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APPENDIX A: POSTERIOR PROPERTIES OF THE RANDOM WALK MODEL

The purpose of this Appendix is to provide technical details on the predictive density of the
random walk model with a standard diffuse prior on the residual covariance matrix. An analytical
expression of the predictive density is derived and its mean vector and covariance matrix are
also determined.
To these ends, let
Yye=yr1+e, t=1,...,T, (A1)

where the residuals ¢; are assumed to be i.i.d. N(0,) with Q positive definite and g is fixed.
The diffuse prior is given by
p(Q) o [ TV, (A-2)

Stacking the model in (A.1) into n x T' matrices y = [y; --- yr| and € = [e1 --- ep], with
the realized values, for convenience, being denoted the same way, the posterior distribution is

proportional to the prior times the likelihood, which in natural logarithms can be expressed as

T+n+1

1
5 log || — Etr [Q7tee']. (A.3)

T
log p(y]yo, 2) +log p(©2) = ——- log(2m) -

Recognizing that the last two terms on the right hand side of (A.3) form the log of the kernel
of the n-dimensional inverted Wishart distribution with location matrix e’ and T degrees of

freedom, we obtain

T -1 T
log p(y, o) = —% log(2) — % log(mr) — log T'y(T) + 5 log ]55" "
A4
- % log |©] — %tr[Q_leal],

where



for T' > n > 0 with I'() being the gamma function. From Bayes theorem it therefore follows
that the log marginal likelihood is given by (A.3) minus (A.4), i.e.

n(2T —n+1)

log p(ylyo) = — I

T
log(7) + log T',(T) — 3 log |e€’|. (A.5)

NORMAL APPROXIMATION OF MARGINAL PREDICTIVE LIKELIHOOD

When forecasting with the random walk model it holds that

E[yT-l-h ?/73/079] =yr, h = 17“‘7h*‘ (AG)

The forecast error is therefore equal to the accumulation of ery; over ¢ = 1,..., h, while the

forecast error covariance matrix given €2 is
C(yT+h’y,y0,Q) = th h = 17"'7h*' (A7>

From Rao-Blackwellization we know that the covariance matrix C(yrip|y,yo) is equal to the
mean of the covariance matrix in (A.7) with respect to the posterior of ) plus the covariance

matrix of the deviation of the mean in (A.6) and its population mean E[yryp|y, yo]. The latter

term is zero since the population mean is also y7, while the former term is given by A times the
mean of the posterior of Q.' That is,

h /

m&f . (AS)

C(yr+nly: vo) =

When computing the marginal predictive likelihood with a normal approximation for the full
system we therefore make use of the realized forecast errors yr,, —yr and the covariance matrix
in (A.8).

When forecasting only a subset of the variables we need to take into account how the posterior
distribution for the covariance matrix of the corresponding subset of residuals is related to the
posterior p(Q|y,y0). Let S be an n x n, matrix of columns from I,, which selects ys74n =
S'yryn.2 Similarly, let S| the the n x (n — np) matrix which selects the remaining variables
from the yryp vector. Define

M = [S SL], (A.9)

i.e. M is an nxn matrix made up of all the columns of the identity matrix and therefore has a unit
determinant while M ~1 = M’. The posterior distribution of Qs = M’QM is an n-dimensional
inverted Wishart with location matrix M’ee’ M and T degrees of freedom. Letting Qg = S'Q)S,
it follows from, e.g., Bauwens, Lubrano, and Richard (1999, Theorem A.17) that the posterior
of Qg is an ny-dimensional inverted Wishart with location matrix S’ee’S and T — n + ny, degrees

of freedom.

IMore generally, the posterior distribution of A2 is inverted Wishart with location parameter hee’ and T' degrees
of freedom.

2We here suppress the subscript A from Sj,.



With this in mind, the normal approximation of the marginal predictive likelihood for the
subset of variables is based on the mean forecast error y, 714 —ys,7 and the population covariance

matrix

h
C(ys,T-‘rh’y?yO) = mS'aa’S. (AlO)

ANALYTICAL FORM OF THE MARGINAL PREDICTIVE LIKELIHOOD
The determination of the marginal predictive likelihood requires an expression for the conditional

likelihood function p(ys 74|y, Yo, 2). From equation (20) and using yzyp7 = yr and Xy 77 =

h$) we find that the conditional log-likelihood for the random walk model is given by

n 1 1 _
10g p(Ys, 71|y, y0; ) = —7’1 log(27h) — 3 log [Qg| — o5 Q5 e mnel ] (A.11)
where €571 = Ys7+h — Ys,1, and the term involving log(h) is due to |hQ2g| = A" |Qg]|.
The product of the conditional likelihood of ys 74} and the posterior of €05 is given by:
‘5/88/5‘ (T—n+np)/2

