A COMMON TRENDS MODEL: IDENTIFICATION, ESTIMATION
AND INFERENCE

ANDERS WARNE

ABSTRACT. Common trends models provide a useful tool for studying growth and busi-
ness cycle phenomena in a joint framework (see King, Plosser, Stock and Watson (1991)).
In this paper we study the problem of how to estimate and analyse a common stochastic
trends model for an n dimensional time series which is cointegrated of order (1,1) with
r < n cointegration vectors. Identification of kK = n —r permanent (trend) and r transi-
tory innovations is discussed in terms of impulse responses and variance decompositions.
Finally, we derive analytical expressions of the asymptotic distributions for estimates of
these functions, thereby making formal hypothesis testing and inference possible within
this framework.
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1. INTRODUCTION

In many models on macroeconomic fluctuations the dichotomy between growth and
cycles has played an important role. Traditionally, growth has often been treated as
independent of factors that result in cyclical fluctuations (see King, Plosser and Re-
belo (1988a)). In contrast, stochastic growth models (see e.g. King, Plosser and Rebelo
(1988b), and King, Plosser, Stock and Watson (1987)) allow growth shocks to influence
the short run fluctuations. A common feature of these models is that the number of
growth disturbances is rather low relative to the number of variables.

The prevailing view in the theoretical literature seems to be that macroeconomic fluc-
tuations arise from shocks to fundamental variables such as economic policy, preferences,
and technology. These shocks are then propagated through the economy and result in
systematic patterns of persistence and comovements among macroeconomic aggregates.

Consequently, it should be of interest to analyse a simple time series model which makes
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it possible to examine connections between growth related shocks and transient fluctua-
tions. Such a model will then by necessity incorporate stochastic rather than determinis-
tic trends. Furthermore, to consider the notion of a few important growth disturbances,
there will in general be fewer stochastic trends than time series.

In papers by King, Plosser, Stock, and Watson (1987,1991) and Stock and Watson
(1988) the connection between cointegration and common stochastic trends was first ex-
amined in some detail. The basic idea is that there is a reduced number of linear stochastic
trends feeding the system. This implies that there exists certain linear combinations of
the levels series which ensure that the trends average out, i.e. the residuals from the
linear combinations are wide sense stationary stochastic processes. King, Plosser, Stock,
and Watson (1987) investigate a common trends model for five U.S. macroeconomic time
series (output, consumption, investments, the price level, and the money stock) and
model growth by two stochastic trends, a nominal and a real trend. With five time se-
ries and two independent stochastic trends, common sense (or algebra) suggests that we
can construct three independent vectors which eliminate the trends, i.e. there are three
cointegrating vectors which describe a steady state in such a system. A shortcoming
of their paper is that the description of the estimation and computation strategy they
make use of is somewhat limited. For example, an inversion algorithm needed to obtain
estimates of, e.g. impulse response functions and forecast error variance decompositions
is only mentioned. More importantly, asymptotic properties of these functions are not
considered.

A purpose of this paper is to mathematically establish how one may estimate the
parameters in a common stochastic trends model when the time series of interest are
cointegrated of order (1,1) (see Blanchard and Quah (1989), Park (1990), and Shapiro
and Watson (1988) for approaches which are related to the one I shall examine here;
or Gonzalo and Granger (1992) for a factor model approach to common trends). Fur-
thermore, I shall show how one may perform dynamic analysis within this framework
when the innovations to the system are either permanent or transitory, i.e. when the re-
sponses in at least one variable to an innovation are or are not persistent. In particular,
the calculation of impulse response functions and forecast error variance decompositions
will be looked into in some detail. Finally, I shall derive asymptotic distributions of

estimates of these functions in the present setting. Here, the theory is based on Baillie
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(1981,1987), Liitkepohl (1988,1989,1990), Liitkepohl and Poskitt (1990), Liitkepohl and
Reimers (1992), and Schmidt (1973,1974), although the particular innovations I examine
complicate the analysis somewhat.

The paper is organized as follows. In section 2, I discuss some representations which
are equivalent for cointegrated time series. There it is shown that a restricted vector
autoregressive representation for cointegrated time series exists under familiar circum-
stances. Since this representation is invertible, it is well suited for calculating all other
parameters of interest (see also Warne (1990)). Section 3 is concerned with the Wold
moving average parameters and with identification of permanent and transitory innova-
tions. In section 4, I analyse the asymptotic properties of impulse response functions
and forecast error variance decompositions under the assumption that the lag order has
a known upper bound. Section 5 summarizes the main results. Mathematical proofs of

the theorems are provided in the Appendix.

2. COMMON TRENDS AND COINTEGRATION

Linear time series models are generally specified in terms of variables which can be
observed and a purely nondeterministic and serially uncorrelated error. Accordingly,
they can be estimated with standard tools. In contrast, a common trends model consists
of a vector of trends and a vector of stationary variables, where neither component can
be observed as an individual factor. Without loss of generality, let {x;} be a vector time

series such that
(1) Ty = xy + 5.

Here, 2 represents a vector of trends of x;, while 25 is a stationary residual.

King, Plosser, Stock and Watson (KPSW) (1987) and Stock and Watson (1988) show
that there is a simple duality between the concepts of cointegration and common trends.
In particular, the cointegrating restrictions determine the number of independent trends
and how a vector of observed variables is related to all the independent trends. That
is, if « is a cointegrating vector, then o/z} = 0 for o’x; = o’ to be stationary. These
restrictions, however, neither specify nor suggest whether a certain trend is related to,
e.g. technology shocks or economic policy. To be able to make such interpretations it is
necessary to consider further identifying assumptions. In this section I shall devote the

first part to the mathematical structure of cointegrated time series and the second part
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to estimation and identification of the common trends parameters. As an illustration,
the third part contains an example of a three dimensional system for output, the price

level, and the money stock with one cointegration vector and two common trends.

2.1. The Model. Let {z;} denote an n dimensional real valued vector (discrete) time

series which is driven by k£ < n common stochastic trends. Specifically,
(2) zy = xo + L1 + O(L)vy.

Here, L is the lag operator, i.e. L7z, = x;_; for any integer j. The n dimensional vector
sequence {1} is assumed to be white noise with E[1;] = 0 and E[nv]] = I, the n x n
identity matrix. Furthermore, the n x n matrix polynomial ®(\) = 3772 ®;N is finite
for all A on and inside the unit circle and, without loss of generality, we assume that x
is stationary. In other words, the component ®(L)y; is jointly (wide sense) stationary.
The trend or growth component of z; is described by Y7;,. The loading matrix T is of

dimension n x k with rank k£ whereas
(3) Tt = U+ Te1 + O

Hence, 7; is a k dimensional vector of random walks with drift © and innovation ;. Let
us assume that the trend disturbance sequence {¢,} is white noise with E[p;] = 0 and
Elpipt] = Ir.

In relation to the decomposition in (1) we find that the common trends model in (2)

and (3) specifies that

= xo+ (L),

(4)
=7 [7’0 + pt + Z§:1 ©;

Furthermore, whenever the number of common trends, k, is less than the number of
variables, n, there are exactly » = n—k linearly independent vectors which are orthogonal
to the columns of the loading matrix T. In other words, there exists and n x r matrix
a such that /T = 0. Accordingly, o/zf = 0 for all ¢ so that z; := o/z; (:= denotes a
definition) is jointly stationary.

The common trends model in (2) and (3), originally due to Stock and Watson (1988),
has some appealing properties. First, the trends include a stochastic element which is

consistent with the notion that some shocks to an economy are persistent. Second, there
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may be fewer trends than variables so that the model allows for steady state relationships
between the variables. In this framework, these steady states are described by the matrix
a. Furthermore, if ¢, and v, are correlated it is possible for the trend disturbances to
influence not only growth but also fluctuations about the trends. In fact, the approach
we shall take in this paper implies that the first k& elements of v; are given by ;.

To determine how we can estimate the common trends model let us assume that {x;}

is generated by the unrestricted vector autoregression (VAR) of order p:
(5) A(L)xy = p+ &4

The n dimensional sequence of (reduced form) disturbances {e;} is white noise with
Ele;] = 0 and E[ge}] = 3, a positive definite matrix. The n x n matrix polynomial
AN) = I, = 220_ AjN satisfies det[A(N)] = 0 if and only if [A[ > 1 or A = 1 so that
explosive {z;} processes are ruled out. Moreover, the only form of nonstationarity which
is possible is due to unit roots. In other words, if {z;} is generated by (5), then the
process is integrated of order d, where d is a nonnegative integer (for a definition of
integration, see Johansen (1991)).

