurement equation can be transformed such the the measurement
errors become uncorrelated through the transformation. This latter case may be handled by a
Schur decomposition of R = SAS’, where A is diagonal and holds the eigenvalues of R, while S
is orthogonal, i.e., $'S = I,.*’ By premultiplying the measurement equation by S’ we get

i =A'x +Hg +wf, t=1,...,T,

where y; = S'y;, A* = AS, H* = HS, w; = S'w;. This means that E[w;w;’] = A, a diagonal
matrix, while the state equation is unaffected by the transformation. Since r can be a large
number for DSGE models, YADA always transforms the measurement equation when R is not
diagonal, rather than augmenting the state vector.

Assuming that R is diagonal, the Kalman forecasting and updating equations can be deter-
mined from the following univariate filtering equations

-1

Seiv1 = e T KiiZei 2o (5.105)
— -1

Pin =P — K, Z K, (5.106)

fori=1,...,n,, where n; < n is equal to the actual number of observed variables at t (thereby
allowing for missing observations), and

2 =Y~ Ay — Hig, (5.107)
%,;=HP H +R,; (5.108)
K:; = P ;H;. (5.109)

Observed element 1 in y; is denoted by y;; and the corresponding columns of A and H are given
by A; and H;, respectively, while R; is the measurement error variance for w;;. The univariate
transition equations are

$t+11 = Fétno+1, (5.110)
Pii11 = FPip1F +Q. (5.111D)

49 Since R is a square matrix, the Schur decomposition is identical to the eigenvalue decomposition.
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It follows that the forecasting and updating estimates for the state variables and the correspond-
ing covariance matrices are

§z:+1|t = €t+1,1, €t|t = €t,nt+1; Pt:+1|t = Pt+1,1, Pt|t = Pt,nt+1; (5.112)
while the standard initialization is handled by ¢1,; = p¢ and P17 = 2.

Note that although the univariate Kalman filter requires looping over all i = 1,...,n,, it
also avoids inverting 3, .;—1 and two matrix multiplications. For larger models, computational
gains can therefore be quite important. Furthermore, the log-likelihood can also be determined
without inverting 3., ;—1. Specifically, it can be shown that

1<
Inp(yelxi, Ye130) = =5 . (ln(ZJr) +1n (%) + zii/Zt,i) . (5.113)
i=1
Recall that we are assuming a diagonal covariance matrix for the measurement errors. This
assumption is not a restriction for the log-likelihood since the orthogonal transformation matrix
S has determinant one, i.e., the value of the log-likelihood function is invariant to S.

Smoothed estimates of the unobserved variables can likewise be determined from univariate

smoothing recursions. Let rr,, = 0 and Nr,, = 0 intialize the univariate smoother while

rt,l = lefl Z + L;' i t, i (5'114)
_ 1

Ny q = H3; H’ + LN, L, (5.115)

where L¢; = I — K“Hl’Ztl ,i=n,...,1,t=T,...1, and with transitions
Te-iny = F'Teo, (5.116)
Ni-1p, , = F'N¢oF. (5.117)

The smooth innovations and covariance matrices are given by

rir =1t0, Nyt = Nto. (5.118)

Smooth estimates of the state variables and their covariances satisfy equations (5.22) and
(5.24), while smooth estimates of the measurement errors and the state shocks can be com-
puted from the smooth innovations as in Section 5.6.

The above algorithm may also be used for computing update estimates of the state shocks
(and measurement errors) with the ry; innovation vector. Let u;,, = 0 for t = 1,...,T and
consider the recursion

- / P
Ui HLZ“z, +L“ £ 1="n¢e.., 1. (5.119)
This procedure gives us
Ttle = Ut,05
so that the update estimator of the state shocks and the measurement errors are
-1
Vf|t’ = Quty(), Wf|[’ =R (H,H) H,ut,o, t= 1, ey T. (5.120)

For the calculation of the measurement error in (5.120) it is important to note that the original
H and R matrices are used, instead of those obtained when transforming the measurement
equation such that the errors have a diagonal covariance matrix. Naturally, the update estimator
of the measurement errors may also be computed directly from the measurement equation using
the update estimator of the state variables.

5.15.2. Univariate Filtering and Smoothing with Diffuse Initialization

The diffuse initialization of the Kalman filter considered in Section 5.14 implies that the matrix
P, ;, the vector K;; and the scalar > ; can be decomposed as

Pij=Piti+cPoyrit+ o(c™,
Kei=Kupi+ Keori +0(c), (5.121)
Sei = Tari+ Coori + 0™,
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where we have used the following
Zoo’“ = HlPoo“H 2, = Hl’P*“H + R, (5.122)
Koo,t,i = poo,t,lHu K*,t,l = P*,t,lHl'
Notice that 2, ;; = 0 implies that K, ; = 0 since H; has rank one.
To obtain the diffuse filtering recursions, the scalar 3, l.l needs to be expanded as a power
series in ¢ /. This yields
. c iyl — 23 +0(c™®), if Zeori >0,

— 00,t,1 #,t,1 ootl

» L otherwise.

This is easily established by computing (Z.;; + cZoo,t,i)Zt_il = 1. Provided 2, ;; > 0, equations
(5.105) and (5.106) then gives us

-1
§t7i+1 §t1 t Koo iZco,tiZt,io (5.123)
_ —1
Pootitt = Pooti ™ Koo Koot %00 (5.124)
2 / -1
P, iiv1 = Pari t K Kootl tiZooti (K Kootl+Koo,t,iKvtl)Zootl’ (5.125)

fori=1,...,n;. When Zoo,t,i = 0, the univariate filtering equations for the standard initializa-
tion apply, i.e.,

Ceint = Coi T K, 0 %0 1% (5.126)

Poo,t,i+1 = Pooti’ (5-127)
_ -1

s ti+1 T P*,tl K K{k tlz* 12 (5128)

fori = 1,...,n,. Notice that P, ;1 plays the role of P ;41 under standard initialization and
that the filter under diffuse initialization is augmented with equation (5.127). The transition
from t to t + 1 satisfies the following

$e41,1 = Féenet1, (5.129)
Poog+11 = FPyotn+1F/, (5.130)
Pit111 = FPitn+1F + Q. (5.131)

As pointed out by Koopman and Durbin (2000), it is required that

rank | P, [ oo,t+1 1] = rank |P, [ ootnt+1]

and that this is not a restriction for a properly defined model, i.e., the rank of F does not
influence the rank of Py, ¢+1,1. Moreover, when 2, ; > 0 it holds that>°

rank[ Ootl+1] —rank[ Oo“} - 1.

The diffuse recursions are continued until the matrix P, ;;+1 becomes zero att = d and i = i*.

From then on, the univariate Kalman filter in Section 5.15.1 is used with P; ;11 = Pt i41.
Compared with the exact diffuse multivariate filtering approach in Section 5.14.1, we now

have that the forecasting and updating estimates of the state variables and their covariance

matrices are

§t+1|t = §t+1,1, §t|t &t ne+1s Poo,t+1|t = Poo,t+1,15
(5.132)
Poo,l:lt = Pootne+1, P=k,t+l|t: = Pit+1,1, P=k,t|t: = Pitn+1-

while initialization is handled by &11 = pt¢, Poo,1,1 = Pso, and Ps 1,1 = P

50 See Ansley and Kohn (1985, 1990), Koopman (1997), or Section 5.14.1.
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The log-likelihood function can be calculated without the need for computing some inverses
of 2 ¢t—1 and X, ¢r—1. We here have that

1 &
Inp(yelxe, Ye-1;0) = =3 > Inpeg, (5.133)
i=1

where

In27 +In3 if Zi > 0,
Inpe;i =
In27 +InZ,¢; + zfi /Z.ti otherwise.

Turning to smoothing, the diffuse univariate recursions apply to the same sample as the
diffuse univariate filter, i.e., to the indices

(t)l) = (d:l*): (d:l* - 1):"':(d: 1))"')(1: 1)~

Expanding r;; and N;; in equations (5.114) and (5.115), respectively, in terms of reciprocals of
c in the same way as for Zt_l.l we obtain

Tt = rt(’(l.)) + c‘lrt(}) +0(c™d,

Nei = NP + N + N2 + 0(c™),

with initialization r( ) = = Tdi*, réll) =0, N, (0) = Ng,+, and N, (D = Ny (2) = 0. The initial values
rq,+ and Ngq;+ are determlned by equatlons (5 114) and (5. 115) respectlvely By defining
) rt((i)) y N(O) N(l)
I'ti I I t,i
’ M (1) (2)
Tt Ng;i" N

it can be shown using equations (5.114) and (5.115) that for X, ;; > 0
!

. 0 Looti Lotil . .
Fri-1 = ~ + l oot O’t’l] Feiy 1=nNge.n,1, (5.134)
}ﬂzootl t,i 0 Laxai
where
Loo,t,i =1 — K, H{Z;o ti?
_ -1 -1
LO,t,i - (Koo,t,iz*,t,izoo,t,i - K*,t,l) H{Zoon
Furthermore,
!
o
Nt,i—l = ,0 . H,leootlz + [Loo,t,i LO,t,i] Nt,i [Loo,t,i LO,t,i] , (5.135)
H. HlZOO“ HiHiZ*,“ZOO“ 0 Looyti 0 Looyti
fori =n,...,1,, with transitions
ooty = (2®F o, Nein, = (®F )Neo(l, ®F), (5.136)
fort=d,...,1.
If Yoo,ti = 0, it can likewise be shown that
!
H, Z_ L.ti O . .
fri-1= % | [ b ] friy 1=Ngeen,1, (5.137)
0 0 L*,t,i
where L, ¢; = I — K*,t,iHiIZ;ii. Moreover,
/
8 HH3{. 0 Lici O | o |Ligi O
Nti1 = Lot + [ o ] Ni,i [ o ] , (5.138)
0 0 0 Lug; 0 L.y

fori =ny,..., 1. The transition from t to t — 1 is again covered by equation (5.136).
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For both these cases, the diffuse state smoothing equations are given by
Sr = &1 + Pafeo, (5.139)
Pir = Pie1 — ﬁt,lﬁt,oﬁép (5.140)
where
Py = [PW Poo,t,l] :
Furthermore, the smooth state shocks are given by
vyr = Qrly. (5.141)
We can also determine update estimates of the state shocks using the above algorithm. Specif-

ically, let u® = ugn)t = 0 for all t and define the stacked vector

t,ng
(0)
Ui = He
SR Y
ti
If Yoor,i > 0 we let
!/
0 Looti Loti
tei1 = ) + l oot O’t’l] iy, (5.142)
H> o ti%ei 0 Looyy
and if >, ;; = 0 we have that
/
3 H> ! 2 Leci O | . .
Uejoq = | b 50U+ l AL Uei, 1=ng,..., 1 (5.143)
0 0 L*,t,i

The update estimates of the state shocks are now given by equation (5.120) with u;o being

replaced with ug%). Update estimates of the measurement errors can likewise be determined

by replacing u;o with utf%) in this equation. As in the case of standard initialization for the
univariate case, care has to be taken to ensure that the original H and R matrices are used,
rather than those implied by the transformation S.

5.16. Observation Weights for Unobserved Variables under Diffuse Initialization

Like it was shown in Section 5.9 with an initialization based on a finite covariance matrix of the
initial state, it is also possible to compute weights on the observed variables for unobserved vari-
ables under diffuse initialization. Below we shall first cover forecasted state variables, thereafter
updated state variables, and finally the smooth estimates of the state variables and the mea-
surement errors. Since the estimators of the unobserved variables when t > d are equal under
diffuse and finite initialization, the presentation below focuses on the initialization sample, i.e.,
t=1,...,d.

5.16.1. Weights for the Forecasted State Variables under Diffuse Initialization

To determine the weights on the observed variables for the forecasted state variables under
the assumption of diffuse initialization we need to take three cases into account. Namely, the
covariance matrix X, .1 has full rank n,, it has rank zero, and it has rank less than n; but
greater than zero. The last possibility is, as in Section 5.14, handled through the univariate
filter with diffuse initialization.

When %, -1 has full rank n; equation (5.84) for the state variable forecast can be rewritten
as

Se+1lt = Loo,t8eje—1 + Koo t 2t

where z; = y; — A’x;. Similarly, when X, (.—; has rank zero, equation (5.87) can be rearranged
according to

§t+1|t = L*,t§t|t—1 + K.t 2t
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These two equations have the same general form as (5.43) in Section 5.9, thus suggesting how
we may proceed to determine the observation weights.

The third case to examine is when 2, ¢;—; has reduced rank but is nonzero. From the uni-
variate filter in Section 5.15.2 it may be recalled that &) = &e+11 = Fée,,.,; = F&ye, while

-1 .
: _ $ei t Koo,t,izootizt,i; if Yoo i > 0,
i+l =

$ei + Kupi2,  2ti,  otherwise.

*fl

From equation (5.107) we know that z;; = y;; — Al.xt — Hl{ ¢t and, hence, we may rewrite the
above equation as

Cti+1 = Leilei + KeiZei, (5.144)
where Z; = y;; — Alx;, and
L LOO,f,iJ if z:OO,t',l' > 05 ” Koo,tlzgo“: lf Zoo,t,i > 0)
ti — ti =
L.:i, otherwise, KitiZ, 1 otherwise.

«,t,07

From recursive substitution for ¢;; in (5.144) it can be shown that

§t e+l = (HLt ne+1— 1) §t1 + Z ( H Ltnt+l+1 —j ) K¢, 1Zt1 (5.145)

=1 \ j=i+l

Notice that the order of multiplication of the L;; matrices is important with L; ,, being the first,
Lt -1 next and so on.

Since the univariate filter is based on uncorrelated measurement errors, the transformation
R = SAS' discussed at the beginning of Section 5.15.1 must to be taken into account. Letting Z;
be the n;-dimensional vector with typical element Z; ;, we know that Z; = S’z;. This means that
equation (5.145) can be rewritten as

Seatle = Fi’t§t|t—1 + FK;zt, (5.146)

where
e
7o > n !
Lt - HLt,nf+1—i; Kt - [(Hjtzz Lt,nt+2—j) Kt1 o0 Lt,ntkt,nt—l Kt,nt] S
i=1

Combining the results for the three cases concerning the rank of %, ;;—; we find that
Eer1)e = Lebeer + Kezey t=1,...,d -1, (5.147)
where
Leoy, ifrank (Zoo,t|t—1) =N,
L= L.;, ifrank (zoo,dt—l) =0,
FL;, otherwise,

while K, is defined in a similar fashion from Keot, Kiy, and F K;, respectively. It now follows
that equation (5.44) is also valid under diffuse initialization, but where the weights need to be
redefined for the initialization sample t = 1,...,d — 1. Specifically, for this sample we have that
the weights are determined according to the forward recursion

Leac(Egeep), ifT=1,...,t -1,
ar(§t+1|t) = At T(gdt 1)
Kt, ift=t.

The weight on ¢;|o for the initialization sample is likewise given by

—_

t—

ﬁO(€t+1|t) tt —i-

...
Il
o

-104-



Fort =d,...,T —1, the weights on the observed variables are determined as in Section 5.9 but
with the caveat that the new weights for the initialization sample need to be used.

It should be emphasized that if the univariate filtering under diffuse initialization is applied,
then the following matrices are redefined as follows

tt=Fit, I%t=FKt,
for the initialization sample.
5.16.2. Weights for the Updated State Variable Projections under Diffuse Initialization

It is now straightforward to determine the weights on the observed variables over the initializa-
tion sample for the Kalman updater. Specifically, we now find that

§t|t = Mt§t|t—1 + Ntzt, (5.148)
where
Lw—RwMFJHZ;Mh{Hﬂ if rank (S e—1 ) = e
M, = L—Jaquziquﬂ if rank (Zoorr—1) = O,
Ls, otherwise,
and
Pootlt—1 HZ;ol’ﬂt_l, if rank (Zeo fe—1) = Nt
Ne = P*,tlt—lHZ;,ht—l’ if rank (Zeo 1) = 0,
K, otherwise.

This means that equation (5.48) is also valid for the intialization sample t = 1,...,d, except
that the weights on the observed variables are now determined by

M« ), ift=1,...,t—1,
a‘[(§t|t) _ t T(§t|t‘ 1)

N, ift=t,
while the weights on the initial state for the intialization sample is
[50 (§t|t) = Mtﬁo (§t|t—1 )
If univariate filtering has been used, then the following matrices are redefined as follows
Mr = it; Nt = I_<t;
for the initialization sample.
Finally, when initializing the computations of weights for the forecasted variables in period

t = d + 1 we need to take the initial sample outcome into account. A simple way of achieving
this is to base the initialization on {41jq¢ = Fég)q- This means that the Ly and K4 matrices in

equation (5.43) are replaced with FM, and FN,, respectively.

5.16.3. Weights for the Smoothed State Variable Projections under Diffuse Initialization
The smooth estimates of the states variables for the initialization sample can be expressed as
€t|T = €t|t—1 + Pt|t—l’:t|T’ t= 15 tee d;

where 15t|t_1 = [P, tjr-1 Pooylt—1] and fyr is the extended innovation vector in (5.101) or in
(5.139). To determine observation weights for the smoothed state variables it is therefore
convenient to first compute the observation weights for the innovation vector 7 r.

In the event that %, ¢;—; has rank n; or zero is can be shown that

For = HE—1Jnze — HSe—1JnH'Ee—1 + LiFrir, (5.149)

where J,, = [I, 0]’ is 2n X n and the remaining the matrices are defined in Section 5.14.2.
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For the case when the rank of X, ;_; is greater than zero but less than n; we examine the
univariate smoother in more detail. From equation (5.134) and (5.137) we have that

fric1 = AtiZei + Beifti, 1=Ng...,1, (5.150)
where -
0 .
, if Zoo,t,i >0
H w1
At,i — 4 00,t,1
H 31
“6i|  otherwise,
0
.
while
. /
L t.i LO t,i .
eobt i BT Zooti >0
0 Looti
Bi=14r -
o ,  otherwise.
\ L 0 L*,f,i

By recursive substitution for #; in equation (5.150), making use of the transition equation
(5.136) for the innovations, and the relation ;g = 7 it can be shown that

¢

Far = > ( 18 ) AeiZei + ( 11 By, ) (I ® F') fopqyr (5.151)
1=

i=1

To obtain an equation similar to (5.149) we need to find an expression for z;; in terms of z;
and ;.. By making use of equation (5.144) along with recursive substitution and recalling
that ¢, 1 = &1 some algebra leads to

(HLU J)§t|t 1+Z( H Ltivk- ])Ktkztk, i=1,...,n. (5.152)

j=k+1
Next, by substituting the right hand side of (5.152) into equation (5.107) for ¢;; we obtain

i-1 [ i-1 i-1
Zti = Bi — H{ Z ( H Lt i+k—j ) KekZek — H{ (HLt,i—j) Stje-1, t=1,...,n.  (5.153)
k=1 \ j=k+1 j=1
The first two terms on the right hand side of (5.153) can be further simplified to C;;S’2;, where
C:; is the 1 X n; vector given by
Coi = [=H! (I Legas ) ken -+ —HiLggakeiz —Hikeia 10 - 0],
fori=1,...,n;. It follows that (5.151) can be rewitten as

Ft|T=[i(ﬁBt])A“C“]Szt E(HBt])Atl (HL“])Q“

i=1 \ j=1

3l

or more compactly

I =
H::1

Bz:,i ) (12 ® F,) f”t+1|T,

fyr = Feze — Geeje—1 + HeFein|r- (5.154)
Combining the results for the rank of %, .—; being n;, zero, or between these numbers in
equation (5.149) and (5.154) we find that

er = Fize — Gt€t|t—l + Htft+1|T, (5.155)
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where

A HSyje—1Jp, if rank (Zoo,t|t—1) € {0,n.},

F; otherwise,

N HE e 1J,H', if rank (Zooee-1) € {0},

G otherwise,

. L} ifrank (Zeoee-1) € {0,n¢},

H, otherwise.

If univariate filtering and smoothing has been applied, then the following equalities hold:
ﬁt = Ft: GAt = G_t: and I:It = I:It.

The observation weights for the innovations fr over the initialization sample (t = 1,...,d)
can now be established from (5.155). Specifically,

If[tar(Ft+1|T) - étar(§t|t—1 ): ift=1,...,t—1,

o (Feyr) = \ By + Heae (Frapr ), if =t
Hta-[(f'H_HT), ifT=t+].,...,T.

The weights in the 2r X n; matrix a(fr) are initialized att = d + 1 by

eclaenr) = [ 50

0

Furthermore, the weights on the initial state for t = 1,...,d are

~ A ~ A ~ rq
Bolgr) = Buolir) — GeboGn). BolFasarr) = [ﬁO( O+1|T)] .

Given the observation weights for the innovations fr, t = 1,...,d, it is straightforward to
determine the observation weights for the smooth estimates of the state variables. Specifically,
equation (5.53) remains valid for the full sample, but where the weights for the initialization
sample are now given by

aT(§t|t—l) +ﬁt|t—1aT(Ft|T)’ ifT = ]‘""Jt_ 15

(04, (€t|T) =

131:|t—1a‘r(7:t|T); ift=t¢t,...,T.
The weights for the initial state is similarly equal to

Bo (§t|T) = ﬁ0(§t|t—1 ) + ﬁt|t—1ﬁ0 (Ft|T)'

Since the measurement errors can be directly estimated using either updated or smoothed
estimates of the state variables, the observation weights under diffuse initialization can be de-
termined from the same relations. That is, the relationships in equations (5.55) and (5.56) are
still valid for the smooth estimates of the measurement errors. When calculating weights for
the update estimates of the measurement errors, the weights for the smooth state variables in
(5.56) are replaced with the weights for the update estimates of the state variables, recalling
that a¢ () =0forT >t + 1.

5.17. YADA Code
5.17.1. KalmanFilter (Ht)

The function KalmanFilter in YADA computes the value of the log-likelihood function in (5.18)
for a given set of parameter values. It requires an X T matrix Y = [y - -+ y1] with the observed
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variables, a k X T matrix X = [x7 - -- x7] with exogenous variables, and parameter matrices A,
H, F, Q, and R. The F and Q matrices are constructed based on the output from the solution to
the DSGE model, while the A, H, and R matrices are specified in a user-defined function that
determines the measurement equation; cf. Section 18.4. Moreover, the vector with initial state
values &;|o is needed. This input is denoted by KsiInit and is by default the zero vector.

Furthermore, KalmanFilter requires input on the variable initP. If this variable is 1, then
the function calculates an initial value for the matrix P;| as described in equation (5.15). If
this variable is set to 2, then the doubling algorithm is used to calculate an approximation of
¢ (see DoublingAlgorithmLyapunov below). Next, the input variables MaxIter and Tolerance
are accepted and are used by the doubling algorithm function. The input variable StartPeriod
is used to start the sample at period t,,, > 1. The default value of this parameter is 1, i.e., not to
skip any observations. Moreover, the boolean variable A1lowUnitRoot is needed to determine
if undefined unit roots are accepted in the state equation or not. Finally, if initP is 3, then
Pyjo = cl, where ¢ > 0 needs to be specified; its default value is 100.