27Th)nh/22(T—n+nh)nh/27rnh(nh—l)/4fnh (T —n+nyp)
" ’QS‘—(T—n+2nh+2)/2 (A.12)

p(Ys,r+h, Qs |y, y0) = (

X exp _%tr (QEI [5/88/5 + h_les,T,hfls,T,h]) :

Recognizing that the two terms involving (g is the kernel of an nj-dimensional inverted Wishart
distribution with location matrix S’ee’S+h~tes ha;,T, p and T'—n+ny, + 1 degrees of freedom,
it follows that the integral of the density p(ys,TJrh, Qs‘y, yg) with respect to €)g is equal to the
expression in the first term on the right hand side of equation (A.12) times the inverse of the
integration constant of the IW,, (S'ee’S + h_lss,T7hs’s7T’h,T —n + ny + 1) distribution. We
therefore find that

Ly, (T —n+np+ 1)‘h5’55’5‘_1/2

7 /20, (T —n + nyp,) ‘Inh + (hS,&S/S)_IES’TJZE/S’TJZ‘(

p(ys,T—i-h’ya yO) = T—n+np+1)/2" (A13)

In other words (and as expected), the density of ys;_mrh‘y, Yo is an np-dimensional ¢-distribution
with mean y, 7, covariance matrix given in (A.10), and T'— n + ny, degrees of freedom; see, e.g.,

Bauwens et al. (1999, Appendix A) for details.?

APPENDIX B: POSTERIOR PROPERTIES OF THE LARGE BVAR MODEL

The large BVAR is estimated with the methodology suggested in Baibura, Giannone, and Re-
ichlin (2010) and therefore relies on using dummy observations when implementing the normal-
inverted Wishart version of the Minnesota prior. Below we will first present the prior and
posterior distribution and thereafter show the relation between the prior parameters and the T}

dummy observations; see also Lubik and Schorfheide (2006).

3Notice also that !Inh + (hSIEE/S)_1837T7hE;’T’h| =1 —I—E’S,T,h(hS'aa’S)_1ES,T,h; see, e.g., Magnus and Neudecker
(1988, Proof of Theorem 1.9).



The VAR representation of y; is given in equation (24), with ¢; ~ N, (0, ). Stacking the VAR
system as y = [y1 --- yr], X = [X1 -+ X7], and e = [e; -+ ep], the log-likelihood is given by

logp(y‘Xl; @,Q) = —%log(%’) — glog ’Q‘ — %tr[Q_lee'], (B.1)

where, for convenience, we use the same notation for the random variables as their realizations.

The normal-inverted Wishart prior for (®,€) is given by
vec(q)) ’Q ~ Np(np+1) (VeC((I)M), [Qcp ® Q]), (B.2)
Q~ IW, (A, v). (B.3)

This means that the sum of the log-likelihood and the log prior is given by

n(T+np+1)
2

—log Ty (v) — glog ‘Q@‘ + glog ‘A‘

log(2m) — % log(2) — nin—1) log(m)

IOgP(?J?q)?Q’Xl) = 4

B.4
TH+np+1)+v+2 (B4)
— log ‘Q‘
2
1
—str[o7 (e« + A+ (@ - 2,)05' (@ - 2))].
Using standard ‘“Zellner” algebra, it is straightforward to show that
e + A+ (@ —3,)0H (P~ B,)) = (®—d) (XX + Q') (&) +5, (B.5)

where
® = (yX'+3,9;") (XX + 1),
S=yy +A+®,05'®, - (XX +05") ¥
Substituting for (B.5) in (B.4), we find that the conjugate normal-inverted Wishart prior gives
us a normal posterior for ®|Q2 and an inverted Wishart marginal posterior of 2. Specifically,
vee(®)|Q,y, X1 ~ Nynp+1) (vec(®), [(X X' + Q;H) '@ Q)), (B.6)
Qly, X1 ~ IW, (S, T +v). (B.7)

Combining these posterior results with equations (B.4) and (B.5) it follows that the log

marginal likelihood is given by

T
logp(y’Xl) = —% log(m) + log 'y (T +v) —log 'y, (v) — glog ‘Q@’

T+
2

v n _
+§log’A’—§log’XX’+Q¢,l‘— log’S’.