If {z;} in (5) is cointegrated of order (1,1) with r cointegration vectors we know from
Granger’s Representation Theorem (GRT) that (i) rank[A(1)] = r, and (ii) A(1) = v/
(see Engle and Granger (1987), Hylleberg and Mizon (1989), and Johansen (1988a,1989,
1991)). The matrices v and « are of dimension n X r and the columns of « are called the
cointegration vectors. Under the assumption of cointegration it follows by GRT that an

alternative form of (5) is
(6) A*(L)AIt =P — YZt-1 + Et,

where A := 1 — L is the first difference operator and the matrix polynomial A*(\) =
I, = >207 A7\ is related to A(X) through A = — 3" . A;fori=1,...,p—1.

The representation in (6) is widely known as the vector error correction (VEC) model
(see e.g. Hylleberg and Mizon (1989)). Cointegration implies that the r dimensional
process {z} is jointly stationary. If we regard the cointegration vectors as describing a

steady state or a long run equilibrium for x the term ~z;_; represents the correction of

the change in x; due to last periods long run equilibrium error. Note that the major
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difference between equations (5) and (6) is that the latter representation is conditioned
on cointegration while the former is merely consistent with unit roots.

Engle and Granger’s (1987) version of GRT is based on the existence of a Wold vector

moving average (VMA) representation of the form

The matrix polynomial C(\) = I, + >°72, C;N is assumed to be 1-summable in the
sense of Brillinger (1981), i.e. 322, j|Cj| is finite. In other words, the time series {Az,}
is jointly stationary. In addition, if C(1) # 0 it follows that {x;} is nonstationary.
Specifically, Engle and Granger find that if {x,} is cointegrated of order (1,1), then C(1)
has rank n — r and o/C(1) = 0. That is, a VMA representation of the form in (7)
and cointegration jointly imply the existence of the unrestricted VAR and of the VEC
representations in (5) and (6), respectively (with p, the lag order, possibly infinite).
Johansen (1991), on the other hand, shows that if {x;} is generated by (5), A(1) = o/,

and the (n —r) X (n — r) matrix
P
()
j=1

is nonsingular, then {z;} is cointegrated of order (1,1) with r cointegration vectors such
that there exists a Wold representation of the form in (7). The nonsingularity requirement
for the above matrix rules out the possibility that {z;} is integrated of an order greater
than 1.

From mathematical and statistical perspectives, Johansen’s approach to the GRT is the
more natural. The VAR in (5) is a system of stochastic linear difference equations whose
solution is given by (7) and where {z;} is cointegrated under the parametric conditions
stated by Johansen. In contrast, Engle and Granger assume cointegration and show that
there exists a VEC representation.

Using these results it is now possible to rewrite equation (7) as a common trends model.

In particular, let

(8) CA) =CM)+ 1 =1NC"(N),
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where C*(\) = Y72 CF A" is absolutely summable and C7 = =37, | C; for i > 0 as
shown by Stock (1987). Substituting equation (8) into (7) for C'()A), recursively substi-

tuting for x;_q,...,x1, and letting e, = 0 for s = 0, we obtain
(9) xy = 20 + C(1)§ + C*(L)e;.

For this (reduced form common) stochastic trends representation we have that & =

p+&_1+e and 6 = C(1)p. In terms of equation (1) this means that

i = xo+ C*(L)ey,

(10) @ = C(1) [£o+pt+z§:15j]'

Stock and Watson (1988) derive the common trends model in (2) from (9). Leaving
the algebra aside for now, the basic idea is simply to use the fact that C'(1) has a reduced
rank under the assumption of cointegration. Accordingly, only & = n — r elements of
C(1)e; result in (linearly) independent permanent effects on z;. In fact, from (4) and

(10) we find that the equality of the trend components imply that
(11) T, =C(l)g, TY' =C(HXC(1), and YTu=C(1)p.

When one is concerned with estimating the loading matrix, T, of the common trends
model in (2), it is clear that we need to have information about the parameters of C(1)
and X. While ¥ can be estimated directly from (5) or (6), to obtain an estimate of C'(1)
we must know how to invert the VEC representation.

Campbell and Shiller (1988) show that it is straightforward to rewrite the VEC repre-
sentation as a restricted VAR system when n = 2 and r = 1. To generalize their result,
let M be an n X n nonsingular matrix given by [S, «al, where the rows of the k x n
selection matrix Sy satisfy S; ,C(1) # 0 for all ¢ € {1,... ,k}. Also, let v* be an n x n
matrix equal to [0 +], while the n x n matrix polynomials D(A) and D () are

I 0 (I1-=XNI 0
D(A) = ; Di(A) = :
0 (I1—=MN)1I, 0 I,
Next, let 6 := Mp and 1, :== Me;. We can now derive a VAR representation for x; which
is conditioned on the cointegration vectors. We shall call this representation a restricted

VAR.
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Premultiplying both sides of equation (6) by M we get
MA*(L)AIt =0 — M’YZt_l + Nt -

Define the n dimensional random variable y; from vy, := D, (L)Mz,;. Noting that (1 —
M1, = D(A) D, (N) and vz, = v*y;, we can express this system as

(12) B(L)y: = 0 + n,
where
B(\) =M [A*()\)M_ID()\) + 7*)\] )

Note that B(0) = I,, and that the matrix polynomial B()) is (at most) of order p. The
following version of GRT turns out to be very useful in the coming analysis of common

trends:

Theorem 1. (Granger’s Representation Theorem) Suppose {x:} is generated according
to (5) with rank[A(1)] = r <n and det[B(\)] = 0 if and only if |\| > 1, then {y:}, {z},

and {Axy} are integrated of order zero. In addition,

(13) A(N) = M_IB()\)DL()\)M,
and
(14) C(\) = M_ID()\)B()\)_IM.

Note that the rank condition ensures that {x;} is not integrated of order zero. The
determinant condition, on the other hand, means that y; in (12) has an invertible Wold
moving average representation and, accordingly, {y;} (and thus {z}) is integrated of
order zero. The rank condition then implies that {z;} is integrated of order one. Premul-
tiplication by M1 in (12) and using the definitions of y;, # and 7, gives us the expression
n (13). Similarly, C'(\) is obtained by premultiplying

y, = B(1)7'0 + B(L) ',

by M~'D()) and using the same definitions and the property that (1—\)I,, = D(A\) D (\).
In a sense, Theorem 1 summarizes all we need to know about the (reduced form)

mathematical properties of a vector time series which is cointegrated of order (1,1) with
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cointegrating rank r. The matrix polynomial B(\) captures the general ‘short run’ dy-
namics, whereas (D, (\), D(\)) and M represent integration and cointegration, respec-
tively. Furthermore, the restricted VAR may be used as a convenient data generating
process for testing linear rational expectations models when the time series of interest
are cointegrated (cf. Baillie (1989), Campbell and Shiller (1987), and Warne (1990)).
However, for my purpose here, a more important result is that we have found a simple
mathematical connection to the Wold VMA representation.! Hence, the restricted VAR

in (12) is very well suited for estimating a common trends model.?

2.2. Estimation of the Common Trends Parameters. From Theorem 1 it follows
that the lag order of the restricted VAR in (12) is never greater than that of the unre-
stricted VAR in (5). In fact, unless all elements in the final r columns of the matrix A, are
zero the restricted VAR is also of order p. Hence, let us consider B(\) = I, —> 7 _, Bi)\F.
Furthermore, the Theorem establishes that the matrix C'(1) is equal to M ~'D(1)F(1)M,
where F'(1) is the inverse of B(1). It then follows that if M, Q := MXM'(= E[nn,]) and
B(1) were known, so would ¥ and C(1) be.