The function KalmanFilterHt takes exactly the same input variables as KalmanFilter. While
the input variable H is r X n for the latter function, it is now r X n X T for the former function.
This means that KalmanFilterHt allows for a time-varying measurement matrix.

As output, KalmanFilter (KalmanFilterHt) provides 1nL, the value of the log-likelihood
function in (5.18), where the summation is taken from t,, until T. Furthermore, output is
optionally provided for y_1, H'P;—1H + R (or H[Pt|t_1Ht + R when the measurement matrix
is time-varying), &¢e—1, Pre—1, In p(ye|x¢, Y¢—1;0) from t,, until T, etc. The dimensions of the
outputs are:

1nL: scalar containing the value of the log-likelihood function in (5.18).

status: indicator variable being 0 if all the eigenvalues of F are inside the unit circle, and
1 otherwise. In the latter case, KalmanFilter (KalmanFilterHt) sets initP to 3. In
addition, this varaible takes the value -1 in the event that the value of the log-likelihood
function is not a real number. The latter can happen if the forecast covariance matrix
of the observed variables, H'P,._; H + R, is not positive definite for some time period t.

1nLt: 1 X (T -ty + 1) vector [In p(yy, |x¢,,, Ye,,—1;0) - - - In p(yr|xr, Yr—1; 0)]. [Optional]

Yhat: n X (T — t; + 1) matrix [y, |¢,,—1 " Yrjr—1]. [Optional]

MSEY: nxXnX (T —t,; +1) 3 dimensional matrix where MSEY(:,:, t—t,, +1) = H’Pt|t_1H+R.
[Optional]

Ksittl: r X (T — t;y + 1) matrix [&, |1 - &rjr—1]. [Optional]

Pttl: r X r X (T — tp, + 1) 3 dimensional matrix where Ptt1(:,:,t =ty + 1) = Py_q.
[Optional]

The inputs are given by Y, X, A, H, F, Q, R, KsiInit, initP, MaxIter, Tolerance, StartPeriod,
and c. All inputs are required by the function. The integer MaxIter is the maximum number
of iterations that the doubling algorithm can use when initP is 2. In this case, the parameter
Tolerance, i.e., the tolerance value for the algorithm, is also used.

5.17.2. UnitRootKalmanFilter(Ht)

The function UnitRootKalmanFilter (UnitRootKalmanFilterHt) takes all the input variables
that KalmanFilter (KalmanFilterHt) accepts. In addition, this unit-root consistent version of
the Kalman filter needs to know the location of the stationary state variables. This input vector
is given by StationaryPos. Using this information the function sets up an initial value for the
rows and columns of Py using the algorithm determined through initP. If this integer is 1 or 2,
then the rows and columns of F and Q determined by StationaryPos are used. The remaining
entries of the Py are set to zero if off-diagonal and to c if diagonal.

The output variables from UnitRootKalmanFilter (UnitRootKalmanFilterHt) are identical
to those from KalmanFilter (KalmanFilterHt).
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5.17.3. ChandrasekharRecursions

The function ChandrasekharRecursions takes the same input variables as KalmanFilter, ex-
cept for the last two variables AllowUnitRoot and c in KalmanFilter. These inputs are not
needed by the Chandrasekhar recursion since they require that the state covariance matrix is
initialized with ¥, the unconditional state covariance matrix.

The output variables from the function are the same as those from the KalmanFilter func-
tion.

5.17.4. StateSmoother(Ht)

The function StateSmoother (StateSmootherHt) computes &, &1, Py, Pryr, and 1) using
Yt Yejt—1> &eje—1 and Py as well as the parameter matrices H, R, F, and By as input. The
dimensions of the outputs are:

Ksitt: r X (T =t + 1) matrix [&, ¢, = $rir]-

Ptt: r X1 X (T — t, + 1) 3 dimensional matrix where Ptt(:,:,t — t + 1) = Py

KsitT: r X (T — ty, + 1) matrix [&, v« ryrl.

PtT: r X r X (T — t;, + 1) 3 dimensional matrix where PtT(:,:,t — t;; + 1) = Pyr.

Ksitit: r X (T — t;; + 1) matrix with the 1-step smoothed projections &;_j;.

rtvec: r X 1 vector with the smoothed innovation vector ;7. [Optional]

NtMat: r X r X (T — tp, + 1) matrix with the smoothed innovation covariances Nyr. [Op-

tional]

The required inputs are given by Y, Yhat, Ksitt1, Ptt1, H, F, R, and BO. For the StateSmoother
version, the H matrix has dimension r X n, while for StateSmootherHt is has dimension rXn xT.

5.17.5. SquareRootKalmanFilter(Ht)

The functions SquareRootKalmanFilter and SquareRootKalmanFilterHt compute the value
of the log-likelihood function using the square root filter rather than the standard filter; cf.
KalmanFilter and KalmanFilterHt. The functions take the same input variables as the stan-
dard filter functions except that Q is replaced with BO.

The required output variables are 1nL and status. The optional variables are the same as for
the standard Kalman filter functions. In addition, the functions can compute output variables
Yerror (n X T — t,, + 1 matrix with the 1-step ahead forecast errors of the observed variables),
SigmaSqRoot (n X n X T —t,, + 1 matrix with the square root of the 1-step ahead forecast error
covariance matrix of the observed variables), InvMSEY (n Xn X T —t,; + 1 matrix with the inverse
of 2, tt-1), and KalmanGain (r X n X T — t;; + 1 matrix with the Kalman gain matrix based on
the square root calculations).

5.17.6. UnitRootSquareRootKalmanFilter(Ht)

The unit root consistent function UnitRootSquareRootKalmanFilter and calculates the value
of the log-likelihood function using the square root filter rather than the standard filter; cf.
UnitRootKalmanFilter. The function take the same input variables as the standard filter func-
tions except that Q is replaced with BO.
The output variables are exactly the same as the function SquareRootKalmanFilter provides.
The functions with Ht appended are mirror images exacpt that they allow for a time-varying
H matrix on the state variables in the measurement equation.

5.17.7. SquareRootSmoother (Ht)

The square root smoother are computed with the aid of the function SquareRootSmoother for
the case of a constant H matrix and by SquareRootSmootherHt for a time-varying H matrix. The
input variables are slightly different than those accepted by the standard smoother functions,
StateSmoother and StateSmootherHt. In particular, the square root smoother functions accept
the input variables: Yerror, SigmaSqRoot, InvMSEY, KalmanGain, Ksitt1, Ptt1, H, F, and BO.
The first 4 variables are output variables from the square root filter functions discussed above,
while the remaining input variables are shared with the standard smoother functions.
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The output variables are the same as those given by StateSmoother and StateSmootherHt.

5.17.8. UnivariateKalmanFilter(Ht)

The functions UnivariateKalmanFilter and UnivariateKalmanFilterHt compute the value
of the log-likelihood function using the univariate filter rather than the standard filter; cf.
KalmanFilter and KalmanFilterHt. The functions take the same input variables as the stan-
dard filter functions.

The required output variables are 1nL and status. The optional variables are the same as for
the standard Kalman filter functions. In addition, the functions can compute output variables
sigma2i (cell array of dimension 1 X T where the cells contain the 1 X n vector with scalars
2 fori = 1,...,n), Kti (cell array of dimension 1 X T where the cells contains the r x n
matrix whose columns are given by K;; for i = 1,...,n), zti (cell array of dimension 1 X T
where the cells contain the 1 X n vector with scalars z:; fori = 1,...,n), and Hti (cell array of
dimension 1 X T where the cells contain the r X n matrix H, whose columns are given by H; for
i=1,...,n). The variables are presented in Section 5.15.1.

5.17.9. UnitRootUnivariateKalmanFilter(Ht)

The function UnitRootUnivariateKalmanFilter (UnitRootUnivariateKalmanFilterHt) is re-
sponsible for computing the value of the log-likelihood function using the univariate filter rather
than the standard filter; see, for instance, UnitRootKalmanFilter. The function takes the same
input variables as the standard filter functions.

The required output variables are 1nL and status. The optional variables are the same as for
the univariate Kalman filter function UnivariateKalmanFilter.

5.17.10. UnivariateStateSmoother

The univariate Kalman smoother is computed with the function UnivariateStateSmoother.
The input 11 variables are given by zti, sigma2i, Hti, Kti, Ksitt1, Pttl, Yerror, H, F, R, and
BO. The first 4 input variables are given by the same named output variables of the univariate
Kalman filter. The final 7 input variables are all used by the other smoother functions.

The output variables are the same as those given by the standard and square root smoother
functions.

5.17.11. KalmanFilterMO(Ht)

The standard Kalman filtering subject to possibly missing observations is handled by the func-
tion KalmanFilterMO for the case of a constant H matrix and by KalmanFilterMOHt for a time-
varying matrix. The input and output variables are identical to those for the standard Kalman
filter functions.

5.17.12. UnitRootKalmanFilterMO(Ht)

The standard Kalman filtering allowing for unit roots and possibly subject to missing obser-
vations is handled by UnitRootKalmanFilterMO for the case of a constant H matrix and by
UnitRootKalmanFilterMOHt for a time-varying matrix. The input and output variables are
identical to those for the standard Kalman filter functions that allow for unit roots.

5.17.13. SquareRootKalmanFilterMO(Ht)

The square root Kalman filtering subject to possibly missing observations is handled by the
function SquareRootKalmanFilterMO for the case of a constant H matrix and for a time-varying
H matrix by SquareRootKalmanFilterMOHt. The input and output variables are identical to
those for the square root Kalman filter functions.
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5.17.14. UnitRootSquareRootKalmanFilterMO(Ht)

The square root Kalman filtering allowing for unit roots and possibly subject to missing obser-
vations is handled by UnitRootSquareRootKalmanFilterMO for the case of a constant H matrix
and for a time-varying H matrix by UnitRootSquareRootKalmanFilterMOHt. The input and
output variables are identical to those for the square root Kalman filter functions which allow
for unit roots.

5.17.15. UnivariateKalmanFilterMO(Ht)

The univariate Kalman filtering subject to possibly missing observations is handled by the func-
tion UnivariateKalmanFilterMO for the case of a constant H matrix and for a time-varying H
matrix by UnivariateKalmanFilterMOHt. The input and output variables are identical to those
for the univariate Kalman filter functions.

5.17.16. UnitRootUnivariateKalmanFilterMO(Ht)

The univariate Kalman filtering allowing for unit roots and possibly subject to missing observa-
tions is handled by UnitRootUnivariateKalmanFilterMO for the case of a constant H matrix
and for a time-varying H matrix by UnitRootUnivariateKalmanFilterMOHt. The input and
output variables are identical to those for the univariate Kalman filter functions which allow for
unit roots.

5.17.17. StateSmootherMO(Ht)

The standard Kalman smoothing subject to possibly missing observations is handled by the
function StateSmootherM0 when the H matrix in the measurement equation is constant and
by StateSmootherMOHt when it is time-varying. The input and output variables are exactly the
same as those provided by the standard Kalman smoothing functions.

5.17.18. SquareRootSmootherMO(Ht)

The square root Kalman smoothing subject to possibly missing observations is handled by
SquareRootSmootherM0 when the H matrix in the measurement equation is constant and by
SquareRootSmootherMOHt when it is time-varying. The input variables are exactly the same
as those needed by the square root Kalman smoothing functions without missing observations.
The output variables are extended with two optional variables. Namely, the r X T matrices rtt
and rtT with estimates of the update and smooth innovations, ry; and r¢|r, respectively.

5.17.19. UnivariateStateSmootherMO

The univariate Kalman smoothing calculations subject to possibly missing observations is han-
dled by the function UnivariateStateSmootherMO for the cases of a constant or a time-varying
H matrix in the measurement equation. The input variables are exactly the same as those
needed by the function UnivariateStateSmoother. The output variables are extended with
two optional variables. Namely, the r X T matrices rtt and rtT with estimates of the update
and smooth innovations, ry; and ryr, respectively.

5.17.20. DiffuseKalmanFilter (M0O) (Ht)

The functions DiffuseKalmanFilter (MO) (Ht) computes the standard Kalman filter with diffuse
initialization, where functions with the addition MO to the name handle possible missing obser-
vations, and functions with the addition Ht cover a time-varying H-matrix in the measurement
equation. The 11 input variables are: Y, X, A, H, F, Q, R, KsiLast, StartPeriod, AllowUnitRoot,
and StationaryPos which are all shared with other functions for the standard Kalman filter.
The functions provides 2 required and 7 optional output variables: 1nL, status, 1nLt, Yhat,
MSEY, Ksitt1, Pttl, SigmaRank, and SmoothData. Only the last two are unique to functions
with diffuse initialization. The variable SigmaRank is a matrix with at most 2 rows and d
columns. The first row holds the rank of X ;;—1 over the initialization sample, while the second
row (when it exsts) holds the number of observed variables for the same sample. The last
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output variable, SmoothData, is a structure with fields containing data needed for computing
the smooth and update estimates over the initialization sample.

5.17.21. DiffuseSquareRootKalmanFilter (MO) (Ht)

The functions DiffuseSquareRootKalmanFilter (MO) (Ht) computes the square-root Kalman fil-
ter with diffuse initialization. The function shares its 11 input variables with the function for
the standard Kalman filter with diffuse initialization, except that Q is replaced with BO.

The 9 output variables are shared with DiffuseKalmanFilter (MO) (Ht).

5.17.22. DiffuseUnivariateKalmanFilter (MO) (Ht)

The functions DiffuseUnivariateKalmanFilter (MO) (Ht) computes the univariate Kalman fil-
ter with diffuse initialization. The function shares its 11 input variables with the function for
the standard Kalman filter with diffuse initialization.

The 9 output variables are shared with DiffuseKalmanFilter (MO) (Ht).

5.17.23. DiffuseStateSmoother (M0O) (Ht)

The functions DiffuseStateSmoother (MO) (Ht) computes the smooth and update estimates of
the state variables based on the standard Kalman smoother with diffuse initialization. The func-
tion requires 10 input variables: Y, Yhat, Ksitt1, Ptt1, H, F, R, BO, SigmaRank, and SmoothData.
The first 8 inputs are shared with StateSmoother (MO) (Ht), while the last two are outputs from
the Kalman filter routine subject to diffuse initialization.

The functions provides at least 5 and at most 9 output variables: Ksitt, Ptt, KsitT, PtT,
Ksitlt, rtvec, NtMat, rtt, and rtT. The first 7 are also obtained from the standard Kalman
smoother. The last two optional output variables are only provided by the smoothers that
support missing observations. For these functions, the rtt variable is a matrix of dimension
r X T with the update estimates of the disturbances ry|;, while the rtT variable is a matrix of the
same dimension with the smooth estimates of the distrurbances ryz.

5.17.24. DiffuseSquareRootSmoother (MO) (Ht)

The functions DiffuseSquareRootSmoother (MO) (Ht) computes the smooth and update esti-
mates of the state variables based on the square-root Kalman smoother with diffuse initializa-
tion. The input and output variables are shared with the standard Kalman smoother functions
DiffuseStateSmoother (MO) (Ht).

5.17.25. DiffuseUnivariateStateSmoother (MO)

The functions DiffuseUnivariateStateSmoother (MO) computes the smooth and update esti-
mates of the state variables based on the univariate Kalman smoother with diffuse initializa-
tion. The input and output variables are shared with the standard Kalman smoother functions
DiffuseStateSmoother (M0O) (Ht).

5.17.26. DoublingAlgorithmLyapunov

The function DoublingAlgorithmLyapunov computes X, the unconditional covariance matrix
of the state vector £, using S (m X m), W (m X m and positive semidefinite) as inputs as well
as the positive integer MaxIter, reflecting the maximum number of iterations to perform, and
the positive real ConvValue, measuring the value when the convergence criterion is satisfied.
The convergence criterion is simply the largest singular value of |yx+1 — Yk|; see Matlab’s norm
function. The dimensions of the outputs are:

M: m X m positive semidefinite matrix.
status: Boolean variable which is O if the algorithm converged and 1 otherwise.

-112-



When called from KalmanFilter, the first two inputs are given by F and Q, while the maximum
number of iterations and the tolerance value for the function can be determined by the user.>

5.17.27. DSGEObservationWeightsTheta & DSGEObservationWeightsThetaDiffuse

The functions DSGEObservationWeightsTheta and DSGEObservationWeightsThetaDiffuse are
used to provide the observation weights and decompositions of the state variables and the struc-
tural shocks for fixed parameter values based on the standard and the diffuse initialization of
the Kalman filter, respectively. To fulfill their purpose, the functions require six input variables:
theta, thetaPositions, ModelParameters, VarType, DSGEModel, and CurrINI. Among these
inputs only the integer VarType variable needs to be mentioned. It takes the value 1 if state
variable decompositions should be prepared, 2 if structural shock decompositions are needed,
3 if state variable weights are sought, and 4 if structural shock weights are requested by YADA.

The only required output variable is the structure StateDecomp, with available fields that
depend on the input variable VarType. The two optional output variables are given by status
and kalmanstatus.

51 The settings tab in YADA contains options for selecting the doubling algorithm rather than the vectorized solution
technique, and for selecting the maximum number of iterations and the tolerance level for the algorithm. The default
values are 100 and 1.0e-8.
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6. PARAMETER TRANSFORMATIONS

If some of the parameters in 6 have a gamma, inverted gamma, left truncated normal, or Pareto
prior distribution, then the support for these parameters is bounded from below. Similarly, if
some of the 6 parameters have a beta or uniform prior distribution, then the support is bounded
from below and above. Rather than maximizing the log posterior of 6 subject to these bounds
on the support, it is common practise to transform the parameters of 0 such that the support
of the transformed parameters is unbounded. Before turning the attention to posterior mode
estimation, the discussion will first consider the parameter transformation that YADA can apply.

6.1. Transformation Functions for the Original Parameters

For the p; parameters with a gamma, inverted gamma, left truncated normal, or Pareto prior
distribution, denoted by 0,, the transformation function that is typically applied is the natural
logarithm
¢i,1 = 11'1(91"1 —Gi1 ), 1= 1, ...,P1, (61)

where ¢; ; is the lower bound. Please note that YADA sets the lower bound of the Pareto distri-
bution to ¢ + b, where c is the origin parameter and b the location parameter for y = c + z with
z having lower bound b; cf. equation (4.34).

Letting 65 denote the p, parameters of 6 with a beta or uniform prior distribution, the trans-
formation function is the generalized logit

0i2 — a; .
¢i,2 = h’l b——ez , L= 1,...,p2, (62)

where b; > a; gives the upper and the lower bounds.>? The remaining p, parameters are given
by ¢o = 6o, while ¢ = [¢, ] ¢]" and 0 = [0, 0] 0,]". The overall transformation of 0 into ¢
may be expressed as ¢ = g(6), where g(0) is a vector of monotonic functions.>®
We can likewise define a transformation from ¢ back into 6 by inverting the above relations.
That is,
01 = exp(¢i1) +c1, i=1,...,p1, (6.3)
and
_ ai b exp(¢iz2)

1,2 — )
‘ 1+ exp(qbi,Z)
while 0y = ¢o. The full transformation can be expressed as 0 = g~(¢).

=1,...,p2 (6.4)

6.2. The Jacobian Matrix

When the ¢ parameters are used for evaluating the posterior distribution, it should be noted
that the log-likelihood function is invariant to the transformation, i.e., p(Y|0) = p(Y|g~*(¢)) =
p(Y|¢p). Next, the value of the joint prior density p(¢) can be determined in the usual way by
using the fact that ¢ = g(60); recall Section 4.2.1. That is, we need to take the Jacobian in the
transformation into account.

Since the individial parameters are assumed to be independent, the prior density of 0 is equal
to the product of the marginal prior densities for each individual 6 parameter. Moreover, since
the matrix with partial derivatives of 8 with respect to ¢ is diagonal and equal to the inverse
of the matrix with partial derivatives of ¢ with respect to 0, it follows that the individual ¢
parameters are also a priori independent, that the individual Jacobians are given by

1 do; ;
g (g7 (¢ij))|  [doi;

and that p(¢) is equal to the product of the individual ¢ prior densities.

, i1=1,...,pjand j=0,1,2,

52 We may think of this transformation as a generalized logit since a; = 0 and b; = 1 implies the logit function.

53 There is no need to order the parameters according to their prior distribution. This is only done here for clarifying
reasons. YADA knows from reading the prior distribution input which parameters have a beta, a gamma, etc, prior
distribution.
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For the 9 parameters that have a gamia, inverted gamima, left truncated normal, or Pareto
diStIibl.ltiOIl, the log Of tlle Jacol)ian is SiIIlply

In Ll = ¢ =1 P (6 5)

- = - = e . .

l fi’l l,l) A > 1

For the 6 parameters with a beta or a uniform prior, the log of the Jacobian is

db; 5 :
In dbia ) = In(bi — a;) + ¢i2 — 2In(1 + exp(ehi2)), i=1,...,pa. (6.6)
L

Finally, for the 6 parameters with a normal, Student-t (and Cauchy), logistic, or Gumbel prior
the log of the Jacobian is zero since d6; o/ d¢io = 1.

Notice that the Jacobians are positive for all parameter transformations and, hence, each
Jacobian is equal to its absolute value. The sum of the log Jacobians in equations (6.5) and
(6.6) should now be added to the log prior of 0, evaluated at 0 = g~1(¢), to obtain the value of
the log prior of ¢; cf. equation (4.3) in Section 4.2.1.

6.3. YADA Code

YADA has four functions that handle the parameter transformations discussed above. The
¢ = g(0) mapping is handled by ThetaToPhi, the 8 = g~'(¢) mapping by PhiToTheta, while
logJacobian takes care of calculating the log of the Jacobian. In addition, there is a function
(PartialThetaPartialPhi) that computes the matrix with partial derivatives of 6 with respect

to ¢.
6.3.1. ThetaToPhi

The function ThetaToPhi calculates the mapping ¢ = g(6). It requires the inputs theta, the
0 vector; thetaIndex, a vector with the same length as 6 with unit entries for all parameters
that have a gamma, an inverted gamma, a left truncated normal, or a Pareto prior distribu-
tion, with zero entries for all parameters with a normal, a Student-t, a Cauchy, a logistic, or a
Gumbel prior, with 2 for the beta prior, and 3 for the uniform prior; UniformBounds a matrix
with lower and upper bounds of any uniformly and beta distributed parameters (for all other
parameters the elements are 0 and 1); and LowerBound, a vector of the same length as 6 with
the lower bound parameters ¢; 1; see also Section 7.4 regarding the function VerifyPriorData.
The output is given by phi.

6.3.2. PhiToTheta

The function PhiToTheta calculates the mapping 0 = g~'(¢). It requires the inputs phi, the ¢
vector; thetaIndex; UniformBounds; and LowerBound. The output is given by theta.

6.3.3. logJacobian

The function logJacobian calculates the sum of the log of the Jacobian for the mapping 6 =
g 1(¢). It requires the inputs phi, the ¢ vector; thetaIndex; and UniformBounds. The output
is given by 1njac.