The prior in (B.2) and (B.3) can be implemented through Ty = n(p + 2) + 1 dummy obser-
vations by prepending the y (n x T') and X (np + 1 x T') matrices with the following:

Y@ = | X tdiagld @ w] Opynpo1) diaglw] Opx1 7 'diagld © p]

04 0, y1 0, (B.9)
Xnp Xn xn
X(a) =
_)‘;1 (Jp ® diaglw]) Onpxn Onpx1 7' (1, © diag[p])
The vector v, is a p-dimension unit vector, while the p x p matrix j, = diag[l --- p]. The hyper-

parameter A, > 0 gives the overall tightness in the Minnesota prior, the cross-equation tightness
is set to unity, while the harmonc lag decay hyperparameter is equal to 2. The hyperparameter
7 > 0 handles shrinkage for the sum of cofficients prior on (I, — >_F_; ®;), where 7 — 0 means
that the prior on the sum of the lag cofficients approach the case of exact differences, and where
shrinkage decreases as 7 becomes larger. The n-dimensional vector é gives the prior mean of the
diagonal of ®1, w is a vector of scale parameters for the residuals €;;, while u is a vector that
reflects the mean of y;;. Finally, v reflects the overall tightness on ®¢.

The relationship between the dummy observations and the prior parameters (®,,Q¢,A,v)

are:

By =y Xl (X Xl) e = (x.. x. )"
p =Yy \ M@ ) = \Xayt@)
A= (Y — ®uX(@) (@) — 2uX(a)) v="T;— (np+1)+2.

This guarantees that the prior mean of Q exists. Letting y. = [y(g) y] and X, = [X4) X], it

follows that the posterior parameters
= -1
¢ = y*Xi (X*Xi) )
XX +0,' =X, X,
S = (y* - @X*) (y* — CiDX*)/.

In the empirical application, 7 = 10),, i.e. a relatively loose prior on the sum of the autore-
gressive matrices. The hyperparameters §; = 0 if y;; is a first differenced variable and §; = 1
when y;; is a levels variable. The scale parameters w; is given by the within-sample residual
standard deviation from an AR(p) model for y;;, while y; is equal to the within-sample mean

of y;;. The parameter ¢ = !

is set to a very small number, which takes care of having an
improper prior on ®y.
The formula suggested by Banbura et al. (2010) for selecting A, can be expressed as
1 o ‘72‘()‘0)
A = arg min |¢ — — J ,
o) = mminlo L35 2t

where ¢ € (0, 1) is the desired fit, and GJZ-(S\O) is the one-step-ahead mean square forecast error of

variable j when A\, = Xo. The one-step-ahead within-sample mean square forecast errors used in



the selection scheme are based on the sample 1985Q1-1998Q4. With ¢ = 0.5, ¢ = 3 using real
GDP growth, the GDP deflator, and the short-term nominal interest rate, this selection scheme
sets A, = 0.0693 when p = 4.

It should be noted that having an improper prior on ®( technically means that 24 is singular.
This needs to be taken into account when computing, e.g., the log marginal likelihood in (B.8).

To deal with this, let

/ 2
ip O1x7 Y Ol><np
X = R X(d): ¢ y F:|:q>l @p:|7 QCDZ ’
Y Y Onpx1 r

where 1 is a T x 1 unit vector. The prior for the BVAR is now expressed as
vec(T)|Q ~ N2, (vec(T,,), [Qr @ Q), (B.10)
while p(®g) = 1 and the prior of Q is given by (B.3). Let Z =y —T'Y, ®; = T~ Zsp, and let
D = I — T Y,
a T x T symmetric and idempotent matrix. Through the usual Zellner algebra we have that
e =7ZD7' + (CDO — (i)o)l,TlT(@o — éo),.

Furthermore, with D being symmetric and idempotent we may define Z = ZD, such that
j=yD,Y =YD and ZDZ' = ZZ'. The Zellner algebra now provides us with

27+ (P =T (D=1 + A= (0-T) (VW' +95') (0 -T) +5,
where
T (gf// n F#951> (Yf/’ + 91:1>_1
S =g + A+ TL0p T, T (VY + g ) .

It can therefore be shown that the normal-inverted Wishart posterior for the VAR parameters

is given by
®o|1, Q,y, X1 ~ Ny (0, T7'92), (B.11)
vee(T) |y, X1 ~ Nz, (vee(T), [(YY' + Q)T @ Q]) (B.12)
Qly, X1 ~ IW,(5,T +v—1). (B.13)

Hence, the improper prior on ®( results in a loss of degrees of freedom for the posterior of €.

Furthermore, the log marginal likelihood is

n(T —1 n
logp(y’Xl) = —glog(ﬂ) +logl(T+v—1)—logT,(v) — §log ’Qp’
B.14

| T (B.14)

5 log’S‘,

v n n ~ _
+ §log ‘A‘ — §log(T) — §log ’YY +Qp



where the term log(T) stems from T = .17 and is obtained when integrating out ®( from the

joint posterior. The relationship between the dummy observations and the prior parameters is

Ty =y Vin (Y ¥iy) o= (v.yv' )7
C) <d)( () <d>) ’ F—( (d) <d>) ,
A= (yw) — Tu¥iw) () — Tu¥iw) v="Ty— (np+1)+2.