The space spanned by the rows of o’ may be estimated and analysed by applying the
maximum likelihood based methods developed in Johansen (1988b,1989,1991) and Jo-
hansen and Juselius (1990). Another possibility is to let these parameters be determined
by the steady state of an appropriate economic theory (cf. KPSW (1987) and Mellander,
Vredin and Warne (1992)). In both cases, knowledge of these parameters suffices for
the purpose of determining the matrices M and D, ()\), needed to construct the vector
time series {y;}. Furthermore, consistent and asymptotically efficient estimates of the
parameters in (12) may be obtained from e.g. Gaussian maximum likelihood estimation

of 1, on a constant and p lags.?

'KPSW make use of the VEC representation in their study. Based on the results in Theorem 1 it can
be shown that C'(\) = M ~1D(A)[A*(A\)M ~1D(X) +~*\]~1; see also Johansen (1991) and Liitkepohl and
Reimers (1992).

2Tt may be noted that from a purely mathematical point of view it is always possible to consider a
selection matrix Sy of the form Sy = [I 0] when the cointegrating vectors are known. The reason for
this is that rank[a] = r so that the components of x; can be ordered to ensure that the last r columns
of o is an invertible matrix. In fact, we can let o/ = [}, I,], where o is an r x k matrix. It is now
easily established that o/C(1) = 0.

3Note that the asymptotic properties of, e.g. C(1) are independent of how a has been determined. A
consistently estimated and a known o matrix will always be associated with identical asymptotic covari-
ance matrices for the estimate of C'(1) as long as the corresponding M matrix converges in probability to
a nonsingular (and true) matrix at the rate /7' (where T is the sample size). For example, Johansen’s
ML estimator of the cointegration vectors converges in probability at all rates less than T". Moreover,
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The next step is to calculate the matrix of common trends parameters. To identify
these parameters one may proceed along the route suggested by KPSW (see also the
proof of Theorem 4.1 in Johansen (1991) for an alternative approach). That is, when

{z;} has k common stochastic trends, we may write the matrix Y as
(15) T = T07T,

where Yy is an n X k& matrix with known parameters, chosen so that o/To = 0 and so
that the innovations to the trends have an economic interpretation (we shall return to
this issue below). The “free” parameters of T are lumped into the k x k matrix 7. One
problem is thus how we can determine 7.

Using the relationship TY' = C'(1)XC(1)" and equation (15) we have that
(16) ' = (ThTo) ' THC(1)SC (1) To(ThTo) .

The right hand side of equation (16) is a k x k positive definite and symmetric matrix with
k(k+1)/2 unique parameters. We cannot, however, solve for m uniquely without making
some additional assumptions. For the above system of equations exactly k(k + 1)/2
parameters can be uniquely determined, e.g. from a Choleski decomposition. Other
procedures, such as a method of moments decomposition, may also be considered (cf.
Bernanke (1986)).

It should be noted that although the Choleski decomposition of 7 indicates a recursive
structure for the influence of 7; on x;, the choice of T actually determines how the trends
affect x;. Thus, T need not represent any recursiveness for the common trends model.
To summarize this discussion, to identify the nk parameters of T we first use the rk
restrictions o/ T = 0. Hence, there remains to determine k? parameters. Second, we
can solve the k(k + 1)/2 independent equations in w7’ if T is known. Accordingly, in
addition to the requirement /Ty = 0, k(k — 1)/2 further restrictions must be imposed
on T to achieve exact identification. These additional constraints should be motivated

by economic theory since they cannot be tested.

the matrix Sj must be appropriately chosen. A suitable choice is to let Sy = /|, where &’a; = 0 and
o/, a; = I;. This choice of a selection matrix guarantees that the estimate of M converges to a non-
singular matrix in probability (under suitable regularity conditions for the process {e¢}). Note that the
Johansen ML estimation procedure “automatically” provides an estimate of a| , i.e. those eigenvectors
which are associated with the smallest (n — r) eigenvalues in the cointegration rank testing scheme.
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At this stage, it should be emphasized that this procedure for identifying the common
trends parameters implies that the innovations to the common trends influence transient
fluctuations in z; as well as the growth path. To see this, note that ¢; = (Y1)~ Y'C(1)e;.

Consequently, the covariance matrix between ; and ¢, is
E[pig)] = (XY'7)"'Y'C(1)%.

Obviously, this matrix is nonzero since the columns of T cannot be orthogonal to the
columns of C(1). It is precisely this fact which allows us to study connections between

growth and transitory fluctuations.

2.3. An Example. Suppose we are interested in examining the interactions between
the logarithms of real output (InY;), the price level (In /;), and the money stock (In M;).
Furthermore, suppose we model x; = [InY; In P, In M,]" as being cointegrated of order
(1,1) with one cointegrating vector. Let o/ = [1 1 — 1], so that the logarithm of the
velocity of money is integrated of order zero. Accordingly, each series is nonstationary in
levels.t

In this case, we can estimate the restricted VAR in equation (12) with g, given by
v = [AInY; Aln P, InV,), where InV; = (InY; + In P, — In M,). From estimates of the
By, matrices and of 2 we can then determine estimates of C'(1) and ¥. Furthermore,
to estimate the 3 x 2 matrix of common trends parameters, Y, we need to specify 1.
A choice, suggested by economic theory, is to let 7 include a real (technology) and a
nominal (monetary policy) trend, and assume that the nominal trend does not influence
the long run growth path of InY;. Naturally, with k& = 2 this is one conceivable additional

restriction which T must satisfy.

4Note, however, it is not necessary that each time series in a common trends model is nonstationary.
For example, the time series model studied by Blanchard and Quah (1989) can easily be fitted into a
common trends framework. Since they examine real output and unemployment and model the former
as first difference stationary and the latter as stationary, there is one cointegrating vector which assigns
a nonzero coefficient to unemployment and a zero coefficient to real output. Then, the time series y; is
given by the first difference of real output and the level of unemployment. Furthermore, the matrix T
is 2 x 1 with a nonzero coefficient in the output equation and a zero coefficient in the unemployment
equation.
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Given a and a lower triangular 7 matrix, the above discussion implies that

To11 0
To = T0,21 Y020
Yo11+ Yoo Yoo

It can be verified that the choice of T 9 does not influence the matrix T, whereas T 13
and Y92 must be nonzero. Therefore, let Yoo = 0 and Yo1; = Yoo = 1.° With 7

being lower triangular, the general form of T is then

M1 + Ta1 T2

where 7;; denotes the (7, j):th element of 7. From Y it can be seen that the first element
of 7; is the real trend, while the second element is the nominal trend. Furthermore, the
matrix T satisfies three restrictions and thus has three free parameters. That is, T3 =0
is a restriction suggested by economic theory while Y7 + Yo = Y31, and Yoy = T35 are
implied by the two restrictions from cointegration. The common trends parameters are

then exactly identified.

3. INVERSION AND IDENTIFICATION

3.1. The VMA Parameters. The VMA representation in equation (7) is a natural
starting point for analysing some dynamic properties of a vector time series {z;} with k
common trends. The central issues for performing impulse response analysis and fore-
cast error variance decompositions are those of (a) calculating the sequence of matrices
{C;}¥521, (b) identifying the innovations to the system, and (c) computing standard er-
rors for the estimated impulse responses and variance decompositions. Here, I shall focus

on (a), whereas (b) and (c) are studied in sections 3.2 and 4, respectively. It can be

5To verify this claim, let ¢ be a k x k matrix such that T = Yo¢~ ¢ = Yo7 Since 7 is lower triangular
it follows that ¢ must also be lower triangular for 7 := ¢7 to be lower triangular. Standard matrix theory
tells us that the inverse of a lower triangular matrix is lower triangular. Thus, the matrix Yo := Yo¢*
can be constructed in any way we desire as long as o/ T¢ = 0 and ¢ is lower triangular. In the example, we
may consider a lower triangular ¢ matrix whose diagonal elements are given by ¢;; = Yo 4 for ¢ € {1,2},
thus the nonzero requirement. Also, ¢21 = Y 21 is permissible. If 7 is not lower triangular it becomes
more difficult to determine what kind of ¢ matrices that may be considered.



A COMMON TRENDS MODEL 13
noted that we will abstract from non—-Wold moving average representations (see Lippi
and Reichlin (1990)).