6.3.4. PartialThetaPartialPhi

The function PartialThetaPartialPhi calculates the partial derivatives of 6 with respect to ¢.
The required input is phi, thetaIndex, and UniformBounds. The output is given by the diagonal
matrix ThetaPhiPartial. This function is used when approximating the inverse Hessian at the
posterior mode of 6 with the inverse Hessian at the posterior mode of ¢.
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7. COMPUTING THE POSTERIOR MODE

The estimation of the posterior mode is either performed using the transformed parameters ¢
or the original parameters 6. Letting m be their common dimension, the posterior mode of ¢
can be expressed as:

¢ = arg max (lnL(Y; g (@) +Inp(g' (@) +1nJ(¢) +Inp(Pulg ($), h) ) (7.1)

The matrix Y represents the observed data, L() is the likelihood function, 8 = g~!(¢), while
J(¢) is the determinant of the (diagonal) Jacobian; cf. Section 4.2.1. The posterior estimate of
6 is then given by 6 = g1 (¢).

Similarly, the posterior mode of 6 is given by

6= arg max ( InL(Y;60) +1Inp(0) + Inp(®@,|6,h) ) , (7.2)
where ® C R™. In Section 7.1 we shall discuss when the posterior estimate 0 is close to the
posterior mode 6.

In case the user has provided a system prior file, this file determines In p(®,|6, h); see Sec-
tion 4.4. If the prior does not include a system prior part, but simply the marginal prior p(6),
then In p(®,,|0, h) = 0 for all 6 and therefore drops out of the optimization problem.

The actual optimization of the log posterior of ¢ or 6 is performed numerically in YADA. The
user can choose between Christopher Sims’ csminwel routine, Marco Ratto’s newrat, Dynare’s
gmhmax1ik, and Matlab’s fminunc (provided that the Optimization Toolbox is installed and
YADA-related diff-files have been taken into account) and whether the transformed parame-
ters (¢p) or the original parameters (6) should be targetted. All these optimization routines
provide an estimate of the posterior mode of the targetted parameters and of the inverse Hes-
sian at the mode, denoted by 5.>* The inverse Hessian at the mode is one candidate for the
covariance matrix of the proposal density that the random walk Metropolis algorithm discussed
in Section 8.1 needs for generating candidate draws from the posterior distribution of ¢ and of
6.

Note that the YADA specific version of fminunc is not supplied with the public version
of YADA. Moreover, the original Matlab version of fminunc is not supported by the poste-
rior mode estimation routine in YADA since it uses an edited version of the function (named
YADAfminuncx, where x should be replaced with 5 or 7). The YADA specific version has some
additional output fields and also supports a progress dialog. To make it possible for users that
have Matlab’s Optimization Toolbox installed to use fminunc for posterior mode estimation in
YADA, diff-files are available for download from the YADA website. In addition, instructions on
how to make use of the diff-files are provided in the YADA help file.>®

7.1. Comparing the Posterior Modes

The posterior estimate 6 based on the posterior mode of ¢ in (7.1) is approximately equal to the
posterior mode of 6 in (7.2) provided that either the data is informative about the parameters
or the log Jacobian is constant; for the transformations in Section 6 the Jacobian is constant
when 6 = ¢. While the latter case is obvious, the former has a large sample explanation. That
is, once the likelihood dominates in the posterior over the prior for all elements of 6 (and ¢),
the posterior estimate 6 is almost equal to the mode of p(0|Y) for finite T, with equality holding
asymptotically.

To show that 6 need not be the mode of p(f|Y), consider for simplicity a one parameter
problem where ¢ = In(0), while 6 ~ G(a,b), with a > 1. For this case we know that the
prior mode of 0 is 6 = b(a — 1); cf. Section 4.2.3. This corresponds to the prior estimate
¢ = In(b(a — 1)). We may then ask if ¢ is also the mode of p(¢).

54 The Matlab function fminunc actually produces an estimate of the Hessian at the mode.

55 The YADA website is located at: https://www.texlips.net/yada/. The YADA help file can also be read there.
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The prior density of ¢ can be found using the result in Section 4.2.1. This means that

=)

1 a
(b exp(¢)” exp (— A

p(p) =

This density resembles an extreme value distribution where, for instance, a = 1 yields a Gumbel
distribution (for ¢ = —¢) with location parameter © = 0O and scale parameter ¢ = b; see
Section 4.2.11. It is straightforward to show that the mode of the density is ¢ = In(ab). This
translates to the prior estimate & = ab and, hence, the mode of p(6) is not equal to the value of
0 = exp(¢) when ¢ is evaluated at the mode of p(¢).

Furthermore, we know that the posterior distribution of 6 is equal to its prior distribution
when the data is not informative about the parameter 6. Similarly, the posterior distribution
of ¢ is also equal to its prior in this case and since the distributions have different modes, it
follows that the posterior distributions do as well.

One implication of this is that it may be useful to perform the optimum check discussed in
Section 7.2 also for the original parameters. Should the posterior estimate & = g~1(¢) be close
to the posterior mode for 6 for all parameters, it suggests that the likelihood may be dominating
and, hence, that the data may be informative about all the parameters.’® On the other hand,
if the posterior mode of some element of 6 appears to be far away from its posterior estimate
using 0, then the data is unlikely to be informative about this parameter. Hence, not only can
the plots of the log posteriors be useful when tuning a proposal density, but it may also be
informative about identification issues.

7.2. Checking the Optimum

In order to check if the value ¢ is a local optimum, YADA makes use of some tools suggested
and originally coded by Mattias Villani. For each element ¢; of the vector ¢ a suitable grid with
d elements is constructed from the lower and upper bounds (¢; — cilll/ z,qbi + cilll/ %), where

c> 0and ii,i is element (i,1) of £, the inverse Hessian of the log posterior at the mode. Let ¢_;
be a vector with all elements of ¢ except element i. For each ¢; in the grid, the log posterior is
evaluated at (¢, d_;). For parameter ¢; this provides us with d values of the log posterior of ¢;
conditional on ¢_;.

One proposal density that YADA can use for posterior sampling is N (¢, %), where the value
of ¢ is determined from the previous draw from the posterior. Since the computed values of the
log posterior of ¢; are conditional on all parameters being equal to their values at the posterior
mode, it is natural to compare them to a conditional proposal density for ¢;. For the grid values
of ¢; that were used to calculate the conditional log posterior values of the parameter, one such
density is the log of the normal density with mean ¢; and variance Q;_; = 5;; — ii,_ii:il’_ i
The vector ii,_i is equal to the i:th row of ¥ with element i removed. Similarly, the matrix i_i,_i
is obtained by removing row and column i from £.

We can also estimate the variance of a conditional proposal density by running a regression
of the log posterior values on a constant, ¢;, and (j)l.z. The estimated variance is now given by
the inverse of the absolute value of two times the coefficient on gbiz. A modified proposal density

can now be evaluated for each ¢; by using the log of the normal density with mean ¢; and
variance given by the estimate in question.””

56 Note that this does not imply that the data is informative. It is possible that the prior mode of 6 is close to the
mode of the prior for ¢. In the one parameter example, large values for b imply that 0 is close to 6.

57 Such an estimated conditional variance can also be transformed into a marginal variance if, e.g., we are willing
to use the correlation structure from the inverse Hessian at the posterior mode. Let C = X © ¢¢’, where © denotes
element-by-element division, and ¢ is the square root of the diagonal of X. Let Q;_; be the conditional variance, while
%;; is the marginal variance. For a normal distribution we know that Q;_; = >;; — Zi,_iZ:il, _;Z_ii- This relationship
can also be expressed through the correlation structure as Q;—; = (1 — Ci,,iC:ilﬂ.C,i,i)Zi,i. Hence, if we have an
estimate of the conditional variance Q;-; and the correlation structure C, we can compute the marginal variance >;;;

by inverting this expression.
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Figure 3: Plot of the conditional log posterior density around the estimated posterior mode
along with two conditional proposal densities (left) and the log-likelihood (right) for
the parameters 7, pg, and o.
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Using these ideas, the 3 plots to the left in Figure 3 provides graphs of the conditional log
posterior density (blue solid line) of the parameters 7, pg, and oz from the An and Schorfheide
model in Section 18. The transformed (¢) space for the parameters is used here, i.e., the log of
T and oz and the logit of pg. Since the support for ¢ is the real line, it is seems a priori more
likely that a normal distribution can serve well as a proposal density for ¢ than for 6, where,
for instance, pg is restricted to be the 0-1 interval; cf. Section 6. The red dotted line shows the
normal approximation of the log posterior using the posterior mode as mean and conditional
variance based on the inverse Hessian at the mode. The green dashed line is similarly based on
the normal approximation with the same mean, but with the conditional variance estimated as
discussed in the previous paragraph.

It is worth noticing from the Figure that the normal approximations based on the inverse
Hessian and on the modification are close to the log posterior for all these parameters except
for pg. In the case of pg, however, these differences seem to be particularly severe and indicates
that if the proposal density has the inverse Hessian, 5, as its covariance matrix, then it may take
a long time before the support of pg is sufficiently covered. By comparison, the proposal density
based on the modification lies closer to the log posterior and is therefore a better approximation.

The posterior mode checking facilities in YADA also produces a second set of plots. These
graphs operate over the same grid as those discussed above, but instead of studying proposal
densities they plot the log-likelihood against the log posterior over the grid for each parameter.
To avoid scaling problems in the graphs, YADA adds the value of the log prior at the mode to
the log-likelihood. One important feature of these plots is that potential identification issues
can be detected from the slope of the log-likelihood. Moreover, they give an idea of how far
away a local maximum for the log-likelihood is relative to the local maximum of the posterior
for each parameter.

The 3 plots to the right in Figure 3 provides graphs of the conditional log posterior density
(blue solid line) along with the log-likelihood (red dashed line) for the same 3 parameters. As
mentioned above, the log-likelihood has been scaled such that the value of the log prior at the
mode has been added to each value. For the T parameter it can be seen that the local maximum
of the log-likelihood gives a value for T is somewhat smaller than the posterior mode value,
while the local maximum of the log-likelihood for ¢ is very close to the posterior mode. It is
also noteworthy that the log-likelihood for pg is increasing for values of this parameter that are
greater than the posterior mode value, but that the slope is rather flat. This suggests that at
least locally this parameter is not well identified. This is also supported by the result that the
prior mode of pg (11 /13 =~ 0.8462) is very close to the posterior estimate (0.8890).
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7.3. A Monte Carlo Based Optimization Routine

There are situations when it may be difficult to locate a suitable posterior mode through stan-
dard numerical optimization routines. The posterior distributions samplers discussed in, e.g.,
Section 8 do not necessarily need an estimate of the posterior mode and the inverse Hessian at
the mode in order to be applied. What is needed is a suitable covariance matrix for the jumping
distribution. At the same time, YADA requires that some estimate of the posterior mode exists
in order to run these posterior samplers.

Since at least version 4, Dynare includes a Monte Carlo based routine that attempts to locate
a parameter point with a high posterior probability through simulation. Based on a simple
selection procedure, similar to the random walk Metropolis routine considered in Section 8.1,
the Monte Carlo optimization procedure requires only a suitable proposal density. Specifically,
let this density be given by

@9 ~ Np(@CV,%5y), s=1,2,...,5, (7.3)

where S is the maximum number of draws to use, m is the dimension of the parameter vector,
c is a positive scale factor, and Zy is a positive definite matrix. The latter matrix may, e.g., be
diagonal with the prior variances of ¢ in the diagonal. Should the variances not exists, then the
corresponding element may be replaced with a large constant. Furthermore, the initial value
¢© may be taken from the prior distribution information in YADA.

The vector ¢ can now be updated as in Section 8.1,°® while the posterior mean and poste-
rior covariance matrix are updated according to

#(s) — #(s—l) +(1/59) [¢(s) _ #(s—l)] ’
Z(s) — Z(S_D + #(5—1)#(5—1)/ _ #(S)/J(S)/ (7.4)
+(1/9) [¢(S)¢(s)/ _ Z(S_D _ ,u(s_l),u(s_l)’] ,
and the posterior mode from
¢(S) ifp(¢(5)|Y) > p((ﬁ“‘”lY),

¢~V otherwise.

PO = (7.5)

The Dynare function gmhmaxlik also includes a portion of code that attempts to tune the
scale factor c before it simulates the posterior mean, mode, and covariance matrix. During this
tuning step, the initial value for ¢ (or 6) also changes as draws are accepted by Monte Carlo
procedure. Moreover, once it has estimated the posterior covariance matrix via (7.4), the dynare
code optionally uses this estimate to first re-tune the scale factor c and thereafter to make a final
attempt of climbing the posterior hill to its peak, i.e.,the mode of the posterior distribution. The
tuning of the scale parameter is for this optional case, as well as for the initial tuning case,
based on a suitable target for the acceptance rate of the simulation procedure; YADA works
with a targeted acceptance rate of 1/4, while the original Dynare function has a target rate of
1/3.

7.4. YADA Code

The posterior mode is computed in YADA by the function PosteriorModeEstimation. The main
inputs for this function are the structures DSGEModel, CurrINI, and controls. The first contains
paths to the user files that specify the log-linearized DSGE model, the prior distribution of its
parameters, the data, the measurement equations, and any parameter functions that should be
dealt with. It also contains information about options for the Kalman filter, the sample to use,
names of observed variables, of exogenous variables, of state variables, and names of the state
shocks, your choice of optimization routine and parameters to target (transformed or original),

58 For the transformed parameters this means that the rule in equation (8.1) is used. For the original parameters
the ratio on the right hand side of the selection rule are replaced with the log posteriors for this parameterization.
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the tolerance value, the maximum number of iterations to consider, as well as some other useful
features.

The CurrINI structure contains data on initialization information needed by YADA. This
structure contains non-model related information, while the DSGEModel structure contains the
model related information. Finally, the controls structure holds handles to all the controls on
the main GUI of YADA.

7.4.1. VerifyPriorData

Based on the input that PosteriorModeEstimation receives, the first task it performs is to
check the data in the prior distribution file. This is handled by the function VerifyPriorData.
Given that the prior distribution data is complete (cf. Section 18.2), this function returns the
prior distribution data in various variables. These variables are given by theta, thetalndex,
thetaDist, LowerBound, ModelParameters, thetaPositions, PriorDist, ParameterNames, and
UniformBounds.

The vector theta contains the initial values of the parameters to be estimated, i.e., 6. The
vectors thetaIndex and thetaDist have the same length as theta with integer entries indicat-
ing the type of prior distribution that is assumed for each element of theta. The difference
between these two vectors is that thetaIndex indicates the type of transformation that should
be applied to obtain ¢, while thetaDist gives the prior distribution. The vector LowerBound
gives the lower bound specified for the parameters in the prior distribution file. This bound is,
for example, used by the parameter transformation function discussed in Section 6.3.

The structure ModelParameters has fields given by the parameter names assigned in the
prior distribution file; see, e.g., Table 2. Each field is assigned a value equal to the initial
value for that parameter. Both estimated and calibrated parameters are given a field in the
ModelParameters structure. Similarly, the vector structure thetaPositions has dimension
given by m, the dimension of 6. Each element in the vector structure has a field parameter
that contains a string with the name of the parameter. The vector structure is constructed such
that thetaPositions (i) .parameter gives the name of the parameter in position i of 6.

The structure PriorDist has 11 fields: beta, gamma, normal, invgamma, truncnormal, cauchy,
student, uniform, logistic, gumbel, and pareto. Each such field contains a matrix whose
number of rows depends on the number of parameters assigned a given prior distribution. The
number of columns is 2 for the normal, uniform, gamma, inverted gamma, Cauchy and Gum-
bel, while it is 3 for the left truncated normal, the Student-t, the logistic, and the Pareto; the
third column holds the lower bound for the left truncated normal, the number of degrees of
freedom for the Student-t, and the origin for the Pareto. For the beta distribution, finally,
the matrix has 4 columns, where the last two hold the lower and upper bounds. Columns
1 and 2 have the values of prior parameter 1 and 2 that were given in the prior distribu-
tion file. The PosteriorModeEstimation function later creates 4 new fields in the PriorDist
structure. These fields are beta_ab, gamma_ab, logistic_ab, and gumbel_ab, containing the
(a,b) parameters for the beta (eq. (4.15)) and the gamma (eq. (4.7)) distributions, the loca-
tion, scale and shape parameters (i, o,c)) for the logistic distribution, and the location and
scale parameters for the Gumbel distribution (u, ). The functions MomentToParamStdbetaPDF,
MomentToParamGammaPDF, MomentToParamlLogisticPDF and MomentToParamGumbelPDF, respec-
tively, deal with the transformations from mean and standard deviation (and shape parameter
¢ for the logistic) to the needed parameters; cf. Section 4.5.

The structure ParameterNames has fields all, calibrated, beta, gamma, normal, invgamma,
truncnormal, uniform, student, cauchy, logistic, gumbel, pareto, and estimated. Each
field returns a string matrix with the parameter names. One field to this structure, additional,
is added by the function ReadAdditionalParameterNames. This term holds a string matrix
with the names of all the new parameters defined in the file with parameters to update; cf.
Section 18.3. Moreover, it extends the string matrix ParameterNames.calibrated with any
new calibrated parameters that YADA has found in the file with parameters to initialize.
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Finally, the matrix UniformBounds has dimension m X 2. For all prior distributions but the
uniform and the beta each row has 0 and 1. For the uniform and the beta the rows have the
lower and the upper bounds.

7.4.2. logPosteriorPhiDSGE

Since csminwel, newrat, and fminunc are minimization routines, the function to minimize when
transformed parameters are targetted by the optimizer is given by minus the expression within
parenthesis on the right hand side of (7.1); this function is called logPosteriorPhiDSGE in
YADA. Before attempting to minimize this function, YADA allows the user to import alternative
initial values for the estimated parameters as well as an initial value for the inverse Hessian.
This possibility is supported by the csminwel and newrat optimizers and may also be skipped.

The files with parameter values to import are standard matlab mat-files and are required to
hold certain variables and it is therefore recommended that YADA has created them. One case
when this is useful is when optimization has been cancelled by the user who has selected to
save the obtained results to disk. These results can then be imported at a later time as initial
values and used for optimization. As mentioned above, this possibility requires that either
csminwel or newrat are used as optimizers. Another case is during model development and
where, say, posterior mode results are available from a previous model version. This file can
then be utilized for initial values when optimizing. YADA will compare the parameter names of
the selected model to those being imported and the values of the common parameters as well
as the inverse Hessian entries from these parameters can then be used.

Once this has been concluded YADA runs a number of checks on the user defined functions.
First of all, all user defined Matlab functions are copied to the tmp directory to make sure they
are visible to Matlab. Second, YADA attempts to run the user defined Matlab functions. The first
group contains any functions with additional parameters that the user has included in the model
setup; cf. Section 18.3. Given that such functions exist, the order in which they are executed
depends on the user input on the DSGE Data tab on the YADA GUI; see Figure 9. If both types
of additional parameter files exist, the order is determined by the data in the checkbox “Run file
with parameters to initialize before file with parameters to update”. The execution of additional
parameters updates the ModelParameters structure with fields and values.

Given that these files are executed without errors (or that they do not exist), the following
step is to check the validity of the measurement equation function; cf. Section 18.4. Assuming
this function takes the necessary input and provides the necessary output (without errors),
YADA then tries to solve the DSGE model; see Section 3.5. If the model has a unique convergent
solution at the initial values (see Section 3.1), YADA proceeds with the final preparations for
running the optimization routine. If not, YADA returns an error message, reporting which
problem AiM discovered.

The final preparations first involves collecting additional parameters into the ParameterNames
structure in the field additional. Next, the initial values of the additional parameters as
well as the initial values of the calibrated parameters are located and stored in the vectors
thetaAdditional and thetaCalibrated, respectively. These two tasks are handled by the
functions ReadAdditionalParameterNames and ReadAdditionalParameterValues. Next, the
actual sample to use is determined by running the function CreateSubSample. This sub-sample
does not take into account that the user may have selected a value for the StartPeriod variable
different from t,;, = 1; see Section 5.17. The choice of StartPeriod is determined by the choice
of “First observation after Kalman filter training sample” on the Settings tab of the YADA dialog.

The last task before the chosen minimization routine is called is to check if the function
that calculates the log posterior returns a valid value at the initial parameter values. The
logPosteriorPhiDSGE function takes 10 input arguments. The first is phi, the transformed
parameters ¢. Next, 6 inputs originally created by VerifyPriorData are required. They
are: thetalndex, UniformBounds, LowerBound, thetaPositions, thetaDist, and the structure
PriorDist. Furthermore, the structure with model parameters ModelParameters, the DSGE
model structure DSGEModel, and the AIMData structure are needed. The latter structure is cre-
ated when the DSGE model is parsed through the AiMInitialize function. That function saves
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to a mat-file the outputs from the compute_aim_data function. When this mat-file is loaded into
YADA it creates the AIMData structure with fields having names equal to the output variables
of compute_aim_data. Finally, the variable OrderQZ is needed by the Klein (2000) and Sims
(2002) DSGE model solvers. Recall that this is a boolean variable which is unity if ordqz is a
built-in Matlab function (true for version 7 and later) and zero otherwise. Furthermore, the
choice of DSGE model solver is determined by the setting in the DSGE Model Data frame on the
DSGE Data tab; see Figure 9.

Based on this input the log posterior evaluation function logPosteriorPhiDSGE first trans-
forms ¢ into 0 by calling PhiToTheta. Next, it makes sure that ModelParameters is cor-
rectly updated for the parameters that are estimated. This is achieved through the function
ThetaToModelParameters. Apart from ModelParameters it needs theta and thetaPositions
to fulfill its task. With ModelParameters being updated for the estimated parameters, any re-
maining parameters are reevaluated next, i.e., the user defined function with parameters to
update.

With the parameter point determined, the log-likelihood function is examined and evalu-
ated if the parameter point implies a unique convergent solution for the DSGE model and
the state vector is stationary (the largest eigenvalue of F is inside the unit circle). The func-
tion logLikelihoodDSGE deals with the calculation. The inputs for the function are the three
structures ModelParameters, DSGEModel, and AIMData. The function returns three variables:
logLikeValue, the value of the log-likelihood; mcode, indicating if the DSGE model has a
unique convergent solution or not; and status, a boolean variable, indicating if the F ma-
trix in the state equation (5.2) has all eigenvalues inside the unit circle or not. Given that mcode
is 1 and that status is 0, the value of the log-likelihood is considered valid. If either of these
variables returns a different value, the function returns 1000000, otherwise it proceeds with the
evaluation of the log of the prior density at = g~!(¢) through logPriorDSGE and, if the prior
density value is not a NaN, the log of the Jacobian. The latter function is given by logJacobian,
presented in Section 6.3. If the log prior density value is NaN, then logPosteriorPhiDSGE again
returns 1000000. Otherwise, the function checks if the user has a system prior by examining
the DSGEModel field SystemPriorFile. If such an additional prior exists, it computes the log
height of this user written density function and checks if the value is valid or not. Should the
value be NaN, then logPosteriorPhiDSGE once again returns 1000000, otherwise it returns mi-
nus the sum of the log-likelihood, the log prior density, the log Jacobian, and the log system
prior density. The latter value is always O when the model does not have a system prior.

In addition to the mandatory logPost output variable, the logPosteriorPhiDSGE function
also supports the optional logLike output variable. It is equal to NaN when logPost returns
1000000, and to logLikeValue when all computations could be carried out successfully.