Letting 9. = [y(q) 9] and Y, = [Yia f/], it follows that the posterior parameters

~ ooy —1
r=gY/ (YY),
YY' + Ot = Y.Y/,

S = (. — ITY:) (5 — TY,)".

APPENDIX C: THE MISSING OBSERVATION CONSISTENT KALMAN FILTER

This section presents the necessary equations for computing the marginalized conditional log-
likelihood in linear Gaussian state-space models with a missing observations consistent Kalman
filter. Let the n-dimensional vector of observable variables y; be linked to a vector of state

variables & of dimension r through equation
yt:,u—i—H’gt—l—wt, tzl,,T (Cl5>

The measurement errors, wy, are assumed to be i.i.d. N(0, R), with R being an n x n positive

semidefinite matrix, while the state variables are determined from a VAR system:
&=F& 1+ By, t=1,...,T. (C.16)

The state shocks, 7, are of dimension ¢ and i.i.d. N(0,I;), while F' is an 7 x r matrix, and B is
r X q. The parameters of this model, (u, H, R, F, B), are all uniquely determined by the vector
of parameters 6, from model m. Provided that H'; is stationary, the vector p is the population
mean of y; conditional on 6,,.

In order to handle marginalization, let p,;, = Siu, Hs; = HS;, and Rs; = S/RS; when
n; > 1fori=1,..., h. The selection matrix S; has dimension n x n; with n; € {0,1,...,n} for
1 =1,...,h, has rank equal to n; and is known. For example, the columns of S; are taken from
I, such that n; unique entries of yr; are selected.

When n; > 1 the one-step-ahead forecasts of y, 74; and its forecast error covariance matrix

conditional on information available at time T + ¢ — 1 are given by
!/
Ys Ti|T+i—1 = Msi + Hg i€ rir4i-1s
!/
Yy rviTri-1 = Hg i Pryyryi-1Hsi + Rs .

If n; = 0 we let these forecasts and forecast error covariances be empty, while the marginalised

conditional log-likelihood is equal to zero.



If n;_1 = 0, the one-step-ahead forecast of the state variables and the corresponding forecast

error covariance matrix are

§rvirti-1 = Féryic1rvi2
=Féryi1rti-1

/ /

Pryjryion = FPryiqryi2F + BB

= FPpyi1r4i1 F' + BB,
while if n;_1 > 1 we instead obtain

o
Ertirrio1 = Férpirioz + Krric1 (Vi1 — Ys Trio1|T+i—2)
=Féryi1rti-1,
P =(F—Kpy_1H,, )P F—KpH ;)
ririo1 = ( Tic1Hy ;1) Proi i Tric1Hy; 1)
! /
+Kryi1Rs; 1Ky, 1+ BB

= FPryiyr4i F' + BB,

_ el
Kryic1 = FPryiyrvioHs i1 poy qiriio

The filtering equations are initialized by {77, Prj7, and Kr, respectively, obtained from the
Kalman filter estimates of the state variables using V7, while ng = n if all entries in Y7 are
observed.

The log of the marginalized conditional likelihood is for A > 1 given by

h
logp(ys,T,h’y%v Qm, m) = Z logp(yg,T—i-i’yg,T,i—l? y%? Qm, m)? (Cl7>
=3

where ygym is empty by definition. If n; > 1 the marginalized conditional log-likelihood value
at T+ is

n; 1
logp(yi,T+i\y;’,T,i_1,y%, Om,m) = —EZ log(2m) — 3 log ’EyS,T+i|T+i—1‘ : )
C.18

D) (yg,T—l-z’ - ys,T—l—i\T—H’—l)/ E;Sl,T-',-i\T—i-i—l (yg,T—l-z’ - ys,T+z'\T+z'—1) )
while it is zero when n; = 0. Notice that the Kalman filter based approach generates a bottom-up
evaluation of the marginalized conditional likelihood.
An interesting special case of the above filtering equations arises when we are concerned with
the marginal h-step-ahead forecast of ys7,p,. We here have that n; = 0 for i = 1,...,h — 1,

while

_ ! h
Ys,T+hT = Msh + Hg ) F &7,
!/
Eys,TJrh\T = Hs,hPT+h|THs,h + R p,

Priyr=FPpy_yrF' + BB, i=1,...,h



The marginalized conditional log-likelihood value at T' + h is:

1
10g p (Y2 71 1| VP O, m) = —% log(27) — 3 log | Sy, r4n/7]

1 /
o -1 o
3 (ys,T+h - ys,T+h\T) EyS,TJrh‘T (ys,T+h - ys,T+h\T) .

(C.19)
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