From Theorem 1 we find that the C'(\) polynomial is equal to M~'D(A)F(\)M, and
F()) is the inverse of B(\). Letting F(\) = I, + 72, F;N, and using the above
relationship, we find that

(17) C(\)=1I,+> M '(F; — DF;_;)MN,
j=1

where Fy = I, and the n x n matrix D is defined from D(\) = [, — D - A\. It may be
noted that D = D (1) is idempotent, a property we shall use below.
One algorithm for performing the inversion is obtained by stacking equation (12) into

a first order system of the form

- Yt - -9- -Bl By --- B, Bp- -yt—l- -77t-
S R
| Yttt | _0_ _0 0 I, 0_ | Yep | _0_
or
(18) Y, =0+ BY;_1+ N,.

Since det[B(\)] = 0 has all solutions outside the unit circle, it follows that the eigenvalues
of B are inside the unit circle. Accordingly, lim,_,., B> = 0 so that the solution to the

system of stochastic difference equations in (18) is
(19) ;=Y B'®+> BN,
=0 =0

Defining the n x np matrix J, as [[, 0---0], we find that y; = J,Y;, © = Jf, and
Ny = J,n:. Hence, the solution to equation (12) in terms of current and past realizations

of 1, can be written as

(20) ye= JBIO+Y " B T,
=0 =0

where F(1) = 3" J,B7J). Finally, by equation (17) we get

(21) C;=M"'J,BP I M — M 'DJ,B'JM, j=1,2,...
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where Cy = I,,. Given estimates of the By matrices and of M, it is thus straightforward

to estimate the Wold VMA parameters in C}.

3.2. ldentification of Permanent and Transitory Innovations. In section 2.2 we
identified the long run coefficients on the k£ common trends innovations. My objective
is now to be more specific about identification of all parameters in the common trends
model. In particular, it is important to be precise about identification in the sense that
implications from impulse response functions and forecast error variance decompositions
are fully consistent with the common trends model. Before we come to that, however,
two definitions and some new notation is introduced to minimize ambiguities.

Let I' be any n x n nonsingular matrix such that I'YI" is diagonal. The matrix
R(1) = C(1)I'"! is called the total impact matrix. Also, let vy be the i:th component of

the vector I'e;.

Definition 1. An n x n matriz T is said to identify a common trends model if (i) it is
uniquely determined from the parameters of the model in equation (6), (i) the covariance
matriz of T'e; is diagonal with nonzero diagonal elements, and (iii) the total impact matriz

is given by R(1) = [T 0].

Definition 2. An innovation vy is said to be permanent (transitory) if the i:th column

of the total impact matriz is nonzero (zero).

From these two definitions it follows that if an n x n matrix I' identifies a common
trends model, then the permanent innovations are those which are associated with the
common trends.

Let the n x n nonsingular matrix I' be chosen so that (i) the permanent innovations
are equal to oy, (ii) the permanent and the transitory innovations, 1, are independent,

and (iii) the transitory innovations are mutually independent. We then have that
(22) Al‘t =9 + C(L)é‘t =9 + R(L)Vt,

where R(\) = C(\)I'!, v, = I'gy, and E[yy}] = I,. The component R(L)v; in equation

(22) is called the impulse response function of Awx;.
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In order to derive a suitable matrix I', it may first be noted that

I
(23) = | = s =Te

wt Fr

where I';, and I, are k xn and r x n matrices, respectively. It has already been established
that Ty, = C(1)e; and that T as well as C'(1) had rank equal to k. Hence, it follows

that the permanent innovations may be described by
(24) pe= (Y1) T'C(1ey,

and, accordingly, the top k& x n matrix ['y in (23) is (T'T)~1Y'C(1).

To find a matrix I', which satisfies the conditions (ii) ¢; and v, are independent, and
(iii) the components of 1, are mutually independent, we may either make use of a Jordan
decomposition of some suitable matrix or mathematically related schemes (cf. Stock and
Watson (1988)). I shall first consider condition (ii). Evaluating the covariance between

the permanent and transitory innovations, we find that
(25) Elpiy] = (Y1) T'C(1)2L.

For this k x r matrix to be zero, it seems natural to let I', include ¥~!. That allows us to
focus on the matrix C'(1), which is known to have reduced rank. From linear algebra it is
well known that there exists exactly r linearly independent vectors which are orthogonal
to the rows of C(1). Letting I, = H, X!, we are therefore seeking an r x n matrix H,
such that C(1)H, = 0.

One possibility is to consider the space spanned by the columns of 4. From the prop-
erties of the A(1) and C(1) matrices, we have that C(1)y = 0. In fact, the following
relationship may be established

(26) y=M1'B(1)D,(1)Ma(d’a)™t = M~ 'B(1)P,,
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where P, is the n x r matrix determined from D = [0 B,], i.e. P, = [0 I,]'.° Premulti-

plying v in equation (26) by C(1), we find that
C(lyy = (M*D(W)F()M)- (M*B(1)D (1)Ma(a’a)™?t)
— 0,

since D is idempotent, i.e. D(1)D (1) = (I, — D)D = 0.
Let H, = Q7'¢’, where Q is an r x r matrix, ( = v(Uv)™!, and U is an r x n matrix
chosen so that U~ is invertible (the specific use of U will be discussed below). The

covariance matrix for the transitory innovations is then given by
(27) B[] = Q'S 7¢(@) "

In order to ensure that this matrix is compatible with the assumption of ¢, being mu-
tually independent, @ must be chosen such that ¢'Y~7!( is diagonalized. A convenient
normalization is then to let E[iy;] = I,.. The transitory innovations are now determined

from
(28) = Q7 ('S ey,
Accordingly, the matrix I', is given by Q~'¢’Y7! so that the matrix I" becomes

') C(1
o) - [armreq)
Q_l C/z—l
It may be noted that the k£ linearly independent rows of I'y are linearly independent to
the 7 linearly independent rows of I',. These properties imply that I" is of full rank (cf.
Theorem 3.19 in Magnus and Neudecker (1988)).

We are now in a position to state the following result concerning the properties of the

matrix I'.

Theorem 2. If the n dimensional vector time series {x;} satisfies the assumptions in

Theorem 1, then the n x n nonsingular matriz T in equation (29) identifies a common

6This is easily established by noting that Ma(a/a)™! = [(¢/a)~'a/S}, I.]. Premultiplying by D we
obtain P,. Alternatively, from Theorem 1 we know that B(1) = M[A*(1)M 1 D(1)+~*]. Premultiplying
by M~! and postmultiplying by P, we find that M ~1B(1)P, = v*P,. Since v* = [0 7], it follows that
YR =7.
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trends model, i.e.

(30) R(1)=C(MIrt=[T 0],

and TS = I,.. Furthermore,

(31) =1y | = zewren st c@) ]

From the conclusions in this Theorem it is straightforward to derive the common trends
model in (2) from the reduced form representation in (9). For the trend components we

have that

t
&+ Ipt + Zyj

Jj=1

C(1)& = R(1) =Tm,

since u = T'p. Also, from the stationary components we get C*(L)e; = C*(L)I' 11y so
that ®(\) = C*(A\)IL.

The matrix U can be used to give the transitory disturbances an economic interpre-
tation. Suppose we want to identify the transitory innovations based on their contem-
poraneous relation to Az (or to z). In that case, with R(0) = I'"! it follows that we
should impose restrictions on I';f. For example, given v and ) the matrix U can always
be chosen so that r(r —1)/2 elements in y(U~)~*(Q')~! are zero. Now suppose Q is lower
triangular and that n = 4 and r = 3. Letting CI{; and (;; denote the (¢, j):th elements of
Q! and ¢, respectively, we have that

[ Cugf 2321 C15G; Zj-zl (15445
Co141, 232-:1 (21, Z?Zl (2544
Ca1h Z?Zl (35, Zle (3544

| C41er1 2321 C4jq;_j Z?Zl C4jQ;j

To exactly identify the transitory innovations we need to consider three restrictions on

this matrix. A simple procedure is to let certain elements of { be equal to zero, say, (i1,
(12, and (1. This, however, requires that the first and second and either the third or
fourth row of v are linearly independent. If this is true we can let the 3 x 4 matrix U
be given by a zero—one matrix which appropriately normalizes . Accordingly, the first
transitory innovation has a zero contemporaneous effect on the first two elements of Ax

(and x), while the second transitory innovation has a zero contemporaneous effect on the
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first element of Az. On the other hand, if the first and second rows of 7 are linearly
dependent another identification procedure has to be considered.