7.4.3. logPosteriorThetaDSGE

The function logPosteriorThetaDSGE works in a very similar way as logPosteriorPhiDSGE.
One difference is, of coursem that it takes the input vector theta with the original parameters
instead of phi. Another difference is that the log posterior for the original parameters takes the
input variable ParameterBounds instead of UniformBounds. This matrix has two columns with
the lower and upper bounds for the parameters in theta. Finally, the output variable logPost is
equal to the sum of the log likelikhood, the log prior of theta, and the log value of any system
prior (default is 0). In all other respects, the two log posterior functions are equal.

7.4.4. logLikelihoodDSGE

The function logLikelihoodDSGE directs the main tasks when using the DSGE model for com-
puting the log-likelihood with a Kalman filter; see, e.g., Section 5.4. The inputs are, as already
mentioned, the three structures ModelParameters, DSGEModel, AIMData, and the boolean vari-
able OrderQZ.

First, logLikelihoodDSGE runs either the AiMSolver, the KleinSolver or the SimsSolver
function. Given that it returns an mcode equal to unity and AiM is used to solve the model,
the AiMtoStateSpace function is executed. This provides us with the data to determine F and
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Q (Bp) that the Kalman filter needs. Next, the measurement equation function is executed to
obtain the A, H, and R matrices for the current value of the parameters. These five matrices
are collected into the output variable Solution, a structure where the fields are named after
the matrices, such as Solution.A gives the value of A, Solution.H gives H, and so on until
Solution.BO gives By. Once this task is completed, the appropriate Kalman filter function is
executed, yielding the outputs logLikeValue and status. Optionally, the function will also
provide the time t values of the log-likelihood in the vector logLikeT.

7.4.5. logPriorDSGE

The function logPriorDSGE computes the log height of the joint prior density function at a
given value of 0. It requires the four inputs theta, thetaDist, PriorDist, and LowerBound. If
the value of log prior density is not a real number, logPriorDSGE returns NaN.

7.4.6. System Prior File

If the user has provided a system prior file, it’s full path and name is stored in the field
SystemPriorFile of the DSGEModel structure. This must be a function which takes the six
input variables theta, thetaPositions, ModelParameters, AIMData, DSGEModel, and OrderQZ.
The last input variable is simply a boolean variable which is true if the built-in matlab function
ordqz is available; see Warne (2025) concerning the function SolveDSGEModel. The solution of
the DSGE model is often stored in DSGEModel . Solution and may therefore be directly accessed
inside the system prior file.

The function should only provide one output variable, which measures the log height of the
system prior density. Since the variable name is local to the function it can be called anything,
such as logSP.

7.4.7. YADAcsminwel

Given that the user has chosen to use Christopher Sims’ csminwel function, the YADA imple-
mentation YADAcsminwel is utilized to minimize either the function logPosteriorPhiDSGE or
logPosterioThetaDSGE. If the optimization algorithm converges within the maximum number
of iterations that the user has selected, YADA makes use of the main output variables from this
function. First of all, the vector phiMode or thetaMode is collected. Furthermore, the value of
(minus) the log posterior at the mode is saved into LogPostDensity, while the inverse Hessian
is located in the variable InverseHessian. In case the log posterior of ¢ is used for estimation
then the mode of 0 is obtained from the parameter transformation function PhiToTheta.

If, for some reason, csminwel is unable to locate the mode, YADA presents the return code
message of csminwel indicating what the problem may be.

7.4.8. YADAnewrat

When Marco Ratto’s newrat function has been selected, the YADA implementation YADAnewrat
is utilized to minimize either the function logPosteriorPhiDSGE or logPosterioThetaDSGE.
Since newrat uses an outer product gradient for calculation the Hessian, newrat requires values
of the log posterior for all time periods in the estimation sample. The additional functions
logPosteriorPhiDSGE4Time and logPosterioThetaDSGE4Time therefore support as a second
output argument a vector logPostT with all time t values of the log posterior.”® The input
variables are identical to those in logPosteriorPhiDSGE and logPosterioThetaDSGE.

7.4.9. YADAgmhmaxlik

When Dynare’s gmhmaxlik Monte Carlo based optimization procedure has been chosen, the
YADA version YADAgmhmaxlik is applied to maximize either minus logPosteriorPhiDSGE or
minus logPosterioThetaDSGE; recall that both these functions are setup for minimization. The
Monte Carlo based simulation scheme that the function uses takes input from the posterior

59 The original version of newrat in Dynare expects function names ending with _hh. This has been changed in
YADAnewrat to 4Time.
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sampling and the specifics of these inputs are discussed in Sections 8.1 and 8.7.2. The initial
scale factor, c, is taken from the Scale factor for the posterior sampler selection; see also Figure 4.
Moreover, the number is Monte Carlo draws for estimating the posterior covariance matrix
in equation (7.4) is equal to the number of posterior draws per chain minus the number of
posterior draws discarded as burn-in period. As initial values for the posterior mean and the
posterior covariance matrix YADA supplies the function with estimates based on draws from the
prior distribution.

The function works in four different steps. First, it tunes the scale factor ¢ such that the ac-
ceptance rate is close to the targeted rate of 1/4. The posterior mode estimate is also updated
as in equation (7.5) during this step, but the posterior mean and covariance matrix are not con-
sidered. The maximum number of parameter draws during this stage is equal to the minimum
of 200,000 and 10 times the number of Monte Carlo draws. Second, based on this tuned scale
factor and the initial covariance matrix, the posterior mean and posterior covariance matrix are
estimated via (7.4) using the number of selected Monte Carlo draws, with the posterior mode
estimate again being updated as in equation (7.5).

Third, the scale factor c is retuned based on the estimated posterior covariance matrix. This
step is otherwise the same as the first, with the posterior mode estimate being updated using
the rules of the sampler and equation (7.5). Once retuning has finished, the last step involves
an attempt to climb the summit of the of the log posterior. The maximum number of parameter
draws is the same as during step one and three with the same covariance matrix as in step
three, but now all draws are accepted as possible mode candidates and only the test in (7.5)
is applied. The scale factor is also retuned during this last step to cool down the system as it
comes closer to the summit of the log posterior.

7.4.10. YADAfminuncx*

YADA has three versions of Matlab’s fminunc at its disposal. For Matlab versions prior to ver-
sion 7, an older fminunc function is called: it is named YADAfminunc5 and its original version
is dated October 12, 1999. For version 7 and later, YADAfminunc7 is used, and for Matlab
versions prior to 7.5 it is originally dated April 18, 2005, while for Matlab version 7.5 and
later it is dated December 15, 2006. The YADAfminunc* function attempts to minimize the
function logPosteriorPhiDSGE or logPosteriorThetaDSGE, and if it is successful the vector
phiMode or thetalMode, minus the value of the log posterior at the mode, and the Hessian at the
mode are provided. This Hessian is inverted by YADA and the results is stored in the variable
InverseHessian. In case the log posterior of ¢ is used for estimation then the mode of 0 is
obtained from the parameter transformation function PhiToTheta.

Again, if YADAfminunc* fails to locate the posterior mode within the maximum number of
iterations, the return code message of fminunc is presented.

YADAfminunc#* is only available in the version of YADA that is exclusive to the New Area-Wide
Model team at the European Central Bank. As mentioned in Section 7, the publicly available
version of YADA does not include these functions. Instead, diff-files are provided from the YADA
website. These files provide the information the user needs to properly edit some files from the
Optimization Toolbox such that fminunc can be used in YADA. It should be emphasized that the
original files from the Optimization Toolbox should not be edited, only copies of them that are
subject to the names changes required by YADA.

-124-



8. POSTERIOR SAMPLING
8.1. The Random Walk Metropolis Algorithm

The Random Walk Metropolis (RWM) algorithm is a special case of the class of Markov Chain
Monte Carlo (MCMC) algorithms popularly called Metropolis-Hastings algorithms; see, Hast-
ings (1970) and Chib and Greenberg (1995) for an overview.

The Metropolis version of this MCMC algorithm is based on a symmetric proposal density,
i.e., q(6*,0|Y) = q(6,0*|Y), while the random walk part follows when the proposal density is
symmetric around zero, q(6*,0|Y) = q(6* — 6,0]Y). The random walk version of the algorithm
was originally suggested by Metropolis, Rosenbluth, Rosenbluth, Teller, and Teller (1953) and
was first used to generate draws from the posterior distribution of DSGE model parameters by
Schorfheide (2000) and Otrok (2001).

The description of the RWM algorithm here follows An and Schorfheide (2007) closely.

(1) Compute the posterior mode of ¢; cf. (7.1) or (7.2). The mode is denoted by q7>

(2) Let $ be the inverse of the Hessian evaluated at the posterior mode ¢. YADA actually
allows this matrix to be estimated in four different ways and that its correlations are
scaled in a joint fashion towards zero.

(3) Draw ¢© from N (¢, c25), where m is the dimension of ¢, and ¢y is a non-negative
constant.

(4) For s = 1,...,N, draw ¢ from the proposal distribution N, (¢~ D, c25), where c is
a positive constant. The jump from ¢~ is accepted (¢ = ¢) with probability
min{1, (¢, ¢|Y)} and rejected (¢ = ¢&~) otherwise. The nonnegative func-

tion
_L(Y;0)p(g (@) ()
(¢, 0lY) = L(Y;6)p(g () (¢)’

where J(¢) is the determinant of the Jacobian of 8 = g~1(¢); cf. Section 6. Fur-
thermore, if the model includes a system prior, then the jump probability in (8.1) is
multiplied by p(®,|g" ' (¢), h) / p(®,|g ' (¢), h). Notice that if the value of the numer-
ator in (8.1) is greater than the denominator, then the jump from ¢©1 to ¢© = ¢ is
always accepted.

An important difference between the algorithm described by An and Schorfheide (2007) and
the one stated above is that An and Schorfheide samples 6 directly, while YADA samples ¢ and
transforms it into 0 with g71(¢); see Section 6. The main reason for sampling ¢ rather than
0 directly is that the support is ® = R™ for ¢ (the m-dimensional Euclidean space), while the
support for 0 is typically constrained in some dimensions, i.e., ® C R™. Hence, every draw
from the proposal density of ¢ is an element of ®, while all draws of 0 need to be verified first.
Moreover, this also suggests that the selected proposal density may simply be a better (or not as
bad) approximation of the posterior density when sampling ¢ directly rather than 6.

(8.1)

8.1.1. Student-t Proposal Density

The above algorithm is based on having a normal proposal density. A simple generalization
of this is to consider a Student-t proposal density with d degrees of freedom; see equation
(4.25) in Section 4.2.9. This density is also symmetric, but has fatter tails than the normal
when d is finite. In step (3) of the RWM algorithm we would then instead draw ¢© from
Tin(, c25, d), while in step (4) we would sample from the proposal density T, (¢p©~V, ¢?5, d).
All other computation of the RWM algorithm are unaffected.

8.1.2. Block Metropolis-Hastings Algorithms

Further extensions of the basic RWM algorithm for DSGE models are discussed by Herbst and
Schorfheide (2016, Chapter 4.4). As the number of parameters grows, the persistence of the
Markov chain tends to increase with the result that the efficiency of the posterior simulator
decreases. One possibility is therefore to split the parameters into separate groups and treat
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the possible updating of the parameters of each group separately. The parameters can either
be split into a fixed number of groups called blocks or into a random number of such blocks.
In addition, the parameters can be assigned to a particular block for all iterations, randomly
assigned to a block initially, or randomly assigned to a block for each iteration; see also Chib
and Ramamurthy (2010). One advantage with blocking is that it tends to lower the correlation
across iterations of the Markov chain since, e.g., not all parameters are necessarily updated in
the same way. A key feature for this to occur is that the blocking procedure is independent of
the Markov chain.

YADA supports two approaches to block Metropolis-Hastings posterior simulation. The first
blocking algorithm has a fixed number of blocks, Ny = 2,3,...,m, where for each iteration
the parameters are randomly assigned to a block through a uniform distribution and, as far
as possible, the number of parameters in each block is the same.®® This algorithm, which is
here called fixed-block RWM, is described in Herbst and Schorfheide (2016, Algorithm 7) and
the default value for Ng = min{3, m}. This means that each parameter is assigned an iid draw
from U(0, 1), the parameters are sorted according to the assigned random number, and given to
block b based on this ordering. For example, if Ng = 4 and m = 12, then the three parameters
with the smallest assigned random numbers are placed in block 1, the three parameters with the
4th through 6th smallest random numbers in block 2, etc. The proposal density for each block
is a multivariate Student-t with a fixed number of degrees of freedom dp = 1,2,...,00 and
therefore includes the normal proposal density as a special case. If the number of parameters
divided by the number of blocks, m /Np, is not an integer, the number of parameters per block
is automatically adjusted for the last block by YADA.

The second algorithm, called random-block RWM, allows for a random number of blocks
in each iteration, Np;, drawn from a discrete uniform distribution over the allowed block size
values {m;,m; + 1,...,my}, 1 < m; < my < m such that there are at least two possible
block sizes, and where uniformity means that each block size value is drawn with probability
1/(my — my; + 1). Given this draw, the placement of parameters into blocks is performed like
in the fixed-block RWM case, while the same proposal densities is also supported.

Let qblgs) denote the parameters of block b for iteration s of ¢, ¢(<sg contains the parameters of

all blocks before b for simulation s, while qbg similarly contains all the parameters of ¢ of all
blocks after b. With m;, being the dimension of ¢, a proposal value for these parameters, de-

noted by ¢p, is drawn from T, (qbl()s_l), 25y, dy ), where ¥ only contains the rows and columns

of £ which correspond to the parameters of ¢y, whereas d, > 1.°' The degrees of freedon
parameter d, = d — m + mp when the joint proposal for all m parameters has d degrees of free-
dom. Since dp > 1 should hold, it follows that d > m —my, is required when selecting d. For the

fixed-block RWM algorithm, this means that d > m — |m/Np| (where |a] is the floor function
for a), while for the random-block RWM d > m — |m/my]. Letting ¢ = (qbg, ®p> (j)(:b_ 1)) and

¢ = Sg, (j)l(f_l), (j)(:b_l) ), the draw qbl()s) = ¢, is accepted with probability min{1,r(¢,¢|Y)},

and rejected (qbl()s) = (j)l()s_l)) otherwise. The value r(¢>, ¢|Y) is computed from equation (8.1),
but with the new definitions of ¢ and ¢.

For all block-based RWM algorithms, the calculation time for each iteration increases relative
to the standard RWM algorithm since the number of evaluations of the posterior density kernel
is linear in the number of blocks. For instance, we may expect that the fixed 3-block RWM
takes three times as long as the 1-block RWM for each iteration. It may also be noted that the
denominator in equation (8.1) is available from the previous jump probability computation, i.e.,
from the previous block or from the last block of the previous iteration.

60 The case of Ny = 1 is already handled through the basic RWM algorithms with a normal or Student-t proposal
density.

61 In theory, the parameters of the other blocks will also enter the expression for the proposal density. However,
given that the joint proposal density is multivariate Student-t with a covariance matrix which does not depend on
the draws, the marginal proposal density for each block does not depend on the parameters of the other blocks.
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The acceptance rate for the blocking algorithms is based on the full set of parameters. This
means that if at least one block has been accepted, then this counts as an acceptance for the
iteration. While it would also be possible to count the number of times any parameter block is
accepted and compare this with the number of times that a proposal draw is made (equal to the
number of blocks times the number of iteration when a fixed number of blocks is used), this
alternative acceptance rate is not measured by YADA.

8.1.3. Numerical Standard Errors

The expected value of any real valued function h(¢) is approximated by N~! Zi\jzl h(¢®).
Hence, the posterior mean and covariance can be calculated directly from the RWM output.
Furthermore, the numerical standard error of the posterior mean can be calculated using the
Newey and West (1987) estimator.

The numerical standard error of the posterior mean ¢ is computed as follows. Let N < N
be an integer such that the autocorrelation function for the posterior draws of ¢ tapers off.
Consider the matrix

.1 R+
Sg== > ————T 8.2
6=N 2 w1 T (8.2)
s=—N
where
L S (6™ — 3) (609 — &Y
r(s) == >, (o™ - ) - if s >
W=7 2, (#7-9)( ¢), ifs=0,

andT'(s) = I'(Js|)’ when s < —1. The kernel in (8.2), given by 1—|s| / (N +1), is a Bartlett kernel;
for alternative kernels, see for instance Andrews (1991). The numerical standard error of q7> is
given by the square root of the diagonal elements of i¢. The matrix i¢ has the usual property
that it converges to O in probability as N — co when the Markov chain that has generated the
¢»®) sequence is ergodic; see, e.g. Tierney (1994).

8.2. The Slice Sampling Algorithm

One drawback with Metropolis-Hastings algorithms is that they require quite a lot of tuning
to work well. Tuning involves the selection of a proposal density and its parameterization. If
the proposal density is a poor approximation of the posterior distribution, convergence of the
sampler may be very slow or, even worse, the sampler may not cover important subsets of the
support for the posterior distribution.

The issue of convergence of the MCMC sampler is covered in Section 9 and the tools discussed
there apply to any MCMC sampler. Assuming that, for instance, the RWM sampler has converged
we may nevertheless find that it is not very efficient. In particular, a large number of draws
may be required to achieve convergence due to high serial correlation in the MCMC chain. To
examine how efficient the sampling algorithm is, variance ratios, such as the inefficiency factor,
can be computed from draws of the individual parameters as well as for the value of the log
posterior; see, e.g., Roberts (1996, Section 3.4).%2

An MCMC sampler that requires less tuning and which relies on standard distributions is the
so called slice sampler. This sampler is based on the idea that to sample a random variable one
can sample uniformly from a region under a slice of its density function; Neal (2003). This idea
is particularly attractive for models with non-conjugate priors, such as DSGE models, since for
the region under the slice to be unique the height of the density need only be determined up to
a constant.

62 The inefficiency factor is equal to the ratio between the variance of the draws when autocorrelation is taken into
account and the variance under the assumption that the draws are iid. That is, the inefficiency factor is equal to 1
plus 2 times the sum of the autocorrelations. For serially correlated processes this factor is greater than unity, and
the larger its value is the more inefficient the sampler is. Roberts (1996) considers the inverse of this ratio, i.e., the
efficiency factor, which YADA presents as RNE (relative numerical efficiency); see also Geyer (1992).
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To formalize the idea of slice sampling we shall first consider the univariate case. Let f(x) be
proportional to the density of x, denoted by p(x). A slice sampling algorith for x follows these
steps:

(1) Draw y from U (0, f(xg)), where xq is a value of x such that f(xg) > 0. This defines
the horizontal slice: S = {x : y < f(x)}, where by construction xg € S.

(2) Find an interval, I = (L, R), around xq that contains all, or much, of the slice.

(3) Draw a new point, x1, uniformly from the part of the slice within I.

Notice that the horizontal slice S is identical to the slice S* = {x : y* < p(x)}, where y* =
(p(x0) / f(x0))y.

The first step of the sampler involves the introduction of an auxiliary variable, y, which need
not be stored once a new value of x has been drawn. It only serves the purpose of determining a
lower bound for f(x), i.e., we are only interested in those values of x, on the horizontal axis, for
which f(x) is greater than y. The difficult step in the algorithm is the second, where a suitable
interval on the horizontal axis needs to be determined.®® Unless the interval I is identical to S,
the third step in the algorithm may require that the function f(x) is evaluated more than once
per iteration.

A multivariate case using hyperrectangles is described by Neal (2003, Section 5.1). The three
steps given above are still valid, except x is now m-dimensional, and the interval I is replaced
by the hyperrectangle H = (L1, R1) X -+ X (L, Rin). Let o; be scale estimates for each variable
i = 1,...,m while xq is the previous value of x. The multivariate slice sampler based on
hyperrectangles can be implemented as follows:

(1) Draw y from U(O0, f(x0));

(2) Randomly position H: letu; ~ U(0,1), L; = xo;—oiu;j, and R; = Li+o; fori=1,...,m;
and

(3) Sample from H, shrinking when points are rejected: (a) let x1; = L; + vi(R; — Ly),
vi ~U(,1) fori = 1,...,m; (b) if f(x1) > y then exit loop, else let L; = x7; if
x1,; < Xxp; and R; = x14,1=1,...,m, otherwise and return to (a) with new H.

Notice that this algorithm does not take dependencies between x; and x; into account and,
hence, there is room for improvements; see Neal (2003) and the discussion for more details
on more elaborate multivariate slice samplers. Convergence properties of slice samplers are
considered in Mira and Tierney (2002) and Roberts and Rosenthal (1999), while Roberts and
Tweedie (1996) considers convergence for Metropolis-Hastings samplers.

In practise, it is often not suitable to evaluate f(x) since problems with floating-point un-
derflow are likely to appear. To alleviate this issue we instead focus on In(f(x)), where the
auxiliary variable y is replaced with z = In(y) = In(f(x0)) — €, and where € is exponentially
distributed with mean one. That is, € ~ &(1); cf. Section 4.2.3. The slice is now given by
S={x:z<In(f(x)}.%

Moreover, the above method shrinks the hyperrectangle in all dimensions until a point is
found inside the slice, even if the density is relatively flat in some of the dimensions, thereby
making shrinkage in these dimensions unnecessary. Neal (2003) has suggested that one way
to avoid this is to only shrink in one dimension, determined by the gradient of the density.
Specifically, the shrinkage dimension i is chosen such that (L; — R;)|d1n f(x) / 0x;| is maximized
when the gradient is evaluated at the last chosen point (xg).

The slice sampler that has been implemented in YADA uses the hyperrectangle approach with
shrinkage in one dimension only. Let f(¢) = L(Y;P)p(g 1 (p))J($), g = dln f(¢) /d¢;, and
c; = cx/iTi fori=1,...,m, where 3 is the i:th diagonal element of the inverse Hessian at the

63 Draws from a normal distribution can be produced with this algorithm. Specifically, given a value for x draw
y uniformly from [0, exp(—x2/2)/+/2x]. Define the upper bound of the horizontal slice by R = 1/—21In(y+/21),
while L = —R. Finally, draw x uniformly from [L, R].

64 The exponential distribution with mean ¢ has cdf F(z|us) = exp(—2/pue). To sample from this distribution we
set the cdf equal to p ~ U(0, 1) and invert the expression, so that z = —p¢ In(p). Notice that when y ~ U(0, f(x))
it follows directly that y / f(xo) ~ U(0, 1). Hence, In y — In f(xo) = In(p), where p ~ U(0, 1).
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mode and ¢ > 0. The initialization of the slice sampler is performed in the same way as for
the RWM algorithm, i.e., steps 1-3 in Section 8.1. For s = 1,..., N the slice sampler continues
with:
(4) Let z = In(f(¢pC~D)) — e, where € ~ £(1);
(5) Randomly position H: let u; ~ U(0,1), L; = (j)l.(s_l) —oju;, and R; = L; + o; fori =
1,...,m; and
(6) Sample from H, shrinking when points are rejected: (a) let ¢; = L; + vi(R; — Ly),
vi ~U(0,1) fori = 1,...,m; (b) if In(f(¢)) > z then (j)(s) = ¢ and exit loop, else
let L; = @; if ¢; < q&l.(s_l) and R; = ¢; otherwise, where i is given by the element that
maximizes (L; — R;)|g:| when g; is evaluated at ¢~V and return to (a) with new H.

8.3. Discussion

The computationally costly part of the slice sampler is the evaluation of the log posterior, while
all other steps can easily be vectorized and dealt with very quickly. It is likely that the log
posterior will be evaluated more than once during an iteration and, for any fixed number of
draws, it therefore takes more time to complete the slice sampler than the single block RWM
algorithm (which only requires one evaluation). However, the slice sampler does not require
much tuning (choice of o;), while the RWM relies on a particular proposal density and its
parameterization. Moreover, it seems less likely that draws from the slice sampler suffer from
a high autocorrelation than those from the single block RWM and, hence, that fewer draws
from the posterior may be required to achieve convergence. In other words, the slice sampler
is potentially more efficient than the single block RWM algorithm, at least for models where
the proposal density of the RWM is poorly chosen. Hence, there may be a trade-off between
sampling efficiency, need for tuning, and the average number of times the log posterior needs
to be evaluated; see Neal (2003) and the discussion to the article.

The multiple block RWM algorithms can potentially lead to lower autocorrelation in the
Markov chain since potentially larger parameter jumps can occur. The cost is that the log
posterior needs to be evaluated as many times as there are blocks per iteration; see Herbst and
Schorfheide (2016) for further discussions on this topic.

The choice of scale parameter, c2¥, under the single and multiple block RWM algorithms is
particularly important. If it is too large, a large propertion of the iterations will be rejected
(¢ = ¢~ and if the scale parameter is too small, the RWM will accept nearly all proposed
moves. In both cases, the RWM will be very inefficient. The studies by Gelman, Roberts, and
Gilks (1996b) and Roberts, Gelman, and Gilks (1997) give some theoretical arguments, sup-
ported by simulations, for aiming at acceptance rates of the RWM between 15 and 50 percent,
with the rate decreasing (and inefficiency increasing) as the dimension of the parameter vector
increases. In DSGE models, it is sometimes recommended that the acceptance rate should be
around 25-35 percent. Nevertheless, since the “optimal” acceptance rate depends on the di-
mension of the problem, it is wise to also monitor other properties of the sampler, such as the
inefficiency factor, and its convergence properties. The latter aspect is discussed in Section 9.

8.4. Sequential Monte Carlo Sampling

Importance sampling has long been one of the main algorithms in economerics and statistics
for posterior sampling, but has rarely been applied for DSGE models; see, e.g., Kloek and van
Dijk (1978), DeJong et al. (2000), Geweke (1989a, 2005), or An and Schorfheide (2007). A key
problem with importance sampling is the selection of a good importance density. The sequen-
tial Monte Carlo (SMC) algorithms considered below rely on the construction of importance
densities in a sequential fashion, starting from the prior distribrution, and where more weight
is given to the likelihood function over the sequence. An interesting approach to the determi-
nation of a useful importance density has been suggested by Hoogerheide, Opschoor, and van
Dijk (2012), which is based on mixtures of Student-t densities is discussed in Section 8.5.

SMC algorithms were originally designed to deal with filtering problems in nonlinear state-
space models. Chopin (2002) showed how to make use of particle filtering methods for posterior
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inference in static models. SMC methods have been suggested for DSGE models by Creal (2007),
while a survey of their use in economics and finance is provided by Creal (2012). The SMC
algorithms in Herbst and Schorfheide (2014, 2016) build on this literature, while the theoretical
underpinnings stem from Chopin (2004).

The SMC algorithm with likelihood tempering in YADA is based on Herbst and Schorfheide
(2014, 2016) and follows their setup closely.65 Let t;, n = 1,2,..., N; be a sequence of scalars
that increases with n, where 7; = 0 and 7y, = 1. This sequence is called a tempering schedule
and we likewise define a sequence of tempered posteriors as

__p(¥19)"p(9)
Ip(Y1¢)"p($)d¢’

From the perspective of system priors, the prior p(¢) may also be conditional on ®,,, but has
here been suppressed for notational convenience; see equation (4.37).

Following the standard SMC terminology, the overall number of particles (parameter draws)
is given by N and at any stage the posterior distribution 7, (¢) is represented by a swarm of

particles {qb,(f), W,ES) MW where W,Es) are the normalized importance weights assigned to each

s=1°
,(f) and which satisfy the condition:

N
Dw =N.
s=1

Embarking from the particles of stage n, {¢., W,® ¥, the SMC algorithm loops through
three steps. Using Chopin’s (2004) terminology, the first step is called correction and it involves
the reweighting of the stage n particles to reflect the density in stage n + 1. The second step is
called selection where a too uneven distribution of particle weights is eliminated by resampling
of the particles when deemed necessary. Finally, the third step is called mutation where the
particles are propagated forward via a Markov transition kernel to adapt the particles to the
stage n + 1 bridge density 1,41 (¢).

Once we have reached the end of the tempering schedule, n = N, the set of particles
{qbl(\?z, Wz(vsr) }i\]: 1 provide a particle approximation of 7 (¢), the posterior distribution. With h(¢)
being a vector valued function of ¢ (such as the original parameters 6), the Monte Carlo esti-
mate

7 () =1,2,...,Nq. (8.3)

particle ¢

- 1 &
Ay =~ Dih(eg) )Wy, (8.4)
s=1

converges almost surely to E;[h(¢)], the expectation of h under the posterior x(¢), subject
to suitable regularity conditions; see, e.g., Geweke (2005). Notice that the weights need to be
used in combination with the parameter draws (like in the standard importance sampling based
Monte Carlo estimate of h) since the draws are obtained from the importance density sy, 1 (¢)
rather than from the approximate posterior density sy, (¢).

An alternative to tempering the likelihood function is to construct a sequence of posteriors
by adding observations to the likelihood function; see Del Moral, Doucet, and Jasra (2006) and
Durham and Geweke (2014). In this case

x,(lD)(qb) _ p(Y=1¢)p(¢)  n=1,....N., (8.5)

J p(Ysl¢)p(d)de
where Yy, = [y1 -+ ¥r,1, Ta € {0,1,...,T} with t, < 741 foralln < N;, 7y =0,and 7y, = T.
Data tempering is particularly attractive in forecasting situations, but is also somewhat less
flexible than likelihood tempering since individual observations are not divisible, with N; <
T. Herbst and Schorfheide (2016) point out that this may be important in the early stages

65 One difference is that YADA samples the transformed parameters, another is that YADA also supports a system
prior, although the procedures in Herbst and Schorfheide (2014, 2016) extend to such priors. Moreover, YADA
supports more efficient resampling algorithms in the selection step, as discussed in Section 8.4.3.
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of the SMC sampler where it may be an advantage to add information is small increments.
Section 8.4.4 presents a data tempering SMC algorithm based on the approach considered by
Durham and Geweke (2014).

An interesting application of SMC sampling with data tempering is Lanne and Luoto (2018),
who also suggest running a final nonsequential importance sampling step to be able to more eas-
ily assess the numerical accuracy of the point estimates from the SMC sampler. The basic idea is
to estimate the parameters of the final importance sampling density, a mixture of Student-t den-
sities, via the Expectation Maximization (EM) algorithm (Dempster, Laird, and Rubin, 1977),
using the SMC particles as observations; see also Hoogerheide et al. (2012). Once this im-
portance density has been parameterized, the standard importance sampling algorithm may be
applied, including the calculation of numerical standard errors for point estimates; see Geweke
(2005).

8.4.1. A Generic SMC Algorithm with Likelihood Tempering

The algorithm provided below relies on a number of tuning parameters. Following Herbst
and Schorfheide (2014, 2016), let { pn} , be a sequence of zeros and ones that determine if
particles are resampled in the selection step Furthermore, let {Cn} , be a sequence of tuning
parameters for the Markov transition density in the mutation step. The adaptive choice of these
tuning parameters will be discussed in Section 8.4.2.

(1) Initialization: Set n = 1 such that 7; = 0. Draw the initial particles from the prior:
(s) ~ p(¢) and Wl(s) =1,s=1,...,N
2 Recurs1on: Forn=2,3,...,N;.
(a) Correction: Reweight the particles from step n — 1 by defining

Th—Th-1
o = [p(rigt)]
and (8)147(s)
~ (S S
. w, W
W = Lnd s=1,2,...,N.

N o)) 7
(]— /N) Zr:l Wnr Wnr_l
(b) Selection:
(i) If pp = 1, resample the particles via multinomial (simple random) resampling.
Let {q5(s) }N denote N draws from the multinomial distribution characterized
by supporting points and weights {qbr(le, W(s) }¥ | and set W(s) 1 fors =
1,...,N.
(i) If pp = 0, let 3 = ¢r(15—)1 and W = W fors = 1,.
(c) Mutation: Propagate the particles {qg(s) W(S)} _, via M steps of a Metropolis-
Hastings algorithm with transition density

(S) ~ Kn(¢n|¢(5) )

and stationary distribution i, (¢).
(3) End: For n = N, the final importance sampling approximation of E;[h(¢)] is given by
equation (8.4).

This generic algorithm is called simulated tempering SMC by Herbst and Schorfheide (2014).
Notice that the weights W,ES) are initialized at Wl(s) = 1 for all s. An alternative is to initialize
these weights at 1 /N, which implies that terms involving summations of weights in the algo-
rithm need to be adjusted accordingly. The choice of weights for the initialization step above
can be motivated from a purely numerical perspective, where for large N the initialization 1 /N
is more likely to lead to numerical inaccuracies or overflow.
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One interesting feature of the correction step is that it provides a recursive means to estimate
the marginal likelihood. Specifically,

Ny N
psmc(Y) =] ( % S wPwe, ) . (8.6)
n=2 s=1
As pointed out by Herbst and Schorfheide (2016), the calculation of this estimate does not

require any additional likelihood evaluations.

Furthermore, the multinomial resampling method in the selection step can be replaced with
stratified, systematic, or residual resampling; see Section 8.4.3. Resampling was originally
employed by Gordon, Salmond, and Smith (1993) for the Bayesian bootstrap filter, an early
particle filter (SMC algorithm), to reduce the effects from sample degeneracy—a highly uneven
distribution of particle weights—as this part of the selection step adds noise; see Chopin (2004).
It also allows for the removal of low weight particles with a high probability and this is very
practical as it is preferable that the algorithm is focused on regions with a high probability mass.
However, this also means that resampling may produce sample impoverishment as the diversity
of the particle values is reduced; see also Section 8.4.2 below.

Before we turn our attention to the selection of tuning parameters p, and (y, it should be
noted that the tempering schedule, 7,, also needs to be determined. Herbst and Schorfheide
(2014, 2016) suggest to let this schedule be calculated from

[ n-1 A 19
Tn_(N-[—l) , n=1,2,...,Nqg (8.7)
where ) is a bending (tempering schedule) parameter. A large value of A means that the bridge
distributions, 1,(¢), will be very similar and close to the prior when n is small and further
apart as n becomes larger. A value of A = 2.1 is used by Herbst and Schorfheide (2014) in their
applications and YADA has therefore selected A = 2 as its default value. According to Herbst and
Schorfheide (2014), a smaller value for X means that the information from the likelihood will
dominate the prior too quickly, while a too large value leads to some of the bridge distributions
having little usefulness and thereby to unnecessary calculations. For example, Creal (2007) uses
a linear cooling schedule (A = 1), with the effect that the information contained in p(Y|¢)™
dominates the information contained in the prior. For this reason, Creal (2007) initializes the
simulator from a Student-t distribution, centered at the posterior mode. By instead letting
X > 1, the information from the likelihood can be added more slowly to the bridge distribution.

8.4.2. Adaptive Choice of Tuning Parameters

The algorithm in Section 8.4.1 is based on two sets of tuning parameters that affect the selection
and the mutation steps, respectively. Both sets of parameters are chosen adaptively in YADA, i.e.
the parameters for iteration n are selected on the basis of the particles from previous iterations.

Concerning the first set of tuning parameters, p,, we follow Herbst and Schorfheide (2014)
and make use of the effective sample size (Kong, Liu, and Wong, 1994; Liu and Chen, 1995). It

is here given by

Sp = N (8.8)

n N ~ 2°
(1/N) Zs=1 (WTES))
Notice that if all particles have equal weights, then the effective sample size is N. Moreover, we
let the tuning parameter p, be determined adaptively such that

pn =1 (ESS, < N/k),
where k > 1, while the indicator function [(x < y) is unity if x < y and zero otherwise. The
rule-of-thumb threshold-based value of N/2 is suggested by Herbst and Schorfheide (2014,
2016) and is the default value in YADA. Alternative values of k supported by YADA are those

such that 100/ k belongs to the set {10, 15,20, ...,85,90}. This set therefore determines the
percent of the full sample size (N) where resampling is undertaken during the selection step,
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while N/ k is the corresponding threshold-based value of the effective sample size. The hyper-
parameter k provides a ‘crude’ tool for balancing the algorithm against the pitfalls of degeneracy
or impoverishment by ensuring that resampling takes place but does not occur ‘too often’.®®

For the second set of tuning parameters, the implementation of the mutation step in YADA
allows for fixed blocking of parameters with random assignment to blocks (cf. Section 8.1.2),
mixed normal transition densities, adaptive estimation of the mean and covariance matrix for
the normals, and an adaptive determination of the scaling factor for the covariance matrix. The
fixed number of parameter blocks is again denoted by N, while the parameters that belong to
block b are given by ¢p. The parameter 0 < a < 1 is the mixing coefficient and M the number
of Metropolis-Hastings steps for the particle mutation.

Furthermore, let ¢;; and X, be a location vector and covariance matrix which are conformable
with ¢, while qb;:,b and Z:;,b are the partitions of ¢, and 2., respectively, that correspond to
the subvector ¢, for b = 1,..., Np. In practice, we replace ¢, and %, with the importance
sampling estimates:

N
LREWE, B - S - bW - )

With ¢, being a scahng constant, we let the tuning parameters for the mutation step be given
by:
* «\/1/
Cn = [cn,qbn',vech(zn) ] ,

where vech is the operator which stacks the elements of each column on and below the diago—

nal. Before running the SMC algorithm, generate a sequence of random partitions {B, } <, of
¢ into Ny equally sized blocks; as in Section 8.1.2. The mutation step of the SMC algorlthm
now proceeds as follows:

(1) For each particles =1,...,N,stepi =1,...,M, and block b = 1,...,Np, let q5(s)

n,b,i
the parameter value of ¢;(1$1); in the i:th step, initialized with ¢r(151)) 0= ¢r(1sb and let

(s) _ (s) (s) (s) (s)
O 1 = (D15 > 11 O ni1 e D1 )-

(2) Generate a proposal draw ¢}, from the mixture distribution for step i:

() 6]
(’Db’ (¢n,b,i—l’ ¢n,—b,i’ C”) ~

. l1-« . 3
aN((j)](zl))’i_l, C%Zn’b ) -+ —N(qbr(il)),i—l’ cﬁdlag(zn’b )) (8.9)
1-
= N(qbnb,c Z&,b)’
and denote this density by q(<pb|¢](fl)) 1 (j)](f)_b Cn)-

(s)

n,b,i

(3) The proposal draw ¢, is accepted with probability py such that ¢, . = ¢,, and rejected

with probability 1 — p, and such that qb(s) . = qb(s) . As usual for Metropolis-Hastings

n,b,i n,b,i—1
algorithms, the probability p, is given by
Pa = min {1,7(¢$), 1, 0|08, Vo )} (8.10)

66 A more direct approach to combatting sample impoverishment is based on taking the particle values into account
when resampling; see, e.g., Doucet and Johansen (2011) for discussions on the resample-move algorithm of Gilks
and Berzuini (2001) and the block sampling algorithm of Doucet, Briers, and Sénécal (2006).
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where
p(Yloy d$ ) pl0y 240)

(s) (S) Tn (s) (s)
(Y|¢nbl 1’ n, bi) p(¢n,b,i—l’¢n,—b,i)
(s) (s)
( nbl 1|(pb’¢n b,i’Cn)
(s) (s) '
q((pb|¢nfb,i—1’ ¢nf—b,i: ¢n)

(s) (s)
r(¢nbl 12 Pp ql)n —b,i? Y, “) -

(4) Let ¢%) = ¢ forb=1,...,Np.

In the event that Ng = 1, we may suppress the subscript b, and if M = 1 we can likewise
suppress i. Notice that if these conditions are met and « = 1, the above simplifies to a one-step
RWM algorithm with a normal proposal density for each n and s. More generally, with a = 1
the proposal density is symmetric such that the g(-) terms cancel out and can be removed from
equation (8.10).

The adaptive construction of ¢, have already in large part been discussed where ¢, and % are
estimated with the importance sampling approximations of the posterior mean and covariance
matrix of ¢. To determine the scaling constant ¢, we may also follow Herbst and Schorfheide
(2014) and let 7,1 (Cr—1) be the average empirical rejection rate based on the mutation step in
iteration n — 1 and across the Ny blocks. To initialize, let c; = ¢* while

Ch = Cn—lf(l —fn1 (Cn—l)); n=3,4,. T
where
exp(16(x — p;))

1+ exp(16(x — Do) )

The parameter p;, is the target acceptance rate and is set equal to 0.25 by Herbst and Schorfheide
(2014, 2016). Notice that f(p;) = 1 such that the scaling factor is constant when the target
acceptance rate has been reached. If the average acceptance rate is below (above) the target
rate then the scaling constant is lowered (raised).

f(x) =0.95+0.10

8.4.3. Resampling Algorithms for the Selection Step

The resampling algorithm considered by Herbst and Schorfheide (2014) for the selection step
is called multinominal resampling and is discussed in more detail by, for example, Herbst and
Schorfheide (2016) and references therein. A number of alternative resampling methods are
discussed in this latter reference, such as residual, stratified, and systematic resampling. As
pointed out by, for example, Douc, Cappé, and Moulines (2005), the multinomial resampling
algorithm produces an unnecessarily large variance of the particles. Moreover, and as empha-
sized by Hol, Schon, and Gustafsson (2006), ordering of the underlying uniform draws improves
the computational speed considerably.

The commonly used alternative resampling algorithms are faster and have a smaller variance
of the particles. Systematic resampling, introduced by Kitagawa (1996) and also emphasized
by Carpenter, Clifford, and Fearnhead (1999), is a commonly used approach as it is very easy
to implement, comparatively fast, and, according to Doucet and Johansen (2011), as it often
outperforms other sequential resampling schemes. It is a faster version of stratified resampling
(Kitagawa, 1996), where instead of drawing N uniforms only one is required, while stratifica-
tion and, simultaneously, sorting is dealt with via the same simple affine function. A drawback
with systematic resampling is that it generates cross-sectional dependencies among the parti-
cles, which also makes it difficult to establish its theoretical properties; see Chopin (2004). For
an overview of sequential resampling schemes see, e.g., Hol et al. (2006), who also discuss theo-
retical criteria for choosing between multinomial, stratified, systematic and residual resampling
(suggested by Liu and Chen, 1998); Douc et al. (2005), who also study large sample behav-
ior; and more recently Li, Boli¢, and Djuri¢ (2015), who also discusses distributed or parallel
algorithms.

-134-



8.4.3.1. Multinominal Resampling

The basic multinomial resampling algorithm consists in first obtaining N draws u; from U(0, 1).
Next, we compare each such draw to the accumulation of W,Sl) over i, denoted by \7,1(1) =
1/N) Zi:l W,Sk), and let j; be the smallest positive integer such that u; < \7,1(]). We now

set qﬁ,(f) = ¢7(1]j)1 for s = 1,...,N, yielding N draws from the multinomial distribution in the
selection step of the SMC algorithm.

To speed up this resampling algorithm we may sort the uniform random draws ug from
the smallest to the largest. Rather than relying on a separate sorting function, such as sort
in matlab, one may instead generate N ordered uniform random numbers directly, as in Hol
et al. (2006). This means that iy = ﬂs+1u§/s, while @iy = ull\,/N, where us; ~ U(0,1). The
efficient multinomial resampling algorithm requires O(N) operations, while sorting unsorted
uniform draws u; and then performing the determination of the resampled indexes requires
O(N In(N)) operations. The basic multinomial resampling algorithm needs O(N?) operations
and is therefore undesirable from a computational perspective.

8.4.3.2. Stratified Resampling

Stratified resampling also starts from N draws ug from U(0, 1) and lets @iy = (s — 1 + u;) /N for
s=1,...,N. It thereafter determines indexes js as for the multinomial resampling scheme, but
makes use of ii; instead of u;. An advantage of this resampling approach over the multinomial
is that it results in a lower variance due to the stratification.”” Moreover, with fis41 > i for
s =1,...,N — 1, this resampling approach speeds up the computational time compared with
basic multinomial resampling since ordering means that js+; > js; by construction and the
resampling scheme therefore needs O(NN) operations.

8.4.3.3. Systematic Resampling

The systematic resampling approach is similar to the stratified, but instead of obtaining N draws
U, it relies on a single draw, u ~ U(0, 1), while {i; = (s—1+u) /N for s = 1, ..., N. With these
ordered draws, it proceeds to select js as under the basic multinomial resampling.

8.4.3.4. Residual Resampling

For residual resampling one first allocates Ny = | N WTSS)J copies of index s for s = 1,...N. The
remaining number of required indexes (the residual), N = N — Z?’zl N, is obtained by using
multinomial, stratified or systematic resampling. YADA uses the stratified resampling scheme to
obtain the N additional indexes from {1,...,N}.

8.4.4. A Generic SMC Algorithm with Data Tempering

The generic algorithm provided below relies on a number of tuning parameters. Following
Durham and Geweke (2014), let {‘L'n}nl\[;1 be a sequence of integers, subject to 11 = 0, T,—1 < Ty,
Ty, = T, which determine the number of data points to use for iteration n = 1,2,...,N.
Furthermore, let {Cn}nNi1 be a sequence of tuning parameters for the Markov transition density
in the mutation step. An adaptive choice of the latter tuning parameters has already been
discussed in Section 8.4.2, while we shall discuss an adaptive scheme for selecting {‘L'n}nl\[;1
towards the end of the current subsection.

The following generic SMC algorithm with data tempering is based on Durham and Geweke
(2014), but is a simplification in one aspect. Namely, the algorithm here is based on a single
group, while the algorithm in Durham and Geweke (2014) allows for multiple groups.®®

67 Let n, be the possible number of times index s is drawn. Under multinomial resampling, n, = 0,1,..., N for all s.
By restricting the set of values for n; to lie closer to N VV,SS), the variance is reduced; see, e.g., Douc et al. (2005) for
details.

%8 In principle, this is not an important simplification as the number of independent groups may be thought of as the
SMC variant of multiple Markov chains for MCMC, but it simplifies the notation since each particle does not have
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(1) Initialization: Set n = 1 such that 7; = 0. Draw the initial particles from the prior:
gs) ~p(¢)fors=1,...,N.
(2) Recursion: Forn =2,3,...,N;.
(a) Correction: Compute weights that reflect the density of the particles for iteration
n:

“(s) _ p(an|¢r(21)
W™ = ®
p(YTn71|¢n—l)

Tn

= H p(yt|Yt—1’ ¢T(15—)1)

t=Tp—1+1

— ()
= (Voo Vo1l 9270)

and the normalized weights
W Wy
- N ~@°
(1/N) 2= Wn

(b) Selection: Resample the particles via a suitable resampling algorithm; see Sec-
tion 8.4.3. Let {(j),(f) }é\’: , denote N draws from the selected resampling distribution

s=1,2,...,N.

characterized by supporting points and weights {qbr(l‘?l, W,ES) }?’: 1> and set W,(f) =1
fors=1,...,N.