It should be emphasized that a lower triangular ) matrix is neither necessary nor
sufficient for identification of the transitory disturbances. Rather, it is the relationship
between the space spanned by the columns of v and the mathematical structure of )
that jointly determine which class of identification procedures that are allowed. This
is analogous to the identification of the permanent shocks in that T is a normalisation
of the space spanned by the columns of «; and the choice of Ty and structure of 7
specify the implications of the identifying assumptions in terms of Y. Furthermore,
it is straightforward to test whether the desired identification scheme of the transitory
disturbances is consistent with data. By equation (26) we know that v = M~'B(1)P,.
Thus, restriction on 7 are immediately transformed into restrictions on the By matrices
and standard classical tests can thus be applied (see Englund, Vredin, and Warne (1992)

for an application).

4. INFERENCE IN THE COMMON TRENDS MODEL

In this section we shall analyse the asymptotic properties of estimated impulse response
functions and forecast error variance decompositions. The maintained hypothesis is that
a finite upper bound for the lag order, p, of the VAR system in (5) is known. Furthermore,
we assume that the VAR representation is not misspecified. For a recent study of the

consequences of misspecification in VAR models, see Braun and Mittnik (1993).

4.1. Impulse Response Functions. If the lag order of a covariance stationary VAR
is finite and known or if an upper bound for the order is known, results from Baillie
(1981,1987), Schmidt (1973,1974), and others can be applied to obtain the asymptotic
distribution of the estimated Wold VMA and of the impulse response parameters. Also,
the case of unknown and possibly infinite lag order is examined by Liitkepohl (1988,1990)
and Liitkepohl and Poskitt (1990). Furthermore, the asymptotic distribution for the
impulse responses in a cointegrated framework with Gaussian innovations is analysed in
Liitkepohl and Reimers (1992). Unfortunately, neither of these approaches can fully be
7

applied in the present setting. In particular, while the results in Liitkepohl and Reimers

imply that some innovations will have a permanent effect on some components of x;,

"They consider a Choleski decomposition of ¥, the covariance matrix of ;.
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permanent and transitory innovations in the sense implied by the common trends model
have generally not been identified.

Without loss of generality, suppose @) is lower triangular, i.e. the transitory innovations
are based on a Choleski decomposition of ('Y 7!(.® Let vec denote the column stacking
operator for any matrix, vech the corresponding operator (primarily used for symmetric
and lower triangular matrices) that only stacks elements on and below the diagonal. The
Kronecker product is denoted by ®, the mn x mn commutation matrix K,,, is defined
such that for any m x n matrix G, K,,,vec(G) = vec(G’), and the m? x m? matrix
Np = 5(In2 + Kpym). The m? x m(m +1)/2 duplication matrix D,, is defined such that
D, vech(G) = vec(G) for any symmetric m x m matrix G. The Moore—Penrose inverse
of D, is given by D = (D! D,,)" "D’ while the m(m + 1)/2 x m? elimination matrix
L,, is defined such that for any m x m matrix G, vech(G) = L,,vec(G). In addition, if G
is lower triangular, then vec(G) = L], vech(G); see Henderson and Searle (1979), Magnus
and Neudecker (1985,1986,1988), and Neudecker (1983). Finally, let 2 and 4 denote
convergence in probability and in distribution, respectively, T' the sample size for the
estimated parameters, which are denoted by a hat, while N denotes the (multivariate)
normal distribution.

Suppose that we shock Az, at t = t* by a one standard deviation change in v4«. The

dynamic responses in Az« 4 are then given by
(32) resp(Axt*+s) = R,

where resp(Aziys) = limg o resp(Azyy5) = 0. Similarly, the responses in the levels,

Ty, are given by

(33) resp(ze4s) = ) R,

=0
where resp(xins) = lims_,oo resp(zys) = R(1) = [T 0]. To estimate these impulse re-
sponse functions we replace Ry with R, =C,JI 1.

For the purpose of deriving asymptotic distributions of functions of estimated param-

eters a result from Serfling (1980, Theorem 3.3.A) is employed. Let ¢ € R™ be a vector

8Results similar to those obtained below hold with other @ and 7 matrices satisfying QQ’ = ¢'~~1¢ and
' = (Y5 o) I1YTLC(1)EC(1) Yo(ThY o)L, respectively.
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of parameters and quS a consistent estimator of ¢g, the true value of ¢, such that
VT <¢ - fbo) 5 N(0, V).

Suppose f(¢) is a continuously differentiable function which maps ¢ into R™ and df; /0¢’ #
0 at ¢g for all i € {1,... ,n}. Then,

VT (£(6) = f(60)) > N0, Vy),
where

Cof of
- a—¢/v¢%7

and (0f/0¢) is the transpose of (0f/0¢"). This well known result is vital in the following

Vi

analysis. Hence, if QAS is a consistent estimator of ¢ and converges at the rate VT to a

joint asymptotic normal distribution, then f(¢) has similar properties. Accordingly, only
(0f/0¢') has to be derived.
We are now ready to state the main results regarding analytical expressions for the

asymptotic distributions of the impulse response functions.

Theorem 3. (i) If the lag order in equation (12) has a finite upper bound p < p, (ii) {z;}
is cointegrated of order (1,1) with r cointegration vectors, (iii) the estimated cointegration

vectors satisfy VT (G — a) 2 0, (iv)

3 — 0 Vs 0
VT p=0 4N |
w—w 0 0 Vv,

where = vec(J,B) and w = vech(Q), and (v) the matriz I' is given by equation (29),

with m and Q) being lower triangular matrices, then
(34) VT (vee(fy) = vee(R;)) 5 N(0, Va,),

for 5 =0,1,2,..., where

Ve — avec(Rj)V Ovec(R;) N avec(Rj)V Ovec(R;)

o P o8 ow' Y dw
and
ovec(By) [y, Dvee(Cy) ovec(I) /05
R R T dvec(T'}) /0
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j—2

avzcﬁl Z [M'J,(B) 1~ Fo M 'F] — [M/Jp<Bl)j_2_k ® M~'DF],
k=0 0

k}
>—‘
<

e
Il

where the second term on the right hand side is zero for j <1 and the first term is zero

for 5 =0, while

avec(f%j) e dvec (T} /0w |
O ovec(T'})/ow'
Furthermore, letting E, = [I,, --- I,,] be an n x np matriz we have

dvec(TH) /0B = KulM™'QF(1YE, ® (Y1) T'M~'D(1)F(1)]-
7' @ SO Y (YY) K L Le Ny (7 ® L) L4} " Dif x

(Y5 T0) " ToC()MTIQF(1) E, @ (Y(Y0) ' YoM~ D(1)F(1)],

dvec(T'h) /08" = {[Q' @ (Q) 'K L{LN.(Q ® ]T)L;}_ID;"[L ® (2=

Q7 @ LIKI(YU) ™ @ L] = [(VU) ™ @ CUBYPE, © M~

whereas
ovec(T)) /0w’ = [(T'T) " Y'CAM ' @ MDD, — [a~ ' @ C(1)T (YY) | Kpi x
LA LN @ L) L4} D [(TyTo) " Ty (1)M !
(YY) T, C(1)M D,
and

avec(rj)/aw’ = %[Q_l & C(Q,)_I]KTTL;«{LTNT(Q ® ]T)L;«}_ID;—X
[C/M/Q_l ® C/M/Q_l]Dn-

The asymptotic distributions for the accumulated response functions are given by

(35) (Z vec( Z vec( ) N N(0, Vzg,),

for7=0,1,2,..., where

Ovec(R J ovec(R; J ovec(R; J ovec(R;
(Z o5 ) B<Z aé )>+<._ acgf )>V”<Z afj )>’
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and finally,
(36) ﬁ(vec(T) —Vec(T)> <4 N(0, V),
where
~ Ovec(T)_ Ovec(T) = Ovec(T)  Ovec(T)
Vr = o3 Vs o3 R W

while the remaining matrices of partial derivatives are given by
Ivec(1) /08 = [Iy @ Yo) Li{ LiNp(m @ )L, } ' Dif x
[(TyYo) I ToC ()M IQF(1)E, ® (TyYTo) ' ToM1D(1)F(1)],
and

Ovec(Y) /0w = L[, @ To] L {LpNi(m @ I) L} } ' D x

1
2
[(Y6Y0) ' THC ()M~ @ (T Xo) T TGO (1M D,

A few remarks about the asymptotic covariance matrices for consistent and asymptoti-
cally normal estimators of § and w may be of interest. Here, I shall only consider the mul-
tivariate least squares and Gaussian maximum likelihood estimators of the parameters.
First, it is well known that such estimators of § and w are asymptotically independent
under standard assumptions. Moreover, if # = 0, then the asymptotic covariance matrix
for either estimator of 3 is given by Vj = (I;;' ® Q), where Iy := plim 7T Zle Yi Y/,
is assumed to be nonsingular. If a constant is included in the restricted VAR, the expres-
sion for Vj looks similar to that above. In fact, letting Y;* := [1 Y]], the np x (np + 1)
matrix G = [0 I,,,], and Ty. := plim T~ 27, Y7, ¥}, we find that Vs = (GI;1G' @ Q).
Second, if n; is i.i.d. Gaussian, from the inverse of the information matrix we find that
Ve = 2D (2@ Q)D} (cf. Magnus and Neudecker (1986)). In practise, the asymptotic
covariance matrices of B and w are, as usual, estimated by using consistent estimates of
Iy« and €2, respectively.