(c) Mutation: Propagate the particles {(f),(f) } | via M steps of a Metropolis-Hastings
algorithm with transition density

¢r(15) ~ Kn(¢n|9£r(1$); Cn)5
and stationary distribution i, (¢).
(3) End: For n = N, the final importance sampling approximation of E,[h(¢)] is given by
equation (8.4) with WI(VST) =1fors=1,...,N.

Notice that resampling always occurs during the selection step of this algorithm. This means
that if T, = n such that exactly one data point is added for each iteration, then the number
of iterations N; = T + 1. An advantage of such a scheme is that the importance distribution
Jrrslz )1 (¢) approximates the target distribution .‘I'CTSD ) (¢) quite well as the successive posteriors are
close to one another. However, resampling increases the variance of the estimates and reduces
the number of distinct particles and should therefore only be undertaken when necessary for
preventing degeneracy of the particles.

An adaptive procedure for producing 1, recursively was therefore suggested by Durham and
Geweke (2014). Their procedure involves introducing one data point at a time during the cor-
rection step until a suitable stopping criterion is satisfied. The effective sample size in equation
(8.8) is a useful measure of degeneracy of the particles and 7, can therefore be selected as the
first incremental time period since 1,-1 when the ESS,, falls below a value, such as N/2.

Like in Section 8.4.1, the marginal likelihood is also for the data tempering SMC algorithm a
direct outcome of the correction step. Since the normalized weights at the end of each iteration
are unity for all particles, we now find that the marginal likelihood is estimated by equation
(8.6) with W', = 1.

The mutation step can be adapted as in Section 8.4.2 for a fixed number of Metropolis-
Hastings steps M. The only necessary change to the mutation step concerns the determination
of the acceptance probability in equation (8.10). Specifically, the following expression for the

to be linked to a specific group. The use of multiple groups can of course be important in practise as it affects the
actual number of particles and the calculation of certain statistics of interest.
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r(+) function should instead be utilized:
p(Yzloy, ¢r(1$)—b,i (o, ¢r(15,)—b,i )
P(Yel$nni 1> En )P (Broi 1> Er)
(¢T(lsbl 1|(pb’¢r(15) b,i’Cn)

(s) (S) ’
((pb|¢nbl 1’ n, b,i’gn)

Durham and Geweke (2014) suggest to use an adaptive scheme for selecting the number of
Metropolis-Hastings steps in each iteration of the mutation step, now denoted by M,,. Their idea
is the M, needs to be larger as the effective sample size gets smaller. This type of adaption is
an interesting avenue for improving the diversification of particles in the mutation step through
“finesse” rather than “brute force”, i.e., using an unnecessary large number of fixed steps in
each iteration. However, YADA uses brute force in this regard, although the level of such force,
M, is determined by the user.

©)] () -
r(¢nb1 1°Pp ¢n —-b,i? Y7 )_

8.5. An Adaptive Importance-Sampling-Weighted EM Algorithm for Posterior Sampling

As mentioned in Section 8.4, importance sampling (IS) is one of the key algorithms for pos-
terior sampling; see Kloek and van Dijk (1978). An advantage with this approach is that the
posterior draws are obtained directly from the importance (candidate) density without any
dependence to previous or future draws, while the additional computational requirement con-
cerns the weights attached to the draws. The main problem with IS is the determination of a
good candidate density. Ideally, it should match the posterior (target) density very well and
cover the part of the parameter space which the target density attaches importance to. Once a
good candidate density has been located, we may make use of the practical benefits of IS, such
as immediate parallelization of the sampler and straightforward calculation of moments and
the marginal likelihood from the output of the sampler via Monte Carlo integration; see, e.g.,
Geweke (1989a,b, 2005).

The SMC approach provides one way of using ideas from IS, although the posterior draws
from SMC are not independent. Hoogerheide et al. (2012) suggest an interesting class of adap-
tive IS-weighted EM algorithms for estimating the candidate density; see also Bastiirk, Grassi,
Hoogerheide, Opschoor, and van Dijk (2017) and Bastiirk, Grassi, Hoogerheide, and van Dijk
(2016). The IS-weighted EM algorithm is discussed first, while the robustified algorithm for
making use of this procedure when estimating the parameters of a mixture of Student-t density
functions is considered next, before we turn to importance sampling.

8.5.1. The IS Weighted EM Algorithm

Let f(¢) denote the target density kernel of the m-dimensional vector ¢, while g(¢) is the can-
didate density function. For notational convenience we have dropped the observed data Y from
these expressions. The main issue is that we do not know the distribution of the target density
and therefore cannot sample directly from it. By contrast, the distribution of the candidate
density is known by the investigator and allows for direct sampling. Under IS, the draws from
the candidate density are weighted to reflect the relative heighs of the target and candidate
densities and the weights therefore act as a correction factor. Specifically,

o f(@)

w = —0, 8.11

(#) g() e

such that ¢-values with a high (low) target kernel height receives a high (low) weight for a
fixed candidate density height. For a sample of N draws from the candidate density, ¢, it is
straightforward to compute N weights W from (8.11).%°

69 It is possible to normalize the weights by, e.g., dividing them with the average weight, with the effect that the
sum of the normalized weights equals N. This may be useful in certain cases for numerical reasons, but is in theory
not required.
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Hoogerheide et al. (2012) suggest to use a mixture of Student-t densities for the candidate
density g(¢). This mixture is given by

H
g(1¢) = > mhps (¢lun, Zh, dn), (8.12)

h=1

where ¢ = {mp, p, Zh,dh}hH:1 is such that 7, > 0, ZhH:1 g, = 1, while ps(-) is the multivari-
ate Student-t density; see equation (4.25). The vectors py are location parameters, the scale
matrices %, are assumed to be positive definite, and the degrees of freedom parameters d are
assumed to obey d, > 1 by Hoogerheide et al. (2012), while Bastiirk et al. (2017) use the
condition dj, > 0.01.7°

To estimate the parameters ¢ for a fixed number of mixture components H, Hoogerheide et al.
(2012) use an IS-weighted EM algorithm. The objective function (log-likelihood) is

N
% >0 log[g(6¥)¢)], (8.13)
s=1

where ¢© is a draw from a previous candidate density and w(® the corresponding weight.
Turning to the motivation for using the objective function in (8.13), the underlying objective
is to choose ¢ such that the candidate density provides a good approximation of the target
density, f(¢). This is achieved by setting ¢ equal to the value which minimizes the Kullback-
Leibler divergence or cross-entropy distance; see Kullback and Leibler (1951). It is given by

21(f—g)= Jf(¢>)log l%] de, (8.14)

which is equivalent to minimizing
91(f—>g)=Jf(q‘>)log [%] do, w15
8.15

:Jf(¢)log [f($)]de - Jf(qb)log[g(q‘)@)]dqg.

Since only the second term on the right hand side of (8.15) depends on ¢, minimization of the
Kullback-Leibler divergence is equivalent to maximizing

| £(6)10812(416)]d6 = Egeo[t0g g (10)]]

= Jgo(qb)% log[g(¢l¢)]do (8.16)

= Eg @) [% log[g(¢l¢)] ]

where go(¢) is a candidate density that has been obtained previously. Equation (8.13) is the
sample equivalent to the right hand side of the third line in (8.16).

The EM algorithm of Dempster et al. (1977) can next be employed to maximize (8.13) with
respect to ¢. This involves first an expectation step with respect to unobserved data, introduced
by Hoogerheide et al. (2012) to fascilitate the computational problem through a so-called data-
augmented density, and second maximizing the expected log-likelihood. The latent ‘data’ are
given by the scalars zi(ls) and W}(ls) for h = 1,...,H, where zgf) = 1 if ¢ is taken from the

h:th Student-t density and zero otherwise with Pr[z](f) = 1] = my. The positive variable W}(ls)

is obtained from the well-known decomposition of a Student-t into a conditional normal and a
marginal inverted Gamma, i.e., q‘>(5)|z}(ls) = 1,W}(ls) ~ N (ﬂh,w}(f)zh), while w](f) ~ IG(a,b) with
parameters a = dn/2 and b = 2/dy in equation (4.10), or IG(s,q) with s = 1 and q = dj

70 The degrees of freedom parameter of a Student-t distribution need not take on integer values only.
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in equation (4.11). The Student-t density is then obtained by integrating out W}(I ), see, e.g.,

Zellner (1971, p. 388).

Conditional on ¢® and ¢ = é obtained from a previous density (iteration), Hoogerheide
et al. (2012) show that the expectation step of the EM algorithm is based on the following
calculations:

A OIF & 7
n 7 , 2n,d
¢(S)’C] = thf((l) |llh Ah ~ h)/\ ) (817)
> it s (091, 55, d; )

s(s) — (s)
Zp :E[zh

5O = [ % ¢(s),§] _ f)ﬁ (8.18)

£ = E|log(w (S))‘¢(”,§] = [log(dn/2) - w(dn/2)] (1 - £) .19
+ [log((? + dw/2) —y(@m+dn/2)]5,

6 = E[1/w?|¢®,¢] = 90 +1- 57, (8.20)

where
o0 = (6 = 1) 35 (6 = ),
and w(-) is the digamma functlon, see Section 4.2.10. Notice that all parameters 7y, fin, 3x, and
cfh are elements ofgc forh=1,...,H.
The maximization step determines a new value of ¢, denoted by gc , as follows:

ZN w(S)f,(s)qt)(S)
Zs IW(S)V(S)

N ~ ~ A~ \/
o _ 2o w997 (90 — ) (¢ - fun) (8.22)
h = Zs ) W(S)Z(s) s .
Z w0z (S)
e (8.23)
Zs=1 W(S)
while d, is obtained by solving the first order condition
A L SE 0l S g0
—w(dn/2) +log(dy/2) - — — —L = 0. (8.24)
PIAREVIE) Sl W
Once all elements of gc have been computed, it is straightforward to sample new values of ¢,
denoted by ¢, from g(¢|¢) and compute new weights W from equation (8.11).

fin = ; (8.21)

8.5.2. The Mixture of t by IS-Weighted EM Algorithm

In order to utilize the procedure in Section 8.5.1 for the purpose of estimating a candidate
density g(¢), there are two additional issues to consider. First, how can the algorithm be
initialized, i.e., the problem of selecting initial values for ¢ and {. Second, the number of
mixing components H needs to be determined. Below, we follow the initialization suggestion
from Bastiirk et al. (2017) since they provide a robustification of the initialization considered
by Hoogerheide et al. (2012). Concerning the second issue, both articles suggest the same
bottom-up procedure.

8.5.2.1. Initialization

SteP O: The basic mixture of t by IS-weighted EM (MitISEM) algorithm is initialized by obtain-
ing draws, ¢®, s = 1,..., N, from a naive candidate distribution with density g (¢). This
density is constructed as follows:
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(a) Simulate candidate draws ¢ ~ pg(¢|u,=,d) for s = 1,...,N, where u = ¢ is the
mode of the target density and where ¥ = ¥ is, for example, the inverse of the Hessian
evaluated at the mode; see the RWM algorithm in Section 8.1. The parameter d is
selected by the user, with default d = 1. Compute the weights w(® from equation
(8.11) based on these draws.

(b) The p and X parameters are updated using the IS weighted EM algorithm, keeping
the degrees of freedom parameter fixed. This provides the parameters of the naive
candidate density.

Notice that (b) is the additional step included by Bastiirk et al. (2017) relative to the initial-
ization suggested by Hoogerheide et al. (2012); see also Bastiirk et al. (2016).

8.5.2.2. Adaption

STEP 1: Steps (1) and (2) in Hoogerheide et al. (2012) (as well as in Bastiirk et al., 2017, and
Bastiirk et al., 2016) are only applied when H = 1 and can therefore jointly be regarded as an
adaption step to the initialization. We shall therefore treat them here in that way, before we
turn to the iterative part of the algorithm.

(a) Estimate the target distribution’s mean and covariance matrix using IS with the N draws
and weights from g (¢), where

Zé\’zl W) 5 _ Z?’zlw(s)(qb(s) — ) (W _¢;)’
Sl we - >l W .
These moments are used as location and scale parameters of the adaptive Student-t
distribution g (¢), where the number of degrees of freedom, d;, remains fixed at the
initial value. Simulate candidate draws ¢ from this distribution and compute the
corresponding IS weights w(.

(b) Apply the IS-weighted EM algorithm to the draws, weights and parameters ¢ obtained
from (1a). This yields a new candidate density g™’ (¢) with optimized ¢ = gc, where
it1 = 1 since H = 1. The optimized ¢ includes an estimate of the degrees of freedom
parameter, d;. Simulate candidate draws ¢ from this distribution and compute new
IS weights W from these draws.

=

8.5.2.3. Iterate on the Number of Mixture Components

STeEp 2: For H = 1,2,...,H" and given the current mixture of H components with { =
{1tn, =, dn, 7 }1-, and with draws and weights ¢ and w(, take the share a, with 0 < o < 1,
of the sample of draws ¢ that correspond to the highest weights. With these draws and
weights calculate new parameters py+1 and g1 using the IS estimates of the mean and co-
variance, while dy+1 and g1 are selected by the user and where s, for h = 1,..., H are scaled
down proportionally such that Zlhil wn, = 1 — my41; these two parameters default to dy41 =1
and 7y, = 0.1. Given the candidate draws ¢ and weights W, apply the IS-weighted EM
algorithm to estimate ¢ for H + 1 mixing components. Simulate a new sample of draws and
weights ¢, W from this density, denoted by g+ (¢).

8.5.2.4. Stopping Criterion

SteP 3: Compute the coefficient of variation (CoV) of the IS weights, i.e., the standard deviation
of these weights divided by their mean. Stop the algorithm when this coefficient has converged
and otherwise go back to Step 2.

8.5.3. Discussion of the MitISEM Algorithm

Hoogerheide et al. (2012) consider the relative change of the CoV as their convergence criterion
and regard a value less than 10 percent as being below the tolerance level. This is also the
default value considered by Bastiirk et al. (2017) in their implementation for R of the MitISEM
algorithm.
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An additional convergence criterion allowed for in YADA is based on the value of the objective
function in (8.13). To avoid potentional numerical issues, a common normalization of the IS
weights can be considered, such as dividing the IS weights W) with the sum of the IS weights
based on the draws from the optimized candidate density for H = 1 in Step 1b, i.e., based on the
draws taken from gV (¢). The relative change of the objective function based on this common
normalization for H > 1 is optionally used as an additional criterion in YADA. When selected by
the user, the algorithm will then also stop if either (i) the objective function has decreased when
comparing its value for H + 1 and H, with the effect that the number of mixture components
H is selected by YADA, or (ii) if a positive value of the relative change less than the tolerance
level is recorded, with the consequence that H + 1 is selected. One important reason for also
using the relative change of the objective function as a convergence criterion is, of course, that
this is the function the MitISEM algorithm is supposed to maximize, a property which is not
guaranteed to be fulfilled by examining the relative change of the coefficient of variation for the
weights.

To robustify Step 2 of the algorithm, Hoogerheide et al. (2012) consider three different values
of a, « = 0.01,0.05,0.10, and select the value for which the resulting mixture of H + 1 compo-
nents has the lowest CoV value. Moreover, if during Step 2 a scale matrix > becomes (nearly)
singular, this component is removed from the mixture for the selected «. Similarly, if a weight
ay, is close to zero, this component is also removed. As a consequence of these two checks, the
algorithm may in principle converge also for one component even if the criterion based on the
normalized objective function in (8.13) is not utilized when checking for convergence.

The MitISEM algorithm benefits from the possibility of parallelizing several parts; see Bastiirk
et al. (2016) for discussions on this topic in connection with their implementation of the algo-
rithm for the R software. YADA can make use of the parallel computing toolbox and allows for
parallel computations where deemed advantageous. First of all, the computation of IS weights
is the most costly part for DSGE models since it involves determining the log-likelihood for each
parameter value using the Kalman filter. It is straightforward to use parallel calculations for
this and a by-product of computing the weights is the determination of the t-densities required
by equation (8.17) of the expectation step. Next, all equations of the expectation step (8.17)—
(8.20) can be vectorized (expressed as N X H matrices) once the t-densities are available and
therefore do not necessarily benefit from using parallel for-loops. Similarly, equations (8.21)
and (8.23) can be expressed as matrices, while this is feasible for each h in equation (8.22),
while a parallel for-loop can be used over the number of mixture components H. The last max-
imization step in (8.24) can be partly vectorized (fourth and fifth term on the left hand side),
while solving the first order condition can be done in parallel over the number of mixture com-
ponents, leading to a gain from parallelization which is proportional to the minimum of H and
the number of available CPU (or GPU) cores (workers). Finally, YADA computes draws from
the Student-t distribution as matrices such that parallelization over the draws is unlikely to be
significantly less time-consuming.

To be specific about how to vectorize the expectation step, let Ps be an N X H matrix where
element (s, h) is given by ps(¢® |z, Sh, &h). Similarly, let p be an N X H matrix where element
(s, h) is given by p}(f). We also collect in H x 1 vectors 7 and d the estimates of the mixture
weights i, and the degrees of freedom dj, parameters that are used as input for the expectation
step. Let © and @ denote the Hadamard element-by-element product and division, respectively.
The matrix version of equation (8.17) is now

Z = [PS @lNﬁ,] @ [Pgﬁl;_[],
an N X H matrix, where for H = 1 we find that Z = 1. Next, the matrix version of (8.18) is
given by
7=[20m+1wvd)] @ [p+nd].
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For equation (8.19) we have that
&= [lN(log(&/Z) — l,u(dA/Z))l] © (1 — ﬁ)
+ [log((p +1nvd) /2) —wvw(Im +d1/2)] © %,
while equation (8.20) can be expressed as
0=v+1-2,
completing the vectorization of the expectation step.
Concerning the vectorization of the maximization step, we let w denote the N X 1 vector of IS

weights, while column h of, for instance, Z is given by Z; and the m X N matrix ¢ has columns
). We now find that the matrix version of equation (8.21) is given by

f=[2(Wi; O9)] @ [tmty (Wil ¥)].

Similarly, the matrix version of the right hand side of equation (8.22) is equal to

73 ~ ~ A ~ ~ / A !/

Sh= (/w0 2))[(2—-fy) Ou(WO T, )] (@ - 1,1y) -
To vectorize equation (8.23) we have

# = (1/1w) [ty (Wi, © 2)].

Concerning the use of vectorization for equation (8.24), we note that the sum of the fourth and
fifth terms on the left hand side is given by —w' (&, + 8) /1jW.”!

8.5.4. Importance Sampling

The candidate density produced by the MitISEM algorithm can in principle be used by many pos-
terior sampling algorithms, including Metropolis-Hastings and other MCMC-based algorithms.
In YADA, MitISEM is “only” used to estimate a candidate density for importance sampling.

Geweke (2005, Section 4.2.2) provides a number of useful asymptotic results for the im-
portance sampler; see also Geweke (1989a,b). In particular, with h(¢) being a vector valued
function of ¢, he shows that the Monte Carlo estimate:

N .
}_l(N) _ Zszl W(S)h(¢(5) )

PIMRETIS)
converges almost surely to h = E 7 [h(¢)], subject to suitable regularity conditions. Furthermore,

if the IS weights are bounded, then asymptotic normality is also established, allowing for the
calculation of numerical standard errors of the estimates. Specifically,

VN(h™ —h) LN N(0,Qn),
where a consistent estimate of Qy is given by
S W’ (h(¢(s)) _ E(N))(h(¢(s)) ~ E(N))'

[, W]’
In addition, Geweke (2005) shows that the marginal likelihood can be consistently estimated
from the mean of the IS weights. That is,

) (8.25)

AWM _
Qh =

N
pis(Y) =w™ = % D> w, (8.26)

s=1

71 It may be noted that equation (8.24) can be fully vectorized and expressed as:

1-y(d/2) +1log(d/2) - (A /W)€ + 6)Ww = 0.
The vector ci, which solves this first order condition, can be determined with the fsolve function in matlab. However,
this function is only available from the optimization toolbox, and the simpler fzero function, which is supplied with

matlab, supports scalars but not vectors. For this reason, YADA does not fully vectorize (8.24), but loops over h and
vectorizes the fourth and the fifth terms on the left hand side as mentioned above.
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Moreover, the numerical standard error of this estimate is given by v/T(")? /N, where

sz _ 1 i (VT/(S) _ )2
- N s=1 ’
is a consistent estimate of T2, the variance in the zero-mean asymptotic normal distribution
of prs(Y). It is interesting to note that the CoV convergence measure, used for the stopping
criterion of the MitISEM algorithm, is directly related the marginal likelihood estimate under
importance sampling and its standard deviation.

Notice also that the calculation of numerical standard errors does not require any autocorre-
lation correction since the draws from the candidate density are uncorrelated; for details, see
Geweke (2005, Section 8.2.2). This also opens up for introducing parallel computations when
producing the IS draws from the final candidate density, as well as for all the densities used
within the MitISEM algorithm; see Bastiirk et al. (2016) for discussions on this topic.

8.6. Credible Sets and Confidence Intervals

The draws ¢©®, s = 1,..., N from the RWM, slice sampling, the SMC and IS algorithms are all
from the joint posterior density p(¢|Y), with two of these approaches also involving IS weights.
The individual elements of (j)l.(s), i=1,...,m (with m being the dimension of ¢) are draws from
the marginal posterior density p(¢;|Y); see, e.g., Gelfand and Smith (1990).

Let 0 < a < 1, p(¢) be a continuous probability density function of the random variable ¢
having support ®. A 100(1 — ) percent credible set (region) C, € @ is defined such that

J p(@)de =1—-a.
Ca

The credible set is generally not unique; see, e.g., Bernardo and Smith (2000, Chapter 5.1) or
Geweke (2005, Chapter 2.5). For example, we may select Co, = (¢1, du), ¢1 < ¢ such that
Pr[p < ¢;] =1—-Pr[¢p > ¢,] = a/2, i.e., an equal tails credible interval. One advantage of this
choice is that it is always unique. At the same time, a disadvantage is that it is generally not the
shortest possible credible set in terms of distance from the maximum to the minimum, or even
the set with the highest probability density values.

The highest probability density (HPD) credible set is a popular choice in Bayesian inference.

Such a set, CS,HP b ), is defined with respect to p(¢) such that

@) fC((XHPD) p(p)dep =1 — a; and

(i) p(¢p) = p(e) for all p € C&HPD) and ¢ ¢ CéHPD), except possibly for a subset of ® having
probability zero.

If p(¢) is unimodal and symmetric, then the HPD credible region is typically equal to the equal
tails credible interval. This is, for example, true when p(¢) is Gaussian. However, when p(¢) is
skewed, then the the equal tails credible interval is not equal to the HPD set. At the same time,
while the equal tails credible interval is unique the HPD credible set need not be; for instance,
when ¢ is uniformly distributed.

The HPD set may be estimated directly from the posterior draws. Let (j)l.(s) be ordered as ¢; ;,
where j=1,...,Nand ¢;; < ¢; 1 forall j=1,...,N—1. Furthermore, let [(1 —a)N] denote
the closest integer and define the interval Rj(N) = (¢:j, $i,j+(1-wny) for j=1,...,N = [(1 -
a)N]. Provided that the posterior density of ¢; is unimodal and that the sample of draws is
ergodic, it is shown by Chen and Shao (1999, Theorem 2) that

R]‘* (N) = ) min Rj(N), (827)
1<j<N-[(1-a)N]

converges almost surely to C((XHP D) Since j* need not be unique, Chen and Shao suggest using

the lowest value of j satisfying (8.27) to obtain a unique estimate.
Furthermore, since the HPD is not unique to transformations of ¢;, such as h(¢;), one needs
to estimate the HPD on the transformation. Moreover, the transformation may also be a function
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of ¢ (and the data), HPD’s for such transformations should also be estimated directly from the
transformed values.

8.7. YADA Code
8.7.1. NeweyWestCovMat

The function NeweyWestCovMat computes the numerical standard error of any sampled real
valued vector using the Newey and West (1987) corrected covariance matrix. The only required
input argument is PostSample, a matrix of dimension N xm, with N being the number of sample
points and m the dimension of the vector. The function also accepts the input BarN, representing
N in (8.2). If this input is either missing or assigned an empty value, the function sets N =
[NA/20D7] ynless [N1/20D] < 100 and N > 200 when N = 100 is selected. This ensures that
limy_oo N = 400, while limy_., N>/N = 0; see, e.g., Geweke (2005, Theorem 4.7.3). The
output is given by StdErr, an m X m covariance matrix such that the numerical standard errors
are available as the square root of the diagonal elements.

8.7.2. DSGERWMPosteriorSampling & DSGEFixedBlockingRWMPosteriorSampling &
DSGERandomBlockingRWMPosteriorSampling

The functions DSGERWMPosteriorSampling and DSGERWMStudentPosteriorSampling handle the
actual run of the (single block) RWM algorithm with the normal and the Student-t proposal
densities, respectively while the functions DSGEFixedBlockingRWMPosteriorSampling for the
normal proposal and DSGEFixedBlockingRWMStudentPosteriorSampling for the Student-t pro-
posal take care of the fixed blocking RWM algorithm for the corresponding proposal densities.
Finally, DSGERandomBlockingRWMPosteriorSampling handles the random block RWM posterior
sampling with a normal proposal, while DSGERandomBlockingRWMStudentPosteriorSampling
does the same but with a Student-t proposal density. All these functions use the same inputs
as the function PosteriorModeEstimation, i.e., DSGEModel, CurrINI, controls. One important
difference relative to the posterior mode estimation function is that some fields in the DSGEModel
structure are ignored in favor of values saved to disk while running the posterior mode estima-
tion routine. In particular, YADA stores data about the prior distribution and sample dates
information to disk and DSGERWMPosteriorSampling makes sure that the same prior and dates
are used when sampling from the posterior as when estimating the posterior mode.

Before starting up the RWM algorithm, the functions perform a number of tests. First, they
attempt to execute the additional parameter functions that are present. If they run without
giving any errors, the measurement equation function is executed next and, thereafter, YADA
attempts to solve the DSGE model at the posterior mode estimate. Given that all checks return
positive results, the log posterior function logPosteriorPhiDSGE is executed for the posterior
mode estimate of ¢.

The RWM algorithm in YADA has been designed to be flexible and to avoid computing things
more often than necessary. The Posterior Sampling frame on the Options tab is displayed in
Figure 4 for MCMC samplers. First, the choice of posterior sampler is provided: (1) the RWM
algorithm with a normal proposal, (2) the slice sampler, (3) the RWM with a Student-t pro-
posal, (4) fixed block RWM algorithm with a normal proposal, (5) fixed block RWM algorithm
with a Student-t proposal, (6) random block RWM with a normal proposal, (7) random block
RWM with a Student-t proposal, (8) Sequential Monte Carlo with likelihood tempering, or (9)
Sequential Monte Carlo with data tempering. Notice that the posterior sampling frame on the
Options tab changes when the user has selected SMC rather than one of the MCMC algorithms;
see Figure 6. We will return to the SMC selections below when discussing the implementations
of SMC with likelihood or data tempering in YADA.

For the MCMC algorithms, the number of degrees of freedom is also selected provided the
algorithm requires it, the number of fixed blocks for the fourth and fifth algorithm, and the
lower and upper number of blocks for the random blocking algorithms. Next, the total number
of draws from the posterior per sampling chain can be selected as well as the number of sample
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FIGURE 4: The Posterior Sampling frame on the Options tab in YADA for MCMC sampling algo-
rithms.
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batches per chain. YADA always stores the data to disk when a sample batch has been com-
pleted. The number of draws in each batch depends on the total number of draws per chain
and the number of sample batches per chain. This allows the user to abort a run and later on
restart the posterior sampler from the last saved position.

Furthermore, the number of sampling chains can be selected as well as the length of the
burn-in period for the sampler. The draws obtained during the burn-in period are later on
discarded from the total number of posterior draws per chain, although they will still be saved
to disk.

The selections thereafter turn to the proposal density. First, the method for estimating the
inverse Hessian at the posterior mode can be selected. YADA makes use of the output from
the selected optimization routine by default. Alternatively, YADA can fit a quadratic to the log
posterior kernel evaluated in a symmetric interval around the posterior mode for each param-
eter and from these estimates construct the diagonal of the inverse Hessian; cf. Section 7.2. In
addition, when the option “Transform conditional standard deviations for modified Hessian to
marginal using correlations from Hessian” on the Miscellaneous tab is check marked, then these
estimates are scaled up accordingly. For both possibilities, the correlation structure is thereafter
taken from the inverse Hessian that the optimization routine provides. Third, a finite difference
estimator can be applied. Here, the step length is determined by the user and this selection
is located on the Miscellaneous tab. Finally, a user specified parameter covariance matrix for
the proposal density is also supported. Such a matrix may, for instance, be estimated using old
draws from the posterior distribution. YADA supports this feature from the View menu, but any
user defined matrix is also allowed provided that it is stored in a mat-file and that the matrix
has the name ParameterCovarianceMatrix.

The estimator of the inverse Hessian can be influenced through a parameter that determines
its maximum absolute correlation. This parameter is by default set to 1 (no restriction), but
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values between 0.95 and O can also be selected. This parameter interacts with the largest
absolute correlation for the inverse Hessian such that the off-diagonal elements of the new
inverse Hessian are given by the old off-diagonal elements times the minimum of 1 and the
ratio between the desired maximum absolute correlation and the estimated maximum absolute
correlation. Hence, if the desired maximum absolute correlation is greater than the estimated
maximum absolute correlation then the inverse Hessian is not affected. On the other hand, if
the ratio between these correlations is less than unity, then all correlations are scaled towards
zero by with the ratio. At the extreme, all correlations can be set to zero by selecting a maximum
absolute correlation of zero.

The following two selections concern the ¢y and c scale parameters for the initial density
and for the proposal density, respectively. The selection of the ¢ parameter influences greatly
the sample acceptance probability. If you consider this probability to be too low or high, then
changing c will often help; see, e.g., Adolfson, Lindé, and Villani (2007c). The ¢y parameter
gives the user a possibility to influence the initial value ¢@. For instance, if co = 0, then
$©® = @, i.e., the posterior mode.

The next parameter in the Posterior Sampling frame is only used under multiple sampling
chains. The weight on randomization refers to the weight given to a randomly drawn ¢, deter-
mined as in the case of the single chain but with ¢y = 4, relative to the posterior mode when
setting up ¢®. Hence, if the weight on randomization is 1, then each sampling chain uses
$© from Ny, (¢, 16%) and if the weight on randomization is 0, then each sampling chain starts
from the posterior mode. This means that the weight on randomization is identical to ¢y except
that it is restricted to the 0-4 interval. Since multiple chains are used to check, for instance,
convergence related issues, it is not recommended to start all chains from the posterior mode.

The following parameter on this frame is the percentage use of posterior draws for impulse
responses, variance decompositions, etc. It allows the user to apply a fraction of the available
posterior draws when computing the posterior distribution of such a function. The case of less
than 100 percent may be particularly relevant when preliminary results are desired or when
the user is mainly concerned with point estimates, such as the posterior mean. Among the
stored posterior draws the parameter values used are obtained by either using a fixed interval
(default) or by drawing randomly from the available draws using a uniform distribution. The
length of the fixed interval is the maximum possible while ensuring that the desired share of
parameter draws is feasible. The option “Randomize draws from posterior distributions” on the
Miscellaneous tab determines which case is selected.

The final parameter on the Posterior Sampling frame determines the maximum number of
draws from the posterior that will be used in prediction exercises. When comparing the number
of posterior draws minus the length of the burn-in period to the desired maximum number of
draws to use in such exercises YADA selects the smallest of these two numbers. As above for the
less than 100 percent share of the draws case, if fewer than the maximum available are used, the
user can choose between the largest fixed interval between draws (default) or uniform draws
from the posterior draws.

One additional user determined parameter influences how the RWM algorithm is executed.
This parameter in located on the DSGE Posterior Sampling frame on the Settings tab; see Fig-
ure 5. If the checkbox Overwrite old draws is check marked, then previous draws will be over-
written. Conversely, when this box is not checked, then old draws will be used when available.
This allows the user to recover from a previously aborted run of the RWM algorithm provided
that the number of sample batches is greater than 1 and that at least one batch was saved to
disk.

There is also another case when YADA can recover previously saved posterior draws. Given
that the checkbox Overwrite old draws is check marked and the posterior draws are only ob-
tained from one sampling chain, YADA will check if, for your current selection about the num-
ber of sample batches, posterior draws exist on disk such that the number of posterior draws is
lower than what you have currently selected. For instance, suppose you have selected to save
10 sample batches per chain and that you currently consider 100,000 posterior draws. YADA
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FiGURE 5: The DSGE Posterior Sampling frame on the Settings tab in YADA.
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will then check if you have previous run the posterior sampler with less than 100,000 draws for
10 sample batches. The highest such number of posterior draws will then be considered as a
candidate. Supposing that you have already run the posterior sampler for 75,000 draws with
10 sample batches, YADA will ask you if you would like to make use of these 75,000 draws.

When the RWM algorithm has finished, YADA first allows for (but does not force) sequential
estimation of the marginal likelihood. The alternative estimators are discussed in Section 10.
The choice of algorithm is stated on the DSGE Posterior Sampling frame, where certain other
parameters that are needed by the marginal likelihood estimation function can also be selected.

Before one of the posterior sampling functions has completed its mission it sends the results
to a function that writes a summary of them to file. This file is finally displayed for the user.

8.7.3. DSGESlicePosteriorSampling

The function DSGES1icePosteriorSampling handles the actual run of the slice sampler. It uses
the same inputs as DSGERWMPosteriorSampling, i.e., DSGEModel, CurrINI, controls. Moreover,
it behaves in essentially the same way as the RWM function with the exception of the actual
sampling part. Moreover, the RWM algorithm keeps track of the acceptance rate, while the
slice sampler counts the number of times the log posterior is computed. In all other respects,
the functions perform the same tasks except that the slice sampler will never call the Chib and
Jeliazkov (2001) marginal likelihood estimator function; see Section 10.4.4.

8.7.4. ExponentialRndFcn

The function ExponentialRndFcn computes random draws from an exponential distribution.
The function takes 1 required input variables, mu, the mean of the distribution. An optional
input variable for total number of draws, NumDraws, is also accepted. The default value for this
integer is 1. The algorithm used is discussed in footnote 64 on page 128.

The function provides one output variable, z, a matrix with row dimension equal to the length
of mu and column dimension equal to NumDraws.

8.7.5. DSGESMCLikelihoodTemperingPosteriorSampler &
DSGESMCDataTemperingPosteriorSampler

The function DSGESMCLikelihoodTemperingPosteriorSampler handles the execution of the se-
quential Monte Carlo with likelihood tempering posterior sampler, while the data tempering
sampler is handled by DSGESMCDataTemperingPosteriorSampler. These two functions use the
same inputs as DSGERWMPosteriorSampling, i.e., DSGEModel, CurrINI, controls. As mentioned
above, the Posterior Sampling frame has different controls under the SMC sampler than under
the MCMC samplers; see Figure 6.
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FIGURE 6: The Posterior Sampling frame on the Options tab in YADA for SMC sampling algo-
rithms.
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The number of posterior draws is the same as for the MCMC samplers, but the text part now
makes clear that this number is also the number of particles. Next, the number of temper-
ing stages can be selected under likelihood tempering, while data tempering uses an adaptive
scheme for determining this number, which is given by N; in Section 8.4. YADA allows for inte-
ger values between 100 and 10,000, with default equal to 100. The number of chains controls
appears thereafter and has the same functionality as for the MCMC samplers. The value of the
tempering schedule parameters, or bending parameter, denoted by )\, can be selected on the
following control provided that the selected SMC algorithm is with likelihood tempering. The
default value is 2, but values from 1 to 4 are also allowed for.

The following five controls make it possible to tune the mutation step of the SMC algorithm.
First of all, the number of fixed parameter blocks, Ng, can be selected where integer values
between 1 and 100 are possible, and its default value is 1. If this value exceeds the dimension
of ¢, then YADA sets Ny equal to the length of the parameter vector. The number of Metropolis-
Hastings steps, M, can be determined from 1 to 100, with default being 1. Next, the mixing
weight a for constructing the proposal density is selected by the user. Value between 0.60 and
1.0 are supported, where the default is 1.

The fourth tuning parameter for the mutation step is the initial value of the scale factor,
denoted by c*. It is possible to set this parameter to values from 0.05 to 10 with the default
value of 0.30. Finally, the last tuning parameter of the mutation step that the user can determine
is the target acceptance rate. It is here possible to select values between 0.20 and 0.50, with the
default value being 0.25, i.e., a target acceptance rate of 25 percent.

The second to last control on this frame that the user can work with is the resampling al-
gorithm for the selection step. When the effective sample size is below the threshold (N/ k),
the multinomial, stratified, systematic, or residual resampling algorithm is used. The default
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choice is multinomial resampling. Note that resampling always occurs under the data tempering
algorithm as discussed above in Section 8.4.4.

Finally, the resampling threshold for the effective sample size can be selected, with values
between 10 and 90 percent of the number of posterior draws (particles, N) being accepted. A
value of N/2, as in Herbst and Schorfheide (2014, 2016), corresponds to 50 percent and is
the default value in YADA. Note that under data tempering, this control is renamed “Recursion
threshold of the effective sample size” and is used in the correction step to determine how many
new data points should be added for the current recursion.

8.7.6. MultinomialResampling

The function MultinomialResampling determines the resampling of the particles based on
draws from a multinomial distribution during the selection step of the SMC with likelihood
or data tempering algorithm. It takes one required input given by the vector Weights and one
optional integer input N. The latter integer is by default equal to the lenght of Weights and de-
termines the length of the output vector Indexes. This latter vector gives the index positions to
use for the resampling scheme of the parameter vectors as well as of the functions that depend
on the selected parameter vectors, such as the log-likelihood and the log prior values.

8.7.7. StratifiedResampling

The function StratifiedResampling determines the index positions of the resampled particles
during the selection step based on stratified resampling. It takes the same inputs and provides
the same output type as the MultinomialResampling function.

8.7.8. SystematicResampling

The function SystematicResampling determines the index positions of the resampled particles
during the selection step based on systematic resampling. It takes the same inputs and provides
the same output type as the MultinomialResampling function.

8.7.9. ResidualResampling

The function ResidualResampling determines the index positions of the resampled particles
during the selection step based on residual resampling. It takes the same inputs and provides
the same output type as the MultinomialResampling function.

8.7.10. MixedDistributionDraw

The function MixedDistributionDraw provides a draw from the proposal density during the
Metropolis-Hastings step of the mutations. The function takes seven required input variable:
phi, phiTilde, CholSigma, CholDiagSigma, alpha, cstar, and NumParam. These input variables

correspond in equation (8.9) to the parameters: ¢r(151)) 1> ¢, the Choleski decomposition of
% » the Choleski decomposition of diag(Z' ), the mixing weight «, the scale factor c,, and the
dimension of the parameter block b, respectively.

As output it gives phiProp, the proposal draw ¢} from the mixed normal distribution.

8.7.11. DSGEISMitISEMPosteriorSampler

The function DSGEISMitISEMPosteriorSampler handles running the importance sampler (IS)
based on the MitISEM algorithm discussed in Section 8.5. It uses the same input variables as the
function DSGERWMPosteriorSampling, i.e., DSGEModel, CurrINI, and controls. The Posterior
Sampling frame has a few different controls under IS based on MitISEM than under the MCMC
or SMC samplers; see Figure 7.

The number of posterior draws per chain (or sample) has the same functionality as for the
MCMC and SMC samplers, but these draws are now taken independently from the candidate
density. The number of sample batches is disabled since the draws are taken independently and
there is no reason for storing draws sequentially. The number of parallel chains (or samples)
serves the same functionality as for the MCMC and SMC samplers, while the tolerance level for
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FiGURE 7: The Posterior Sampling frame on the Options tab in YADA for IS based on the Mi-
tISEM algorithms.
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coefficient of variation criterion of MitISEM algorithm checks if the relative change of the ratio
between the standard deviation of the IS weights and the mean is such that the estimation of
the candidate density has converged. The following two options are shared with the MCMC
samplers and are used to initialize MitISEM in Step 0 with respect to 3.

The maximum number of Student-t mixture components determined H* in Step 2, while the
initial number of degrees of freedom for Student-t density as the following tuning parameter is
used in Step 0 and 1b. The share of draws and weights to initialize added Student-t component
that comes thereafter determines the parameter « in Step 2, where multiple values are allowed
for and the best a value is selected based on the lowest coefficient of variation, as in for instance
Hoogerheide et al. (2012).

The tuning parameter initial weight on added Student-t component determines the initial
value of ;41 in Step 2, while initial degrees of freedom for added Student-t component sets
the initial value for dy+1 in the same step of the algorithm.

It may be noted that when the user opts to also make use of the additional converges criterion
based on the relative change of the normalized objective function in (8.13), the tolerance level
is given by value set in the Optimization frame on the Options tab of YADA, directly below the
Posterior Sampling frame on the same tab.

-150-



9. MARKOV CHAIN MONTE CARLO CONVERGENCE

This section is concerned with assessing the convergence of the MCMC sampler. A fundamental
problem of inference from Markov chain simulation is that there will always be areas of the
posterior (target) distribution that have not been covered by the finite chain. As the simulation
progresses the ergodic property of the Markov chain causes it eventually to cover all the target
distribution but, in the short run, the simulations cannot, generally, tell us about areas where
they have not been. As pointed out by, e.g., Gelman (1996), this is a general problem whenever
convergence is slow, even in a distribution that has a single mode; see, also, Gelman and Rubin
(1992).

This section is divided into two parts. The first deals with tools for evaluating convergence
using a single chain, while the following is concerned with multiple chains. For a review of
various tools for evaluating MCMC convergence see, e.g., Cowles and Carlin (1996).

9.1. Single Chain Convergence Statistics

The simplest tool for assessing if a MCMC chain has converged or not is to view graphs of the
raw draws; see, e.g., Adolfson, Laséen, Lindé, and Villani (2008b). If the draws are trending this
is a strong indication that the sampler has not converged. In fact, the reason for the trending
may be that the DSGE model is misspecified. The raw draws may also be graphed directly from
multiple chains to check if they cover the same region of the parameter space.

Next, sequential estimates of various location parameters may be examined. YADA allows
for sequential estimation of the posterior mean and the posterior median. If the sequential
estimates are trending this is indicative of poor convergence. Furthermore, sequential estimates
of the marginal likelihood may also be studied; see Section 10.

A common tool in time series analysis for studying parameter stability is the partial sum or
cusum. Yu and Mykland (1998) proposed to use this tool for evaluating convergence. Like
the sequential estimates of the posterior mean, median, and marginal likelihood, the cusum
estimates rely on first determining a burn-in period. Let S(X) be a chosen summary statistic
of the N post burn-in posterior draws. With [i being the average of S(X) for all N draws, the

observed cusum is _
1

Ci=D(S&xp—p), i=1,...,N. 9.1)

j=1
The cusum path plot is obtained by plotting {C;} againsti = 1,...,N. If N is very large it may
be practical to plot the statistic against, say, i = Ng, 2N, ..., N instead for some suitable integer

Np.

The cusum statistic in (9.1) is zero for i = N. In YADA the value of I is added to C; and the
summary statistics are either the log posterior (InL(Y; g 1 (¢)) + Inp(g~(¢)) + InJ(¢)), the
original parameters (0), or the transformed parameters (¢). Moreover, YADA calculates moving
window cusum paths for a fixed window size of N; = N/ 10, i.e.,

1
Ci= > (S&Xp-p), i=Ni,...,N, (9.2)
j=i+1-N;

where, again, /1 is added to C;.

A separated partial means test for a single MCMC chain has been suggested by Geweke;
see, e.g., Geweke (2005, Theorem 4.7.4). Let N be the number of draws and suppose that
N, = N/2p and p are positive integers. For instance, with N = 10,000 and p = 5 we have that
Ns = 1,000. Define the p separated partial means:

1 N,

p
aN) (m+N,(2j-1)) .
S = S P =1,... 3
J,P an; (¢ )5 J > » D (9 )

where S is some summary statistic of the transformed parameters ¢ (such as the original pa-
rameters 0). Let T, be the Newey and West (1987) numerical standard error for j = 1,...,p.
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Define the (p — 1) vector S(N) with typical element S](f\rqp — §§,];) andthe (p— 1) X (p—1)

tridiagonal matrix Vp(N) where
V(N )

—T +'L'J+1p, j=1,...,p—1
and
v =V =, j=1,...,p-1
The statistic
G}()N) — SI(JN), [VP(N)] S(N) Sy (p 1), 9.4)

as N — oo under the hypothesis that the MCMC chaln has converged with the separated partial
means being equal.

9.2. Multiple Chain Convergence Statistics

One approach for monitoring convergence using draws from multiple MCMC chains is to use
analysis of variance. The approach outlined below is based on Brooks and Gelman (1998),
which generalizes the ideas in Gelman and Rubin (1992); see also Gelman (1996) and Gelman
et al. (2004).

For a univariate scalar summary S we may assume that we have N draws from M chains.
Let S;j denote draw i from chain j. We may then define the average of S for chain j as S i =
(1/N) Zf\il Sij, while the overall average is S=(1/M) Z;VIZI S ;. The between-chain variance
B and the within-chain variance W are now given by

M
B=L1 (5,-5)%, ©9.5)
14
and
W = M(N )]lelz sij—$)°. (9.6)

The between-chain variance B contains a factor of N because it is based on the variance of the
within-chain means, S ;, each of which is an average of N draws S;;.

From the two variance components two estimates of the variance of S in the target distribu-
tion, >g, can be constructed. First

A N-1 1

Ss=——W+ B, (9.7)
is an unbiased estimate of the variance under the assumption of stationarity, i.e., when the
starting points of the posterior draws are actually draws from the target distribution. Under the
more realistic assumption that the starting points are overdispersed, then (9.7) is an overesti-
mate of the variance of S.