Second, it can be seen that (¢, Q) does not influence the upper left nk x nk submatrices
of Vg, and Vxg,. The diagonal elements of these matrices are the asymptotic variances
of the responses in Ax; and z;, respectively, from a one standard deviation impulse to
the permanent innovations. Similarly, (Yo, 7) does not appear in the lower right nr x nr
submatrices of these covariance matrices. Hence, identification of the permanent (tran-

sitory) innovations neither influence the estimated impulse responses nor the standard
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errors for the transitory (permanent) innovations. This is clearly a desirable property,
whether we are primarily concerned with the permanent innovations or not.

Third, some of the asymptotic variances may be zero. For example, if an element of
the k:th column of T is constrained to zero, then the corresponding elements of T and
T are also zero. Although this is really not troublesome from a theoretical point of view,
in applied work one has to be cautious to this possibility when e.g. t—ratios are calculated
(cf. Liitkepohl (1990)).

Finally, it should be emphasized that estimators of the cointegration vectors generally
converge in probability at the rate v/T (see Johansen (1991), Park (1992), and Stock
(1987)). That is, if an estimator of a (and, hence, of M) is consistent, it also converges
in probability at the rate v/T. Accordingly, in terms of asymptotics, an estimator of the
matrix M may be treated as if it is known. This is related to the result in Warne (1992)
that the multivariate least squares estimator of the parameters in A(\) has identical
limiting distributions for the cases when these parameters are estimated freely and un-
der cointegration restrictions. Also, since the cointegration vectors determine the space
spanned by the columns of Yy it follows that for estimators of o which converge in prob-
ability at the rate /T (to its true value), the corresponding estimator of T converges in

probability at the rate /7T as well.

4.2. Forecast Error Variance Decompositions. To my knowledge, the only papers
which provide analytical expressions of the asymptotic distributions of estimated forecast
error variance decompositions are those by Liitkepohl (1990) and Liitkepohl and Poskitt
(1990). Liitkepohl shows that the asymptotic variances are quite easy to calculate when
the lag order in a VAR model for covariance stationary time series has a known upper
bound. In case the lag order is unknown and possibly infinite, then the asymptotic
variances of forecast error variance decompositions can be derived under the assumptions
made by Liitkepohl and Poskitt.

Before the main results are stated and proven, some additional notation will be useful.

Let v;; s denote the fraction of the s steps ahead forecast error variance of Ax; which is

accounted for by shocks in v, where i,1 € {1,... ,n}. Similarly, vj, , is the fraction of the
s steps ahead forecast error variance of x; which is accounted for by shocks in v, whereas

v; denotes the long run fraction of the forecast error variance in the levels series z; which
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is accounted for by shocks in ;. Accordingly,

> i1 (iR er)?
U; =
b N R R e’

for i,1 € {1,...,n} and s = 1,2,.... Here, ¢; is the i:th column of I,,. Furthermore,
letting Ry, = > | R;j 1, we have that

* — an:l(e;R:nel)Z
hs NN e R* R¥e’

m=1 "1

v

fori,l € {1,...,n} and s =1,2,..., and finally,

() Zzgfngﬂﬁﬁi7
e XY’
forie{1,...,n}andl € {1,... k}. Here, e, is the l:th column of I;.

As we shall soon see, it is preferable from a theoretical perspective to examine the
forecast error variance decompositions is terms of matrices. In particular, letting ©

denote the Hadamard product (see e.g. Magnus and Neudecker (1988)) we find that

-1

(37) ve=|Y (RjaR, 01, Y (Rii©O R,
j=1 Jj=1
for s =1,2,.... The (4,1):th element of v, is v 5. Furthermore,
S -1 S
(38) vi=|Y (RRBnoL)| D> (R,0R;,)|,
m=1 m=1
whereas
(39) Uit = (XYY O L] [T ©T].

The (i,1):th elements of these two matrices correspond to vy ¢ and v, respectively. It
should be noted that if all elements in some row of Ty are equal to zero, this row must
be deleted from T when computing vins. The reason is, of course, that the corresponding
diagonal element of T is zero and [TY’' ® I,,] is consequently singular.

For any m x n matrix G, let diag[vec(G)] denote the mn x mn diagonal matrix whose
diagonal elements are given by vec(G). Regarding the asymptotic distributions of the

estimated forecast error variance decompositions it can now be stated that:
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Theorem 4. If the assumptions in Theorem 3 are satisfied, then

(40) VT (vec(dy) — vec(vs)) > N(0, w,),
fors=1,2,..., where
_ Ovec(vs) ., Ovec(vs) | Ovec(vs) , Ovec(vs)
AN R wa

while
Ovec(v,)/08 = 2L @[S, (Ria Ry © L)) ) {diagfvec(R;1)) —

(V) ® I,|diag[vec(I,)][R;—1 ® I,]}(Ovec(R;_1)/05'),

Ovec(v,) /0w = 20l @ (Yo (Re 1Ry © L)) 3y {digivec( Ry 1))~
(vl @ I,]diag[vec(1,,)][Rj—1 @ I,]}(Ovec(R;_1)/0w").

Regarding the asymptotic distribution of 0%, we have that

(41) VT (vee(d?) — vee(v?)) 5 N(0, w?),
fors=1,2,..., where
. Ovec(vi)  Ovec(vi)  Ovec(vl),  Ovec(vl)
ws = B8 Vw )
ap’ ap ow' Ow

while
Ovec(v:) /0B = 2[I, @ [Sr | (RiRY O 1,)] '] 320, {diag[vec(Ry,)]—

[0 @ I]diag[vec(L)][ Ry, © In]}(Ovec(Ry,)/9F),

Ovec(v;) /0w’ = 2[L, ® [Y5_ (R Ry © 1,)] '] 32, {diag[vec(R;,)] -
[v¥ @ I,]diag[vec(I,)][ R, @ I,,]}(Ovec(R,)/0w').

Finally, the asymptotic distribution for vins is given by

(42) VT (vec(Bing) — vec(tiur)) = N(O, i),

where
_Ovec(Uing) , Ovec(ie) | Ovec(Tiyg) . Ovec(Tiye)
Winf = XL Vs a9 + B V., T
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while
Ovec(Dr) /08 = 20y © [TY' © I,]”'[{diag[vec(T)]—-

(O © In]diag[vec(L,)][T © I]}(dvec(T)/00"),

Ovec(Ting) /0w’ = 2[I, @ [TY' ® I, "|{diag[vec(T)]—
[0, ® I,]diag[vec(I,,)][T & I,]}(Ovec(Y)/0w").

In a common trends framework it may be of particular interest to study the joint
influence of e.g. the permanent versus that of the transitory innovations on the forecast
error variance of the time series. Other linear functions of variance decompositions that
can be relevant in empirical studies of macroeconomic time series are sums of real versus
sums of nominal innovations and sums of domestic versus sums of foreign innovations.
To examine such linear functions, let G' be an n x ¢ matrix and G be a k x ¢ matrix

whose rows are taken from the first £ rows of G. Consider the matrix functions

Hs = UsGa
(43) H* = vG,
F[inf = Einféa
for s =1,2,.... The following results can easily be proven:

Corollary 1. If the assumptions in Theorem 3 are satisfied, then

(44) VT (vec(ﬁs) _ Vec(Hs)> LN, [ @ L]w,[G ® L),
(45) VT (vec(ﬁ;) — veC(H;)) LN, [ ® LJw[G ® L)),

fors=1,2,..., while

~

(46) VT (vec(ﬁinf) - vec(Hinf)) 9 N0, (G ® L] @ [G ® L))

The asymptotic covariance matrices in Theorem 4 take into account that the rows of

*

*, and Uy, sum to one. Accordingly, the rank of w, and w? is (less than or) equal

Vs, U
to n(n — 1), while the rank of W, is (less than or) equal to n(k — 1). It then follows

that formal significance tests of the hypothesis that an element of, say, v, is equal to
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zero or one cannot be conducted since the corresponding standard error is equal to zero.”

Furthermore, by using the technique which allows us to derive the partial derivatives in
Theorem 4 it can be shown that the expressions given by Liitkepohl (1990) indeed also
take into account that the sum of a variance decomposition is always equal to one.

The reduced rank property of the covariance matrices can be stated in a very simple

yet general form. Let 12, be the m x 1 unit vector. We then have that:

Corollary 2. IfG =1, and G = v, then the asymptotic covariance matrices in Corollary

1 are equal to zero.

This result can now be used to determine the asymptotic relationship between two
groups of innovations for a particular variance decomposition. In particular, let g be an
n x 1 vector with known elements and ¢, := 1, — g. Similarly, let g be the k x 1 vector

obtained from the first k& elements of g and g, := 1, — g. It now follows that

Corollary 3. The asymptotic covariance matrices in Corollary 1 are equal for G = g

and G =g, fors=1,2,... and also for G =G and G =7, .

Hence, letting G = g be a vector with ones in the first k elements and zeros elsewhere
or vice versa, i.e. G = g, will provide us with identical estimates of the asymptotic
covariances matrices for H, and H ». That is, the standard error for an estimate of the
joint influence of the permanent innovations in a variance decomposition is equal to the

standard error for an estimate of the joint influence of the transitory innovations.

5. CONCLUDING COMMENTS

In this paper I analyse how we can estimate and conduct inference in a common
trends model with k& permanent and r transitory innovations when the time series are
cointegrated of order (1,1) with r cointegrating vectors. Such innovations may be of
particular interest when we are interested in studying connections between growth and
business cycle fluctuations in macroeconomic time series.!® Theorem 1, a version of the

well known Granger’s representation theorem, shows how all reduced form parameters

9n fact, if the asymptotic standard errors would not be zero under such null hypotheses we would be
alarmed since the variance decompositions are bounded by zero and one. In fact, this suggests that the
limiting distributions are generally associated with smaller standard errors the closer the true value of a
variance decomposition gets to either of these bounds.

10Readers interested in macroeconomic applications are referred to papers by Englund, Vredin and Warne
(1992) (who study the behavior of output, money, the price level, the interest rate, public consumption
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can be calculated directly from the (estimated) parameters of a restricted VAR. The
restrictions this model satisfies are the cointegration constraints which may, e.g., describe
the steady state of a stochastic growth model. Furthermore, a simple description of the
solution to the unrestricted and restricted VAR as well as to the VEC representation in
terms of estimable parameters is provided. The solution is expressed as a Wold VMA
representation which describes a reduced form of the propagation mechanism.

Second, an identification matrix for permanent and transitory innovations has been
derived. Since this matrix is generally not triangular and is based on certain assumptions
regarding the nature of permanent and transitory innovations, it cannot be computed
by a Choleski, an eigen, or a method of moments decomposition of ¥. However, it is
shown that its parameters are solely determined by parameters which have already been
calculated and is therefore easily obtained in practise.

Third, I have analysed the asymptotic properties of impulse response functions and
forecast error variance decompositions within a common trends model given an upper
bound for the lag order. Such functions are calculated directly from the Wold VMA
representation and from the identification matrix. Based on the results in Theorems 3
and 4, we find that the analytical expressions of the asymptotic covariances are somewhat
more complex than in the model studied by Liitkepohl and Reimers (1992). The reason for
the added complexity is that I have analysed identification of permanent and transitory
innovations, whereas Liitkepohl and Reimers study the case when the covariance matrix >
is orthogonalized via a Choleski decomposition. From a practical point of view, however,
the added complexity is not severe. For example, to compute estimates of the asymptotic
covariance matrices of impulse response functions is about as time consuming as for
ordinary VAR’s. Moreover, Corollary 1 provides us with asymptotic distributions of
the estimated forecast error variances which are accounted for by linear functions of the
innovations. Based on these distributions it is, e.g. possible to analyse how important
innovations to growth are, at a business cycle horizon, relative to transitory shocks for

the time series of interest. Also, it highlights the fact that the asymptotic covariance

and foreign output in a common trends framework), Jacobson, Vredin and Warne (1993) (output, em-
ployment, unemployment and real product wages), and Mellander, Vredin and Warne (1992) (output,
consumption, investments and terms of trade). Other applied studies on common trends include Blake-
more and Hoffman (1993), Blanchard and Quah (1989), KPSW (1987,1991), and Shapiro and Watson
(1988).
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matrices of the estimated forecast error variance decompositions are conditioned on the

property that the sum of a decomposition for any time series is equal to one.
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MATHEMATICAL APPENDIX

Proof of Theorem 2: Let us partition the inverse of I" into
= [F; Fﬂ ,

where I’} and ') are n x k and n X matrices, respectively. Postmultiplying I" in equation

(29) by this expression for !, we obtain

[pet (rorery (T ey |
Q_IC,E_IFZ_ Q_IC/Z_IF;J— w

Letting ') = ¢(Q")™! and T} = ZC(1)T(Y'Y)~! we have found the inverse of I'. Sub-

stituting for these relationships in equation (30), we have that
R(1) = [R(1), R(1),] = [C()=C)yT(T'T)™ C1)¢@)7'].

Clearly, R(1); = C(1)ZC(1)Y(Y'T)~! = T since C(1)2C(1)" = YY’, while R(1), = 0
by virtue of the fact that C'(1)¢ = 0. Finally, it is obvious from the above analysis that
IS =1, Q.E.D.

Before we prove Theorems 3 and 4 the following Lemma is useful:

Lemma 1. Let A, B and C be n x n matrices with B nonsingular and A := B~'CB.
Suppose that

(A.1) VT (vec(B) — VQC(B)) 20,

while C' is a consistent estimator of C" with

(A.2) VT (vec(é) - VeC(C')> 4 N(0,5).

It then follows that A = B7'CB is a consistent estimator of A and

(A.3) VT (vec(A) - VeC(A)> LN, [BeB s [Be(B)Y]).
Proof: It is straightforward to show that

A A

A—A=B"! (O—C>B+B—1(§(B—B>+(B—1—B—1>CB.
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It now follows from (A.1) that
VTB'C (B-B) %0,

Similarly, since B! is a continuous function of B by Mann and Wald’s theorem (see e.g.

Serfling (1980, p. 24) we find that
VT (57~ 5) B 2o

Using this, equation (A.2), and taking vec’s of (A— A) the conclusion follows. Q.E.D.

This lemma thus illustrates that an estimator which converges in probability (to its true
value) at the rate v/T can be treated as known when we study a function that depends on
estimates that converge in probability as well as estimates that converge in distribution
at the rate v/T. Hence, the lemma is a special case of Slutzky’s theorem (see e.g. Serfling
(1980, p. 19)). Since the condition VT (& — a) = 0 implies that vVT(M — M) 2 0
and VT (Ty — T) 2 (and the assumption about the limiting behavior of 8 and w in
Theorem 3 is consistent with this; cf. Johansen (1991) or Warne (1992)), it follows that
M and To can be treated as known when we examine the limiting behavior of é’j, }?ij,

etc.