Second, for any finite N, the within-chain variance W in (9.6) should underestimate the vari-
ance of S. In the limit as N — oo, both 35 and W approach 3, but from opposite directions.
Accounting for sampling variability of the estimator S yields a pooled posterior variance esti-
mate of V = 35 + B/ (MN).

To monitor convergence of the posterior simulation Gelman and Rubin (1992) therefore sug-
gest estimating the ratio of the upper and the lower bounds of the variance of S through:

- Z_\/N—1+(M+1)B_ M+1D35s N-1 ©.8)
S \w N MNW M W MN’ '

As the simulation converges, the potential scale reduction factor in (9.8) declines to 1. This
means that the M parallel Markov chains are essentially overlapping.

The scalar summary S can here be individual parameters of the DSGE model. A multivariate
version of the potential scale reduction factor is suggested by Brooks and Gelman (1998). Now
S is, e.g., a vector of all the model parameters, with B and W being covariance matrix estimators
of the between-chain and within-chain covariance. The multivariate potential scale reduction
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factor (MPSRF) is now:

N + ; A1, (9.9)
where )1 is the largest eigenvalue of the positive definite matrix (1,/N)W~!B; see Brooks and
Gelman (1998, Lemma 2). The MPSRF in (9.9) declines towards 1 as the simulation converges.
Gelman et al. (2004) suggests that values for R less than 1.1 may be regarded as an indication
that the MCMC sampler has converged.

In addition to monitoring the MPSRF in (9.9), Brooks and Gelman (1998, p. 447) suggest to
monitor the determinants of W and V. This allows the user to also check if both the within-chain
covariance matrix W and the pooled covariance matrix V stabilize as functions of N. Since the
determinant can be a very small number in models with a large number of parameters and
where some are highly correlated, YADA instead computes the trace.

9.3. YADA Code
9.3.1. CUSUM

. \/N—l M+1

The function CUSUM computes the cusum paths in equation (9.1) and (9.2) for the values of
the log posterior from the MCMC output, the draws of the original parameters (0), or of the
transformed parameters (¢). The function takes 4 input variables: X, NumBurnin, P1lotType, and
CurrINI. The matrix X has dimension NumIter X NumStat, where NumIter is the total number
of draws from the posterior, and NumStat is the number of summary statistics. The integer
NumBurnin gives the number of burn-in draws from the MCMC chain, while the string vector
PlotType can be either log posterior, original parameters, or transformed parameters.
Finally, the structure CurrINI contains initialization information.

The function provides 2 output arguments: CUSUMPost and CUSUMAverage. The former has
dimension (NumIter — NumBurnin) X NumStat and holds the cusum statistic in (9.1) plus the
mean of the input statistics over the post-burn-in sample. The second output variables has
dimension (0.9NumIter — NumBurnin) X NumStat with the moving window cusum statistic in
(9.2).

9.3.2. SeparatedPartialMeansTest

The function SeparatedPartialMeansTest calculates the separated partial means test in (9.4).
The function needs 4 input variables: PostSample, p, PlotType, and CurrINI. The matrix
PostSample has dimension NumIter X NumParam, where NumIter is now the number of post-
burn-in period draws from the posterior while NumParam is the number of summary statistics.
The integer p gives the number of separated partial means to evaluate. The last two input
arguments are the same as in the case of the CUSUM function.

As output the function gives a matrix GewekeStat that has dimension NumParam X 2. The
first column holds the values for the separated partial means test for the NumParam summary
statistics, and the second column the asymptotic p-values based on applying the x?(p — 1)
distribution.

9.3.3. MultiANOVA

The function MultiANOVA computes the multivariate potential scale reduction factor in (9.9)
as well as the determinants of V and W sequentially. The function takes 5 input variables:
NumChains, ComputeSequential, DSGEModel, CurrINI, and controls. The last three input vari-
ables are also used by the functions for estimating the posterior mode and running the random
walk Metropolis algorithm. The first input simply gives the number of parallel MCMC chains to
examine (M in Section 9.2), while the second variables is boolean and takes on the value 1 if
the output should be calculated sequentially and O otherwise. The output statistics are calcu-
lated from posterior draws of the original parameters 6, which are loaded from disk, one chain
at a time.

As output the function gives two variables: DoneCalc and MPSRF. The first is a boolean vari-
able which indicates if the calculations were finished (1) or not (0). The matrix MPSRF has 4
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columns, where the first holds the number of draws used in the calculation, the second the R
value, the third the determinant of V, while the fourth holds the determinant of W. The rows
correspond to the sample sizes used for the sequential estimates, as can be read from the first
column.
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10. COMPUTING THE MARGINAL LIKELIHOOD

The Bayesian approach to model comparisons is based on the posterior odds ratio. This criterion
can be applied regardless of whether the “true” model is included in the set of models or not.
The posterior odds ratio between two models, denoted by m; and my, is given by

Pr(miY) p(YIm) " Pr(m;)

Pr(my|Y) p(Yimz) Pr(ma)
The posterior odds ratio on the left hand side is therefore equal to the Bayes factor, being the
ratio of marginal likelihoods, times the prior odds ratio; see Kass and Raftery (1995) for a
survey on model comparisons based on posterior probabilities. If the models are given equal
prior probabilities then the posterior odds ratio is simple equal to the Bayes factor.

The posterior model probabilities can be calculated for all models m;, i = 1,..., M, once
the marginal likelihood has been evaluated for all M models. In that case, the posterior model
probabilities are given by

p(Y|mi) Pr(mi)

321 p(YIm;) Pr(m;)

If the “true” model is among the models being studied, then the posterior model probabilities
can be used to choose a preferred specification. One simple selection criterion is to choose the
model which has highest posterior probability. In fact, even in situations where all the models
being evaluated are misspecified, this criterion may be used. For instance, Phillips (1996) and
Fernandez-Villaverde and Rubio-Ramirez (2004), show that posterior odds asymptotically favor
the model that is closest to the “true” data generating process in the Kullback-Leibler sense; see
also Gelfand and Dey (1994).

In order to compare models with posterior odds the marginal likelihood, p(Y|m;), needs to
be computed. The four methods that are supported in YADA for computing the value of this
density will be discussed next. One of them is an approximation method, called the Laplace
approximation, which only requires having estimates of the model parameters at the posterior
mode, while the other three are based on draws from the posterior distribution. These sampling
based methods differ in that two of them can be used for different MCMC methods, while the
third is specifically constructed for Metropolis-Hastings methods.

The discussion below is based on the assumption that the model does not have a system
prior. In the event that the model indeed has such a prior, then the estimators below need to
be adjusted by the normalizing constant of the system prior, i.e., by p(®,|h). Using the terms
in equation (4.37), the posterior density can be decomposed as
p(¥10)p(®ul0,7)p(6)

p(Y|®w, h)p(@ulh)

The numerator on the right hand side represents the posterior kernel and is given by the product
of the likelihood function, the system prior p(®,|60, h), and the marginal prior of the param-
eters. The first term in the denominator, p(Y|®,,, h), is the marginal density of the data, i.e.
the marginal likelihood we are interested in. The second term in the denominator is the mar-
ginal likelihood of the system prior, which typically is not known but needs to be estimated as
well. This can be achieved by replacing the likelihood function in the expressions below by the
conditional system prior p(®,|0, h), and then proceed with the estimators below.”?

When estimating the marginal likelihood of the data using the posterior kernel (numerator)
in (10.1), the resulting marginal likelihood gives an estimate of p(Y, ®,|h), the denominator
of this equation. To obtain an estimate of what is often be the object of interest, p(Y|®,,, h),
we then need to divide its value by the marginal likelihood of the system prior. Except for the
Laplace approximation, this step is not performed by YADA.

Pr(mylY) =

p(6lY,®,,h) = (10.1)

72 In practise, the marginal likelihood of the system prior is estimated with good precision using the Laplace approx-
imation based on a finite difference estimator of the inverse Hessian.
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10.1. The Laplace Approximation

The Laplace approximation (or the Laplace-Metropolis estimator when posterior draws are used
to estimate the quantities it needs) of the log marginal likelihood, In p(Y), was originally sug-
gested by Tierney and Kadane (1986); see, also, Raftery (1996) for discussions. It requires an
estimate of the posterior mode of the parameters and of the inverse Hessian at the mode. The
Laplace estimator of the marginal likelihood makes use of a normal approximation and YADA
considers only the transformed parameters ¢p. With the inverse Hessian evaluated at the mode
being given by & and ¢ being the posterior mode of the transformed parameters, the Laplace
approximation of the log marginal likelihood is given by:
mIn(2x) + In |i|
2 )
where m is the dimension of ¢. The third term on the right hand side approximates — In p(¢|Y)
with O(T™!) accuracy and, hence, the expression in (10.2) is a reflection of Bayes theorem
through what Chib (1995) calls the basic marginal likelihood identify.

Notice that since YADA calculates the posterior mode by minimizing minus the log of the
posterior, the inverse Hessian does not need to be multiplied by minus 1 in (10.2). For the
Bayes factor, i.e., the ratio of the marginal likelihoods of two models, the relative error in
(10.2) was shown by Tierney and Kadane (1986) to be O(T~!) for regular statistical models.

It is also interesting to note that if the inverse Hessian of the log posterior for the 6 parameter
is approximated through the delta method, then the Laplace approximation of the log marginal
likelihood using 6 = g~1(¢) is identical to the expression on the right hand side of (10.2). This
follows directly from noting that the determinant of the inverse Hessian is now J (#)2|Z], while
the log posterior is In L(Y; 6) + In p(0).

Inp.(Y) =InL(Y;g () +Inp(g () +InJ(d) + (10.2)

10.2. Modified Harmonic Mean Estimators

Harmonic mean estimators are based on the identity:

N A O -
P = U p(Y|9)p(9)p(9|Y)d9] , (10.3)

where f(0) is a proper probability density function such that [ f(0)d0 = 1; see Gelfand and
Dey (1994).7% Given a choice for f(0), the marginal likelihood p(Y) can then be estimated

using:
-1
1 i £(69) (10.4)
N — L(Y, 9(5) )p(e(s)) ? ’

where 0 is a draw from the posterior distribution and N is the number of draws. As noted
by, e.g., An and Schorfheide (2007), the numerical approximation is efficient if f(0) is selected
such that the summands are of equal magnitude. It can be shown that the harmonic mean
estimator is consistent but not unbiased. In fact, due to Jensen’s equality it is upward biased.

puY) =

10.2.1. Truncated Normal Weighting Function

Geweke (1999) suggested to use the density of a truncated multivariate normal distribution in
(10.4). Thatis, for0 < p <1

exp[—(1/2)(6 - 6)'z," (6 - 0)] { N B ) }
O-0)%,"(0-0) <x;m) ¢, (10.5)
p(2x)m/2|29|1/2 0 Xplm

where 0 is the mean and ¥y the covariance matrix from the output of the posterior simulator,
ie,0=N1>" 09 and 5 = N1 3N 0906 — 67, The expression {a < b} is 1 if true

f) =

73 The identify follows from noticing that p(0|Y) = p(Y|0)p(0) / p(Y) so that the right hand side of (10.3) is equal
to [(1/p(Y)) [ £()dO] .
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and O otherwise, while X;ZJ (m) is the 100p percentile value of the y? distribution with m degrees
of freedom; see also Geweke (2005, Section 8.2.4 and Theorem 8.1.2).

10.2.2. Truncated Elliptical Weighting Function

The accuracy of the harmonic mean estimator depends on the degree of overlap between the
numerator (weight function) and denominator (posterior kernel) in (10.4). When the posterior
density of 0 is far from Gaussian, the Gaussian weighting function is less likely to work well.
First of all, the height of the posterior density can be very low at the mean, especially when
it is multimodal. Second, the truncated normal is often a poor local approximation to a non-
Gaussian posterior density. Third, the likelihood can get close to zero in the interior of the
parameter space. To deal with these three issues, Sims, Waggoner, and Zha (2008) (SWZ) have
suggested an alternative weighting function based on a truncated elliptical distribution.

Let § be the posterior mode and the scaling matrix $p=N"1 Zil 0 —9)(0© — ). Next,
let the nonnegative scalar r be given by

r=1/(0-0)5;"(0-4). (10.6)
SWZ now define the elliptical density for 0 as follows:
(9) _ r'(m/2) h(r)
g 2qm/2|S| /2 L
where m is the dimension of 6, and h(r) is a density function that does not depend on m which
is defined for nonnegative r and is to be estimated.”*

Let r® be the value of r when 6 = 0, i.e., it represents the value of r for the posterior
draws s = 1,..., N. Suppose that h(r) have a support on [a, b] and be defined as

(10.7)

cre
be — ac :
The parameters a, b, and c are chosen as follows. Let Q, be the x percentile of the r® values,
ordered from the smallest to the largest, for x = 1, 10, 90. The values b and c are selected such
that the probability of r < Qi from h(r|0, b, c) is equal to 0.1 and the probability of r < Qgg
from h(r|0, b, c) is equal to 0.9. This means that

b= ng c= 1I1(1 /9)
0.91/¢’ In(Q10/Qo0)
Furthermore, the value of a = Q; to keep h(r) bounded above.

In order to truncate the elliptical distribution, SWZ suggested using iid draws from g(6).
These are constructed as

h(rla,b,c) = (10.8)

_ r
Byl

where ié/ 2 is the Choleski factor of 5, || x|| = v/x'x is the Euclidean norm, x ~ Ny, (0, I,), and
r is a random draw from h(r). The latter draws are obtained as

r= [(bc—ac)p]l/c, p~U(0,1).

These draws are obtained by utilizing the cdf H(r) = r¢/ (b — a®) and inverting it at H(r) = p.

Let k(0]Y) = L(Y;0)p(0), i.e., the kernel of the posterior density. Since the SWZ approach
is based on a nonzero value for h(r), the weight function f(60) is effectively bounded above.
Hence, the upper bound truncation on the ratio f(6)/k(6|Y) can be implemented by a lower
bound truncation of the posterior kernel itself. Specifically, let L be a positive number and @,
be the region defined by

oW S5%x+0, i=1,...,M, (10.9)

©,=1{0:k(6]Y)>L}. (10.10)

74 The normal, Student t, logistic, and Laplace distributions are examples of elliptical distributions; see, e.g., Fang,
Kotz, and Ng (1990) and Landsman and Valdez (2003).
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The weighting function f(0) is now chosen to be truncated elliptical with density such that its
support is ©y. If q; is the probability that random draws from the elliptical lies in ©;, then

OBR AL ZLGL}g

where {0 € ©.} is 1 if true and 0 otherwise. SWZ suggest that a good choice of L is a value
such that 90 percent of the posterior draws lie in ©;.
To summarize, the SWZ appoach to estimating a suitable weighting function is as follows:

(0), (10.11)

(1) Simulate N draws from the posterior density p(6|Y) and record the minimum and maxi-
mum values of the posterior kernel, denoted by kni, and knyax, respectively, and let I €
(kmin: kmax) .

(2) Simulate M iid draws from the elliptical distribution in (10.9) and compute the proportion
of these draws, denoted by q;, that belong to ©;. This estimate has a binomial distribution
and its accuracy depends on the number of iid draws from g(6). SWZ note that if §; <
1.0e — 06 then the estimate is unreliable since 3 or 4 standard deviations will include the
zero value. As a rule of thumb they suggest §; > 1.0e — 05.

SWZ also take note of the fact that the computation of g; gives a practical mechanism to
evaluate how much of the overlap f(6) and k(0|Y) share. In particular, if q; is too small the
weight function and the posterior kernel have very little overlap and the estimated marginal
likelihood is likely to be misleading.””

10.2.3. Transformed Parameters

Since YADA works internally with the transformed ¢ parameters, the expression for the modi-
fied harmonic mean estimator of the marginal likelihood is slightly different. Specifically,
A 1 & £(39) -
pu () N ; L(y; g—1(¢(s)))p(g—1(¢(s)))J(¢(s)) ? (10.12)
where f(¢) is either the truncated normal or the truncated elliptical for the transformed ¢
parameters.

The numerical standard error can easily be computed for the modified harmonic mean esti-
mator of the (log of the) marginal likelihood. Let

m(¢) = S8 (10.13)
k(olY)

where k(oY) = L(Y; g 1 (d)p(g~(¢))J(¢) is the posterior kernel of p(¢|Y). To handle
possible numerical issues we introduce a constant ¢ which guarantees that a rescaling of m(¢)
is bounded for all ¢p. An example of such a numerical problem is that the log posterior kernel is
equal to, say, —720 for some ¢. While exp(—720) is a small positive number, computer software
such as matlab states that 1/ exp(—720) is infinite.”®

One suitable choice is often ¢ = maxg k(¢|Y), i.e., the largest posterior kernel value over all
posterior draws of ¢. For any suitable choice of c, it follows that

2(6) = f(¢)
exp(Ink(¢|Y) —1In(c))

The rescaling needs to be accounted for when computing the marginal likelihood. Let i1 be
the sample mean of n(¢). It follows that the log marginal likelihood based on the modified

(10.14)

75 SWZ note that for any sequence of posterior draws 0, s = 1,..., N, increasing the variance of f(f) means
that the value of £(0)/k(0]Y) tends to decrease. As a consequence, the estimated marginal likelihood is artifically
inflated, irrespective of whether the tail of the distribution represented by the weight function is truncated or not.
By requiring q; to be computed, the estimate of this proportion goes to zero as the variance of f(0) becomes too
large or too small.

76 In practise, it is important that rescaled log posterior kernel values are bounded from below by about —700 and
from above by approximately 700. This guarantees that the exponential function yields finite values.
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harmonic mean estimator is given by
Inpg(Y) =1In(c) — In(7). (10.15)
The n(¢) values can now be used to compute a numerical standard error of the log marginal
likelihood based on the modified harmonic mean estimator. The numerical standard error of
n(¢) can be computed from the Newey and West (1987) estimator in (8.2) by replacing ¢ with

n(¢). The delta method can thereafter be applied such that the numerical standard error of the
log marginal likelihood is equal to the numerical standard error of n(¢) divided by 7.

10.3. The Chib and Jeliazkov Estimator
The Chib and Jeliazkov (2001) estimator of the marginal likelihood starts from the so called

marginal likelihood identity
L(Y;0)p(0) L(Y;g'())p(g ' (@))JI ()

e T (1Y)

This relation holds for any value of ¢ (and 6), but a point with high posterior density should
preferably be selected, e.g., the posterior mode ¢.

The numerator of (10.16) can be determined directly once the posterior mode has been found.
The denominator, however, requires a numerical approximation. Hence,

L(Y; ¢ (@)p(g'(@)JI($)
p(lY)

(10.16)

pes(Y) = , (10.17)
where p(¢|Y) remains to be calculated.
Based on the definition of r(¢, ¢|Y) in equation (8.1), let

a(p,0Y) =min{1,r(¢,0|Y)}. (10.18)

Let q(¢, d|Y) be the proposal density for the transition from ¢ to ¢. For the random walk
Metropolis algorithm we have used the multivariate normal density as the proposal, i.e.,

al$,10)= (22) "2 (5o { LG5 G-9)} . a0

This density is symmetric, i.e., (¢, d|Y) = q(, (j)lY).77 The posterior density at the mode can
now be approximated by

N3 (99, IV )q (¢, IV )
I S a($,00|Y)

7 3liq(¢@, BlY)
I S a($,e0Y)
where ¢©®, s = 1, ..., N are sampled draws from the posterior distribution with the RWM
algorithm, while ¢, j = 1,...,J, are draws from the proposal density (10.19). The second
equality stems from the fact that a(@p®, p|Y) = 1 for all ¢ when ¢ is the posterior mode,
i.e., the transition from 95(5) to ¢ is always accepted by the algorithm. Hence, the Chib and
Jeliazkov estimator of p(¢|Y) is simply the sample average of the proposal density height for the
accepted draws relative to the posterior mode, divided by the sample average of the acceptance
probability, evaluated at the posterior mode.

The parameter J is always equal to N in YADA. In contrast with the modified harmonic mean

estimator of the marginal likelihood, the Chib and Jeliazkov estimator requires J additional
draws. When J is large and the parameter space is high dimensional, the Chib and Jeliazkov

p(PlY) =
(10.20)

77 Notice that a(¢, ¢|Y) = min{1,r (¢, p|Y)q(p, |Y) /q(p,¢|Y)} in Chib and Jeliazkov (2001); see, e.g., Section
2.1, above equation (7).
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estimator will be considerably slower to compute since the log posterior function on the right
hand side of equation (7.1) needs to be evaluated an additional J times.

The numerical standard error of the log of the marginal likelihood estimate ﬁ((f)lY) in (10.20)
can be computed from the vectors

G = [hgs’{)] _ IQ(¢“),$IY)]_
h”] La($,991Y)
The average of h?) is denoted by h. This means that
Inp(¢Y) =Inh; —Inhy,
and the numerical standard error of the log marginal likelihood estimate can be calculated

from the sample variance of h® via the delta method. The sample variance of the latter can
be computed using the Newey and West (1987) estimator.

10.4. YADA Code

Geweke’s (1999) modified harmonic mean estimator of the marginal likelihood with a trun-
cated normal density as weighting function is computed with MarglLikeModifiedHarmonic. This
function can also be used to estimate the marginal likelihood sequentially. The nature of the
sequential estimation is quite flexible, where a starting value and an incremental value for the
sequence can be selected on the Settings tab. By default, YADA sets the starting value to 100
and the increment value to 100. For a posterior sample with 10000 draws, this means that the
marginal likelihood is estimated for the sample sizes 100, 200,...,9900, 10000. The selection
of sequential estimation sample is determined on the DSGE Posterior Sampling frame on the
Settings tab; cf. Figure 5.

Similarly, the modified harmonic mean estimator of the log marginal likelihood with a trun-
cated elliptical density as weighting function suggested by Sims et al. (2008) is computed with
the function MargLikeSWZModifiedHarmonic. It can also perform a sequential estimation of the
log marginal likelihood.

The function MargLikeChibJeliazkov calculates the Chib and Jeliazkov (2001) estimator of
the marginal likelihood as well as its numerical standard error. Like the modified harmonic
mean estimator function, MargLikeModifiedHarmonic, the calculations can be performed se-
quentially using the same sample grid.

The Laplace approximation is calculated by MargLikeLaplace. It is only run towards the
end of the posterior mode estimation routine and should only be viewed as a quick first order
approximation when comparing models.

10.4.1. MargLikeLaplace

The function MargLikeLaplace takes 3 inputs. First, it requires the value of the log posterior at
the mode of ¢, LogPost, second minus (the inverse of) the Hessian at the mode, Hessian, and
third IsInverse, a boolean variable that takes the value 1 if Hessian is the inverse Hessian and
0 otherwise. Based on equation (10.2) the log marginal likelihood is calculated and provides as
the output LogMarg.

10.4.2. MargLikeModifiedHarmonic

The function MargLikeModifiedHarmonic takes 5 inputs. First of all, PostSample, an N X m
matrix with N being the number posterior draws that are used. This values is often smaller
than the total number of posterior draws that have been computed either since burn-in draws
are skipped or since the log marginal likelihood is computed from a subsample of the available
posterior draws (or both). Next, the values of the log posterior ker