Proof of Theorem 3: In order to derive the matrices in equation (34), note that
the following relationships hold: R; = C;,I'™', T~ = [EC(1)YT(Y'T)~! {(Q)7!], & =
MM, ¢ =~Uy)", y=M"(I,— J,BE,))P,, T = Tom, QQ' = ¢('S7'(, and

7T7T/ = (TIOTQ)_1T6O(1)EO(1)/T0(T6TQ)_1
Then, taking vec’s of the first differential of R;, we find that

dvec(T})
dvec(I'F)

T

(A.4) dvec(R;) = [(F_l)’ ® In} dvec(C)) + [1, @ C}]

From equation (21) we know that

j—1 Jj—2
dC; =Y M 'J,B*dBB"'"* )M —> " M~'DJ,B*dBB T FJ M,

k=0 k=0
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where the second term on the right hand side is zero for 5 < 1 and the first term is equal
to zero for j = 0 since dFy = 0. Noting that dB = J)db, where b = [B; --- B,], and

applying the vec operator we have

j—1 j—2
dvec(C {Z [M'J,(BY " F o M F,] - Z [M'J,(B'Y 2 @ M~ 1DFk}}d@,
k=0 =0

where Fy, = J,B*.J).

Before we consider dvec(T'}), note that
T(T/T)_l = T07T(7T/T6T07T)_1 = TQ(TgTo)_l(TF/)_l.

Since Ty can be treated as known we only need to consider 7 when deriving the first
differential of Y (Y'Y)~!
The first differential of T’} is equal to

dUl = (@X2)CQ)T(YY)~' +SdC))r(r'r)-!
—XC (1) Yo(T5 o) ()~ (dn') (7).
Taking vec’s and using the commutation matrix, we have that

(45) dvec(T}) = [(T'1)'Y'C(1) @ I,]dvec(Z) + [(T'T) 'Y @ 3| K,,ndvec(C(1))
' Tt ® SO (1) Kdvee(r).

From the function mapping the parameters of €2 into ¥, we get

(A.6) dvec(X) = [M~' @ M Y]dvec(Q) = [M™ @ M~ D,dw.
Furthermore, by Theorem 1 it immediately follows that

(A7) dvec(C(1)) = [M'F(1)E, ® M~'D(1)F(1)]d.

Next, the matrix 7 is lower triangular and obtained from a symmetric matrix. Lemma 1

in Liitkepohl (1989) implies that
dvech(r) = {2L; Ny(7 @ I,) L, Y~ dvech(rr').
From the properties of the elimination and duplication matrices, we then find that

(A.8) dvec(r) = L {2LNi(m ® I)L},} ' Dif dvec(nr').
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The first differential of 77’ is
d(rr’) = (Y(Lo) ™' LG(dC(1))EC (1) Yo (Yo Yo) ™'+
(Y6 o) M TGO (1) E(dC (1)) To (T o) ™'+
(Y6 Yo) M LG (1) (dE)C (1) Yo (T To) ™"
Taking vec’s and making use of the commutation and N matrices, we find that

(49) dvec(rr’) = 2N, [(THTo) ' THC(DE @ (ThYo) 1 Thdvec(C(1))+
' [(T500) 1 TLC(1) @ (T To) L THC(1)]dvec(S),

by employing Lemma 4 in Magnus and Neudecker (1986). Substituting for the expressions
in equation (A.6)—(A.9) into (A.5), using the relationship between ¥ and 2, and the fact
that DN, = D (see Theorem 3.12 in Magnus and Neudecker (1988)), the matrices
with partial derivatives of vec(T'}) with respect to 3 and w follow directly.

The first differential of T'} is
dry = (dO)(Q) ™" = ¢(Q) 1 (dQ)(@Q) .
Taking vec’s we get
(A10)  dvee(T?) = [Q7' @ Lldvee(() — [Q7" @ ((Q) | Krpdvec(Q).
Next, the first differential of ( is
d¢ = (dv)(Uy) ™" = CU(dy)(Uy) ™,
whereas the first differential of ~ is
dy=—-M""J,(dB)E,P,.
Combining these two relationships and employing the vec operator we obtain
(A.11) dvec(¢) = {[(YU") ' @ U] = [(WU')™' ® L]} [P/E, ® M~]dB,

since dvec(B) = [I,,, ® J,]d3 and J,J), = I,.
With @ being lower triangular, Lemma 1 in Liitkepohl (1989) provides us with

(A.12) dvec(Q) = L'{2L,N,(Q ® I,)L'} ' D dvec(QQ)).
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The first differential of QQ’ is
d(QQ') = (d¢)27'¢ + ('E7Hd¢) — (71 (dZ)B7I¢
Taking vec’s, we get
(A.13) dvec(QQ') = 2N, [I, ® ('S Hdvec(¢) — [('S7 @ ('S ]dvec(X).

Substituting for the expressions in equations (A.6) and (A.11)—(A.13) into (A.10) and
making use of the property D N, = D} the matrices with partial derivatives of vec(I";")
with respect to [ and w are immediate. Finally, equations (35) and (36) follow di-
rectly from (34), the above expressions, and the fact that dvec(Y) = [I ® Yo]dvec(r).
Q.E.D.

Proof of Theorem 4: Comparing the expressions for vy, v} and Uy, it is obvious that the
asymptotic covariance matrices for estimates of these functions have a similar parametric
structure. Hence, I shall limit the proof to equation (40).

To derive the matrices of partial derivatives of vec(vs) with respect to # and w, note

that the first differential of v, is given by
dv, = —[3 0 (Ria Ry © 1)) 7 305 d(Rja By © L)Jvs+
Do (R Ry © L) 7 325 d(Rj-1 © Rja)]
= D (Ria R © L)) 305 (AR © Rjy) + (Rj1 © dR; )]
—[(d(Rj—1Rj_y) © In)]vs}
Taking vec’s and using Lemma 2 in Magnus and Neudecker (1985), we obtain

(A.14)
dvec(vs) = [L,® 3o (Ria R, © 1)1 X7 {2diag[vec(R;_1)]dvec(R; )
— v ® I]diag[vec(I,)]dvec(R; 1 R;_;)}.

The first differential of R; R} is

d(R; 1R,_,) = (dR;_1)R,_, + R, 1(dR}_,).
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Applying the vec operator and the commutation matrix, we have that

(A ) dVGC(Rj_lR;_l) = [Rj_l X In]dVGC(Rj_l) + [In & Rj_l]KnndV€C<Rj_1)
.15
= 2Nn[Rj_1 & [n]dVeC(Rj_l),

by Lemma 4 in Magnus and Neudecker (1986). Subsituting equation (A.15) for the first
differential dvec(R; 1R ;) into equation (A.14), it is clear that equation (40) follows if

diag|vec(I,,)|N,, = diag[vec(I,,)|K,, = diag[vec(I,)].

If the second equality is valid, the first is an immediate consequence of the definition of

N,,. To show the second, note that

i ere] ® €} ]
(A.16) diag[vec(1,,)] = 626/2'® % ,
I enel, el |
whereas
_ Lo -
(A.17) K | ©
L h®e, i

Since K, is symmetric (cf. Magnus and Neudecker (1988), p. 47) the result follows from
an inspection of (A.16) and (A.17). Q.E.D.

Proof of Corollary 3: Below I shall show that for any n x 1 vector g with g, :=1, — ¢
the following equality holds true:

The two remaining equalities then follow from similar arguments.

The first differential of v,1,, = 1, is

(dvs)r, = 0.
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Using the fact that ¢, = g + g1, we obtain

(dvs)g = _(dvs)gJ;

Taking vec’s provides us with
9" ® Injdvec(vs) = =g’ @ In]dvec(vs),

or in terms of partial derivatives

ro pidveclvs) o Ovee(vs)
and

, Ovee(vy) ., dvec(vs)
(A.19) lg'® In]T = —[¢\ ® I o

Postmultiplying both sides of (A.18) by Vj times the transpose of the expression in the

equation we get

Ovec(vg) - Ovec(vy) Ovec(vg) . . Ovec(vs)
A2 "® I, L)=1¢ &I, I,
(a20) 1o L)y A g 1) - iy, o 1) 2y Ay
Similarly, for (A.19) we find that
, Ovec(vs) ,, Ovec(vy) o ovec(vg) . Ovec(vs)
(A'Ql) [g ® [n] o' Vw Ow [g ® [n] - [gj_ ® In] o' Vw Ow [gJ_ ® [n]
Adding the expressions in equations (A.20) and (A.21) the result follows. Q.E.D.
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